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ABSTRACT:  

In this paper we propose a noval fuzzy integral transform namely Fuzzy  Laplace Transform (F LT), we 

apply it to solve initial Value Problem and Volterra integral equation in fuzzy system as an analytic solution 

method. We prove the related elementary properties and theorems in detail. Also, the (F LT) method is 

illustrated by solving two examples in Differential Calculus.  
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1. Introduction 

 Different types of integral transforms are available in the fields of engineering and mathematics. The Laplace 

integral transform is a more widely used transform that can examine new research strategies in pure and 

practical mathematics. In [26], Mohd Saif proposed a new definition of Laplace Transform called Modified 

Laplace Transform. In fuzzy environment, [6] Chang and Zadeh was introduced the concept of differentiability 

for function. In [12], Dubois and Prade use the Zadeh’s extension principle concept in their study, following 

Chang and Zadeh’s ideas. In [2], Allahviranloo and Ahmadi was solve Fuzzy Differential Equations and 

associated FIVP by Fuzzy Laplace Transform. In [22], Salahshour discussed how to solve fuzzy Volterra 

integral equations using the Fuzzy Laplace Transform. The following is how the paper is structured: 

Important definitions, theorems, and other information are supplied in section 2 and will be used later in the 

study. In part 3, we look at the basic features and theorems of the Fuzzy  Laplace Transform. We present 

two applications of the Fuzzy  Laplace Transform to solve mathematical problems using the derivative and 

convolution theorems in part 4, and we reach a conclusion in section 5.  

2.  Basic Concepts 

 We’ll look at some basic concepts and theorems inside this section:  
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Definition 1 [30] A fuzzy membership function of bounded support  is called a fuzzy number and 

it is a fuzzy subset of the  with   

    • upper semicontinuous,  

    • convex,  

    • normal.  

The  level arrangement of fuzzy numbers is characterised as in[30, 20].  

Definition 2 The  level arrangement of a fuzzy number   

 

 where,  represents the set of all fuzzy numbers on . 

Evidently, the  level arrangement is a closed and bounded interval  of a fuzzy number , where  

signifies the left - right hand terminal points of  respectively. For all , consider it as a fuzzy number 

 represented by  

 

Remark 1 [3, 20]Let  be Cartesian product of universe and  be  fuzzy numbers 

in  respectively. A fuzzy function ,  Then, at that point the extension 

principle permits us to characterize a fuzzy set  in  be  

 

 Where,  

 

 Where  means the inverse of . 

The extension principle is decreased to (for specific )  

 

 Where,  

 

 Expansion of addition operation on  as per Zadeh’s extension principle[2] is characterized by  
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 and  scalar multiplication[1] is given by  

 

 where . The accompanying properties are valid, levels.  

 

 and  

 

 The terminal points of the intervals  determine a fuzzy number, as we can see from the properties of fuzzy 

numbers.  

Definition 3 [15, 24] A fuzzy number  in parametric structure is a couple  of capacities  

 which satify the accompanying conditions as 

     1.   and  are a left continuous, right continuous at  and bounded,  

    2.   and  are non-increasing and non-decreasing function in  respectively,  

    3.  ,   

 Definition 4 [18, 20] A  is known as triangular fuzzy number if a membership function of a fuzzy number  

has the accompanying structure:  

 

 furthermore, its -levels are just ,   

 Definition 5 [15, 20, 27] For self-assertive  and  and  we characterize 

addtion, substraction and scalar multiplication by  for  and  as   

    1.  Addition ,  

    2.  substraction,  

   3.  scalar multiplication,   

 If  for arbitrary  then   
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 Definition 6 [8, 20]Let  and  be two fuzzy integrals and  denotes the distance between them is 

characterized as follow  

 

 where,  

 

 is the Hausdorff distance among  and   

 From Definition 6,  is a metric space. The elementary properties of metric space  listed as follow:  

    1.    

    2.    

    3.    

    4.   is a complete metric space.  

 Definition 7 [11, 20]Let  is mapping from  to . A function  is called continuous at  if   

, such that  whenever   

 Theorem 1 [10, 20, 25, 28]For any fixed , let  be a function on  in fuzzy environment 

with parametric  Assume that, for every  ,  are fuzzy 

Riemann- integrable on  and let we take two positive constants ,  such that for every , 

 and  Then  is improper fuzzy Riemann- integrable on 

. Furthermore, We write:  

  

 Proposition 1 [20, 29]Let  and  be fuzzy valued Riemann integrable functions on , then 

 is also fuzzy valued Riemann- integrable function on  furthermore, we have  

 

 Definition 8  [7, 23]Let  If  with the end goal that  ,  is the Hukuhara 

difference(H-Difference) of  and , and is denoted by  Note that .  

 Definition 9 [1] Let be  and  Then we are saying that  is strongly 

generalized differentiablity at  if there exist  such   

    1.  for all  extremely small, then ,  and therefore the 

limits hold within the metric .  
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     2.  for all  extremely small, ,  and therefore the 

limits hold within the metric .  

 

     3.  for all  extremely small, then ,  and therefore 

the limits hold within the metric .  

 

     4.  for all  extremely small, ,  and therefore the 

limits hold within the metric .  

 

Theorem 2 [7, 17]Let  be fuzzy membership function and   it represented as 

   

    1.  If the function  is (1)- differentiable then  and  are lower function and upper function are 

differentible respectively and ,  

    2.  If the function  is (2)- differentiable then  and  are lower function and upper function are 

differentible respectively and,   

3  Main Results : Fuzzy  Laplace Transform 

 Definition 10 [1]Suppose that,  be a improper fuzzy valued Riemann integrable function on 

 then  

 

 where  be continuous fuzzy function, is known as Fuzzy  Laplace transform(F LT) and is defined for 

function of exponential order of functions in the set  defined by  

    (1) 

 as  

       (2) 
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 where,  and  represents the Fuzzy  Laplace operator.  

 Remark 2 When , the Fuzzy  Laplace Transform coverges to famous Fuzzy Laplace transform in [1]  

 we can write (2) as  

      (3) 

 where,  

        (4) 

 In above (4) denotes the  Laplace Transform in [26]. So we write (4) in this manner  

        (5) 

 Now we defined the inversion formula for the Fuzzy  Laplace Transform as follow  

      (6) 

 where, ,  and  denotes the inverse Fuzzy  Laplace operator.  

Theorem 3 [1] If  be the bounded piecewise continuous fuzzy valued function on  and of 

exponential order  then Fuzzy  Laplace Transform  exists for 

 and converges absolutely.  

 Proof. We have any positive real number  i.e. [19]  

    (7) 

 we know that,  be continuous [4]Fuzzy valued function and  is fuzzy Riemann integrable 

on  

That is, in (7) First integral is exists i. e.  and second integral  is 

improper fuzzy Riemann integrable on , then we want to show that  also exists. 

Since,  is of exponential order  for  

Consider  
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 i.e.  

if we choose  extremely large then  converges to finite quantity. 

Therefore, overall (7) becomes exists and  converges absolutely, complete the proof.  

3.1  Elementary properties of (F LT) 

 In this section, we discuss some the elementary properties (F LT).  

Property 1 If ,  and  then  

     (8) 

 Proof.  Consider

 

 

 Corollary 1 If  and  then   

 Property 2 If  and for any non zero  then  

        (9) 

 Proof. By using equation (2)  

  

 Remark 3 If  then equation (9) converges to the first shifting property of the Fuzzy Laplace transform.  

 Property 3 For any ,  and     then 
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         (10) 

Proof. By using equation (2) 

  

 Remark 4 If  then equation (10) converges to second shifting property of Fuzzy Laplace transform  

 Property 4 If  and  then    (11) 

 Proof. By using equation (2)  

  

 Remark 5 If  then equation (11) converges to Change of scale property of Fuzzy Laplace transform  

 Theorem 4 [19]Let  be an integrable fuzzy valued function and  is primitive of  on  

and then,  

    (12) 

 Proof. For  be arbitrary, then  

 

 where,  



 

192 | P a g e  

 

 

 

 We use the Mathematical induction to prove (12)  

for , equation (12) hold , we get  

       (13) 

 Now assume that equation (12) hold for , we get  

    (14) 

 we want to show that equation (12) is hold for   

by using (13) and (14), we get[Fine  Rosenberger, 2007]  

  

 Thus equation (12) is hold for  complete the proof.  

 Property 5 Fuzzy  Laplace Transform of Integral 

If  then   

Property 6 Multiplication by powers of  

If  then  

     (15) 

 Property 7 Division by  

If  then  

       (16) 

 Property 8 [5, 26]Convolution 

Let  denotes the convolution of  and  and is defined as  
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       (17) 

 where,  and  are continuous fuzzy valued and of exponential[Ahmed  Farooq, 2014] ordered 

functions.  

Note that,  is commutative. That is we can write  

      (18) 

 Theorem 5 If    and   then  

         (19) 

 Proof. Using the (2) and the use of (17), (18) we can write,  

  

 rearranging the order and limit  of integration  we have, 

   (20) 

   

  

  

          (21) 

 Now using (21) in (20) we get ,  

  

 4  Applications 

4.1  Method to Solve the initial Value Problem using (F LT)  

 Consider the initial Value Problem in fuzzy environment  

       (22) 

 where,  is a continuous fuzzy valued function. According to Kaleva[16] Theorem 2 

provides the systematic process to solve the equation (22). 

Now, we Apply Fuzzy  Laplace transform on equation (22), we get  

         (23) 

    1.  If  is  differentiable then by above Theorem  we have  
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 and  

       (24) 

 using (24), equation (23) becomes  

      (25) 

  where  

  

  

 To solve the system (25) which is equivalent to (23), first we assume that  

          (26) 

 where,  and  are the solutions of the system (25). By taking the inverse (F LT), we get  

         (27) 

      1.  If  is  differentiable then by above Theorem  we have  

 and  

     (28) 

 using (28), equation (23) becomes  

      (29) 

  where  

  

  

 To solve the system (29) which is equivalent to (23), first we assume that  

          (30) 

 where,  and  are the solutions of the system (29). By taking the inverse (F LT), we get  
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         (31) 

 Simillarly, we can follow the same process for , , ,  order Fuzzy Differential equations.  

4.2  NUMERICAL EXAMPLE 

Example 1 Consider the IVP in fuzzy environment  

      (32) 

  Consider Case II of strongly generalised H-differentiability, as defined in Theorem . Then, using the fuzzy 

 Laplace Transform, we obtain  

         (33) 

 we know that,  

      (34) 

 we can rewrite equation (33) as follow and for any specific  we obtain the following level 

representation in system form  

    (35) 

     (36) 

 After simplification of (36)  

     (37) 

 Finally, we obtain the required solution of (32) as follow  

         (38) 

 The Solutions obtained using Fuzzy  Laplace Transform(F LT) for the case II proposed in this section 

are shown in Figure 1-2. We can see that for solution converges as  increases. Figure 1 shows the level 

representation of  and  where,    
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Figure 1:  - cut representation of solution of  

                  Example 1. for different 

 

Figure 2: 3D Graphical representation of Equation (38). 

 

4.3  Method to find the solution Volterra integral equation  

 Consider the Volterra integral equation of the second kind[19, 22] in fuzzy environment  

  (39) 

 where,  is convolution kernel function in fuzzy environment and  is a continuous fuzzy valued 

function. i.e. . 

Apply Fuzzy  Laplace Transform on (1), we obtain  

  (40) 

 where,  

Now using (19) and (2), we get for any fixed   

  (41) 

from (41), we have the following cases     

  1.  if  and  are positive, then we get  

  

  

 or     2.  if  is positive and  is negative, then we get  

  



 

197 | P a g e  

 

  

 or     3.  if  is negative and  is positive, then we get  

  

  

 or     4.  if  and  are negative, then we get  

  

  

 where,  

  

  

 Note that, zero does not exist in support.  

Rewriting system (3), using any one of above cases, we get a simple form  

  (42) 

 Finally, we get the solution by applying inverse of Fuzzy  Laplace Transform   

  (43) 

 4.4 NUMERICAL EXAMPLE 

Consider the second kind Volterra integral equation in fuzzy environment  

  (44) 

  Applying Fuzzy  Laplace Transform on (6) we get  

  (45) 

 Using Convolution Theorem 5, equation (7) reduces to  

  (46) 



 

198 | P a g e  

 

 for any fixed , which is equivalently  

  (47) 

 After some simplifications we get  

  (48) 

 By taking inverse (F LT) we get, the required solution.  

  (49) 

 The Solutions obtained using method Fuzzy  Laplace Transform (F LT) by the proposed process in this 

paper are shown in Figure 3-4. Figure 3 shows the level representation of  and  where 

.  

 Figure 1:  - cut representation of solution of  

                  Example 2. for different 
Figure 2: 3D Graphical representation of Equation (49). 

 

5  CONCLUSION 

 The Fuzzy  Laplace Transform is proposed and applied to FIVP and Fuzzy convolution volterra integral 

equation of second kind. The solutions obtained by this transform will be more accurate and precised, and 

verifying by graphically. In this paper, our main goal is to demostrate a (F LT) is more effective and working 

nicely on .  
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