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Abstract:

In this research paper we investigates the availability optimization of complex repairable systems
subject to statistically correlated maintenance and failure durations. Unlike classical reliability models
that assume independence between breakdown and repair processes, the proposed framework
incorporates dependence structures to better represent real-world operational behavior. A stochastic
modeling approach based on semi-Markov processes and copula-based joint distributions is developed
to capture the correlation between failure and maintenance times. Steady-state availability expressions
are derived, and key performance indices are formulated under various maintenance strategies, including
preventive and corrective policies. An optimization model is constructed to determine optimal
maintenance scheduling and resource allocation that maximize system availability while minimizing
downtime and operational costs. Numerical experiments demonstrate the significant impact of
correlation on system performance and highlight the potential losses arising from independence
assumptions. The results provide practical insights for decision-makers in manufacturing, power, and

industrial systems seeking to enhance reliability and operational efficiency under different conditions.

Keywords: System Availability, Standby System, Imperfect Switching, Sequential Repair, Reliability
Modeling, Backup Failure, Two-Stage Repair.

2.1. INTRODUCTION

A huge amount of literature 1s available in the field of reliability theory on the analysis of two unit
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priority svstem models. Various authors including [28,29.57.61.113] have analvzed two unit system
models assuming failure and repair times of the units as independently distnibuted random vanables. But
it has been found in many practical situations that failure and repair times are correlated random
variables. With this concept of correlated failure and repair times various authors including [28 37 61]
considered svstem models assuming bivariate exponential distribution of failure and repair times.
Further in most of the svstem models authors have assumed that the machine device used for repairing
the failed units, remains good forever. But in real life situations this assumption is not practicable and
the repair machine may also fail during its working process. In case of nuclear reactors and marine
equipments. robots are used for repair purposes and a robot again being a machine may also fail while
performing its intended task. The concept of repair machine was introduced by Gupta and Chandhary

[45] 1n a two unit cold standby system with independent fatlure and repair times.

In the present study we investigate and analyze a two non-identical unit parallel system model with a
repair machine having correlated failure and repair times of units. System model under investigation
consists of two units one 1s priority and the other is non priority unit. Initially both the units work and
repair machine 1z in good condition. Fepair machine is used to repair the failed unit but if during the
repair of units, repair machine fails then the repair of failed unit 1s discontinued and repair machine 1s
taken up for its repair, and after the repair of repair machine the repair of failed unit 1s done afresh. The
repair machine 1s given preventive maintenance after a random period of operation except when both the
units are in failure mode. The priority unit 15 given preference in repair over non-priority unit. The
random period of operation after which the repair machine 1s given preventive maintenance and the time
of completion of preventive maintenance are independent exponential variates whereas failure and repair

times of both the units are correlated random variables having joint density of the form
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filx.y) = Jqp (1 — re- (o8B (243 rxy) sxyp Ai> 0.0 <1

Where,

Mﬂvrggpmj iz modified Bessel function of type one and corder zero and is defined as
lo(z) = 3= /2R

By using regenerative point techoique the following measures of systems effectiveness are

obtamed:

1. Reliability of the system and Mean time to system failure |
2. Expected up time of the system (0, t) and in steady state.

3. Expected busy period of the repair machine and repairman.

4. Expected number of repairs by repair machine and repairman.

L4

. Net expected profit earned by the system in (0, t) and in steady state.

2.2 SYSTEM DESCRIPTION AND ASSUMPTIONS

1. The system consists of two non —identical unit working in parallel form named as priority and non-
priority unit with a repair machine (FLLL).

2. Initially both the uhits are working.

3. Both the units having two modes — Normal (V) and Total faiture (F).

4. The Eepair machine repairs a failed uwhit but during repair it can also fail In such a siustion, the
repair of a failed uvnit is discontinued and the repairman starts the repair of E M. as a single
repairman is always available with system.

5. After a random period of time preventive maintenance is given to FLM. but when both the units are
failed then preventive maintenance iz not given to RL.A
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6. The failure and repair times of both the pricrity and non-priority units are taken to be correlated
random variables having bivariate exponential distribution.

7. The failure and repair times of R M. are taken to be exponential distribution with different
parameters.

2. The random period of operation after which preventive mamtenance 13 grven to
EM and period of completion of preventive maintenance both are

.

exponentially distributed random variables with different parameters.

2.3. NOTATIONS AND SYMBOLS

Xli=12) : Eandom variables representing failure time of priority/ non-
priority whit.

Yili=1.2) : Eandom varables representing repair time of priority’ non- priority
it

file v) . Joint p.d.f of (X Vi), given by

= Ap (1 — r)e- A2y hip ey iy pp A = 0.0 =< LiF 1.2

Eilz) : Marginal pd f of X5, given by

=Al1— g}e—ﬁ{l_r\‘x xp=00=r<1li=12hily) : Marginal p.d.f of Yi, given by
=p(l—pe®t"F pypy =0,0< n<LlLi=12 kily]x) L Conditional p.d.f of Yi given
Xi=x

= W BTHI (23 A ray) |

2y uA=>00=n<li=12
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Eate of giving preventive maintenance to Repair machine
Eate of completion of preventive maintenance
Failure rate of Repair machine

E.epair rate of Repair machine

SYMEOLS FOR THE STATES OF THE SYSTEM

Mio/Nzo
Fir/Far
Fiw/Faw
BMo/RMxr
RMg

RIMp

Pricrity / Won-Priority vait ih normal mode and operative.
Pricrity / Non-Priority unit under repair.

Pricrity / NMon-Priority vait waiting for repair.

Eepair machine operative / under repair.

E.epair machine in good condition and non- functionitg.

Eepair machine under preventive maintenance. With the help of the above

symbols the possible states of the system are:

S0 = [N1o, N2o, RMg]
S2 = [Nio, Fzr, RMg]
5¢ = [F1w, Nz20, BM:l
S5 = [Fiw. Nzo, RME]
Sg = [Fiw, Faw. BM:]

S0 = [Fl'l.'r'_: Faw, RMF‘]

S1 = [Fir, Nao, RMg]
S3 = [N1o. Nz2o. RMg]
S5 = [Fir. F2w, RMg]
87 = [Nio.Faw. RMd

S9 = [Mio, Faw, RMpe]

The transition diagram along with all the transitions s shown i Fig 2.1,
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TRANSITION DIAGRAM
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Fig. 2.1
2.4. TRANSITION PROBABILITIES AND SOJOURN TIMES

Let To(= 0), T1. Tz ... denotes the regenerative epochs and X denotes the state visited at epoch T+ ie

just after the transition at Ty, . Then {X, Ty} constitute a Markov-Renewal process with state space E, set
of regenerative states and

Qi(t) = P[Xa+1 =, Ta+1 — Tp =< )Xy =il
i5 the semi Markov kemnel over E.

Then the transition probability matrix of the embedded Markov chain 1s

P = (pg) = (Qul=)) = (Q(=)) (1)
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(a) The various conditional direct and indirect transition probabilities may be obtained as
follows:

t . §
Qiﬂlh{ {t:l = J dKi {H_I_x;ﬁ—[m—ﬂ\z—::(i—u)]H
Q14|x () =m td'e—[l:l.|+ﬂc+}qz(l—r¢)]u R ]_(M du

T. - il 1—
Q16|}€ (t:l = mﬂE [o+ez+iz(l=—railu K ]_(le du

Ej} Lala +a +3 (1= Ju
121

D) =az(l—Trz)j & , h ylxleT Y

_ tdEal
£ omgQuxjadj -
L Hilplxle 2

_ _dall-r)
[mi+iz(l-rad] O

[Fa—wovrd _ a—lo+iell—r)lv 45 limxj

(5} t.=la +a <% (1-r Ju pope "2V (yls)
Wigllt) = a2l —T2) ) & o+ 2 2° nplujxiau) -
o u_Falylzie 2

_o_miallora) pt o sevrd _ el ta(l-r IR fesde
[oa+ig(1-ra)] 0

i
Qzopx Et}l = d K, (ufeTateathli-rolu

Q25|3€ (t:l =M {1 _ rlg .l-te:‘[.u|+0::—?.1(1—r|)]u Rz'[!-ll;ﬁ) du
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Qura(®) = 2 a-e—[u.ﬂc—}.](l—r.:l]u R 2(ulx) du

Q29|x(t:' = o aé—[-:c|+w_-—}.1(1—r|31u K 2(ulx) du

Qszhm = Jtd Kl (u]x)e—="

Qege(®) = o2 fe™** R 4 (ulx) du

Unconditional transition probabilities are:

Qo: (€)= ha(1 — 1) [ exlar+iall-r=hl-rl gy

_ ﬂl_r]} [-l _ E—[ll:t.| +.1'.1(1—!"]}+:'..:[1_T3]]1'|
[+l —r+rall—ral]

Qua(t) = ha (1 — 1z [ et mhilimrihatizle gy

) [1 — e~loHhali-ro+ie(-r:)ly

ﬁl_ml—l‘ljﬂ.z{l—r_-]]
Qos(t) = m g'e_[mﬂ"{1_r|)+?~2(1—r‘531u du

2 M — exletial-ro+all-roly

o1 +3a(L—r1)-Hhafl—r2)]

Qso(t) = B, t}!.e_[ﬁ]_;'J{l_r'jﬁ':ﬂ_r"}]“ du

= M — exlBi+aall-rid+izl-rly

EL_ML —ril+iz{i—r]

Qas(t) = ha(l—r1) [femlBimhl-ri+ali-r gy

= e 11 — e—lBi+ili-r)+ha(1-rlt
[B1=pafl—ri+a2{1—r:0]

Qas(t) = ha(1 —ra) [ eslhrrhalimrtiati=le gy

i) [1 — e~ [Bitlt—r)+ia(l-r2ln

[B1+3aft—ri)+hal1—r2)]
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— g e BaHa(i-rlu =—0B8 11 exlprria(i-rl
Qu (B =5, e du [B2+3a(1—r2] e !

QE(t) = A (1 -1 M azltrel-rdld, MR a~Rl—udy
43 z 7, w2
— ﬁza-e—ﬁ:v” _ E—J.:(l—rglv]dv

Q (t) =B faslhitail—rln gn — — B1 1q _ o [fi+iell-raln
b1 Lo [B1=pafl—r]]

U (t) = AL — 1 (Taxmlftlall—rlu 4y — —R2llomd g —[p+ia(l-raln
Z 20 (B =ja(l—r2]]

Q (t) =p rtp:mz"':'-'(l_l'l:']u An = N - — M — a~lpztiall-rllg
St [Bz+iafi—rid]

b3’

mﬂjftj =4 {1 — T rtn:mu'l':'-l':l_l'l}]uﬂn I"t R a—fely—ul Aer
75 1 Lo Bl

= e P21 — e MU= dy

Qes (=5, %re—ﬁ;u du =1-—e®F

.9 (t) =B aslbitrill—rln dn — — B1 11 _ a—[Ri+hall-riin
2 1

= o [B1=ppfl—r11]

U (t) = A1 — 1 MFacBral-rdu 4, — —M0=0) py  —[Ei+0a(1-r)ln
2,10, 1 1 ¢ [Br+galLl—ri]]

Qug (=8, ;[e_p’u du=1-e™t (2-28)
(b) Steady state probabilities:

By taking the limit ast — oo, we obtain the following steady state transition probabilities:

First we find the following conditional direct and indirect steadv-state probabilities of

transition:
Piox = [ M}E‘W'*’“‘-‘*‘h“"‘in“ = k#[og o+ o2 + R2(1 — r2)|x]

w5 hall-Ta) I AL (aelada MoV — p—loi+aetiz(l-rzlln
12 [0 +3gf1—r2)] !
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_ _ipli-r) Metre %) — ko +ooih (1—1 U=
[+ 1 —r2)] Lot ros 2 2
Similarly,
. wm .
D = [1-kifo +o+i (1-r Uxl
14|x [ _U\E_:gg_i_l'!j] 1 1 2 2 2
p =—— [ —-kia +a+n (1—r Ux)]
15|x [~ aeshaf1—r2)] 1 1 2 2 2
pis) = o [1—ka |x)] - [1- ke +a +
18|X[aytpa(1—rs)] L 2 o Hig(1 -l +eaha(l-r)] L b2
da(l —r2)]x) ]
pao = K*[on + oz + 21 — ra)|x]
M-r) .
p =—21= [1-k{o +o+4 (1—r Ux)]
25|x [~ asshy1—r1)] 2 1 2 1 1
D = [1-k'{e +o+i(1—r L
2?|!L [I:I.] _':'{E_P{-LLI_L'I:I] 2 1 2 1 1
p =—S—[1-ko +o+i (1—1 U]
29x [e —UE—:;_LE_j-—l'IJ] 2 1 2 1 1
pszix = k*(0z]x) psax= 1 — k*(wz|x)
Unconditional steady state probabilities of transition are:
— _ ag(l—ral
Po1 Pos Pas lu.:—F.Li.l—I‘l?ji?{z_{T _bm” Poz P3o Pag = e +hat1—r1)+3ai1—ra)]
_ i = Py . .
[+l —r1)Hh2(1—r)] [y il et o))
_ _ .".'J[l—l")]
fall—ry] (B +Hhal1=r)+ha(1-r2)]
T, T LTyl hail—r2]]
p = 2 P =1 2
L[, gl t-ra)] 45 [By+hg[1—r2]
By i) [B(l-r]

Pes el Pesg
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= By HES} —1— [
T2 By +hgfi—ri] 75 [Byrigli-ti]

=_ B il [ -]
Po2 5 Faii—r] Pogn
Pss = P1og = 1
Also,

P10 = [ Propg1(x)dx

= haf1 —ry) [ kH{oy + og + k(1 — ry)|x)e—Mlrildy

_ wlfi—-ry)
[ Fop=hall—ral+u, (1-r)]
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Similarly,
. _ o O Ay LT LT
14 lon+ o =Jg[1—r2)+u, (1—r]] 12 pastp, (—r)][m e heli—rad+n, (1—r1]
- _ (e 5] 1_H__L!Jj _ Al l—Ta)
L8 [qy +aatig (i —ra)+u, (1—r1)] L8 [qptu (1 —ro)] e +ma R (1—ral+p, (1-r1]]

= ugﬁl—r‘_-] _ Ail=ryd
P @i igli—ro i, —r2] Pas - [oi+ma+hi (1—r b+, [1-T2]]

_ [ _ o
P27 [+aetig (e, (-] R +igl—r0+u, (-]

e f1—ryl nyil—rd -

= = 1 —_ u
Psz e —— Psz o (29-54)
It can be easily seen that the following results hold good:
D +p +p=1 p +p¥+p+op + =1
01 02 03 10 12 14 16 18
pzo+pxtprrtpss=1 pactpsstpss=1
Py +pE=1 Pzt pse=1
Per t+Psyg =1 pra+ pi¥ =1
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Poz + pogp =1 Pas = Pios = 1 (35-64)
(c) Mean sojourn times:

The mean sojourn time in state 5; denoted by Wy is defined as the expected time faken by the gystem in
state 5; before transiting to any other state. To obtain mean sojourn time Wy, in state 5;, we observe that
as long as the system is in state 5 there is no transition from S; to any other state. If T; denotes the

sojourn time in state 5; then mean sojourn time W in state 5;is:

W, =E[T]] = [ P(T,> 0dt
First we obtain the following conditional mean sojourn times:

1FI|x — J"E:Luﬁu:—lzil—rz)]r Kll:lspz}dt-

- L [1-k{g. . ta+d (1—r1 M
1 1 2 2 2

[ +ez=Jai1—ral]

1FZ|x — J‘ E:_L{x|+u¢+1|[l—r|]]t Kz(t{'ﬁ)d‘t

- . [1 -k {gta+d (1—r Ul
[y +ez+ 31 -r1)] 2 Leoos ool 1

¥ =fe= R(fddt = 'T1 — k(e |1 (65-67)

Slx1 ot

Unconditional mean sojourn times are given by

— [ edmtnli-rpinai-mh g¢ = -
Pl —!.;.J,Ll—ruJH.z{l—r_- 1
YW, W, = [eslithll-ritiali-nile gy = :
2 [B1+3afl—riHRe(1—r2)]
= [ealprtialt—rdltgy —_ L
[B2=3all—rz]]
= [exlBitiell-rili gg = L
[B13al—r]
= [ealPrtmil—rilt g¢ = L
[Bz=3afl—m]
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W = [e-Bidt =2

Bz

@ = [ e [BiHali-rlt gg

[ [ NEi1+i1 1—-m
¥ = [ePidt ="'
10 B

Also,

- - 1
IF]. = IIF:[]I gl{X} dx = :'ﬁl.]. {1 — rl} ij_P_F “LL:‘- Fuu d§+?_il—l"z.:']

(e Sl TP N e

Similarly,

1

¥ =[¥ 2|:;‘;E () de =

[matoe+igfl—rid+p, (1-ral]
1

_ ¥ldex =
Y= v g, 8® o (68-78)

2.6. |GRAPHICAL STUDY OF THE SYSTEM MODEL

For more concrete study of system behavior, we plot MTSF and Profit functions with respect to M

(failure rate of priority unit) for different values of ri.

Fig. 2.2 shows the variations in MTSF in respect of A1 for different values of ry as 0.25, 0.530 and 0.73
while the other parameters are fixed as A1 = 0.05, p1 = 0.8, p2 = 0.7, cx = 0.05, oz = 0.06, 1 = 0.4, B2
= 0.5, r2 = 0.50. It is observed from the graph that MTSF decreases with the increase in the failure

parameterii and increase with the increase in ri.

Fig 2.3 represents the change in profit function P1 and Pz wort A for different values of 1y as 0.25,
(.50 and 0.75 while the other parameters are fixed as A: = 0.05,

u, =08 p, =07 a, =0.05az =0.06,3; = 0.4 p2 = 0.5 r; = 0.50, Ky = 1000,
K: = 300, K2 = 250, K3 = 350, K4 = 200. From the graph it is seen that both profit functions decrease
with the increase in failure rate A1 and increase with the increase in ry. It is also observed that profit

function Pz is always higher as compared to profit function Py for fixed values of A1 and ri.
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