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ASBTRACT

The two-dimensional problem of diffraction of an arbitrary incident elastic longitudinal
wave by two equal co-axial circular cracksare in an infinite, isotropic and homogeneous
elastic medium to solved by a simple integral equation technique. Approximate
expressions for the far-field amplitudes, the scattering cross section are derived when the
wavelength is large as compared to the radius of the circular cracks. By taking
appropriate limits, the corresponding results for various limiting configurations are
derived.

INTRODUCTION

Scattering of elastic waves by cracks is a problem of considerable importance in the field
of fracture mechanics, quantitative nondestructive evaluation of materials, geophysics
and seismology. Recently various two-dimensional problems of diffraction of plane
acoustic wave by a semi-circular soft or rigid infinite strip have been discussed by
different techniques'”. Shail® solved the problem of diffraction of low-frequency acoustic
waves by an infinite circular are soft strip by integral equation techniques. These integral
equation techniques give the solution of two Fredholm integral equation of the first kind
with logarithmic kernels which are derived by using the well-known solutions of
Carleman integral equations™®.These integral equation techniques as well as their
applications are quite complicated and cumbersome. Sampath and Jain’, Jain and Jain'*"?
developed a simple independent integral equation technique to solve various two-
dimensional Dirichlet as well as Neumann boundary value problems involving two equal
co-axial infinite circularsare strips.These techniques have been further used to solve two-
dimensional problems of diffraction of elastic P waves by (i) two equal co-axial circular
are rigid strips'?, (ii) two equal parallel and coplanar Griffith cracks'®.

We present here for the first time the solution of the two-dimensional problem of
diffraction of obliquely incidence low frequency elastic P waves by two equal co-axial
circular cracks are embedded, in an infinite, isotropic and homogeneous elastic medium,
12 With use of the usual Green’s function
approach, the solution of this problem is first reduced to a pair of governing simultaneous

by these simple integral equation techniques
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Fredholm integral equations of the first kind. When the wavelength is large as compared
to the radius of circular cracks, solutions of this pair of governing integral equations is
further reduced to that of a set of pairs of simultaneous Fredholm integral equations of the
first kind. By making appropriate substitutions'’, the first pair of simultaneous Fredholm
integral equations of the first kind of this set is solved to obtain approximate expression
for the two unknown functions. Approximate expressions are derived for the far-field
amplitudes, the scattering cross section. By taking appropriate limits, we derive the
corresponding known solution of the problem of diffraction of obliquely incident P waves
by two parallel and coplanar Griffith cracks'®. This serves as a check on our analysis. The
other two corresponding results of the limiting configurations of a circular are crack and a
semi-circular crack seem to be new.

I1. INCIDENT P WAVES

Consider a cylindrical polar coordinate system (7,0, x3) such that the two equal co-axial
circular cracks are defined by the equations

r=a, 0 <B<|0|<a<m, —oo <x3<o (see fig. 1),

where a is the radius of the circular crack. By normalizing all the lengths with respect to
‘a’, the cracks are now defined by the equation

r=1,0<B<0] <a<n, —o0 <x3<c0.

Let u°(x) be the displacement field (the time factor e " is suppressed throughout the
analysis) associated with the incident elastic P waves propagating in the infinite, isotropic
and homogeneous medium occupying the whole region S of the x; — x, plane in the
direction making angle ¢ with the positive direction of x; axis and is defined as:

u’(x) = imAgb exp (iml(x.g), b=g cosd + &, sing, x € S, (2.1)

where x = (x1, x2), m’ = (powzaz)/(k + 2u), Ay is the known constant e; and e, are the unit
vectors along the x; and x; axes, A and are the lame constants of the medium.py, is the
density of the medium, and ® is the frequency of the incident wave. The constant
stiffness tensor Cy(x) of the infinite host medium is defined as:

Cijkz(X) = 8,]'8/(1 + u(S,-ijl + 8j18jk), xe S, (2.2)

where 0's are Kronecker deltas and the indices are 1, 2. In the absence of body forces and
the cracks, u°(x) satisfies the equilibrium equations

Cijraut®s, (x) + um22u°1(x), xe S, (2.3)

8 usy (x)

2 _ 2 2
dxi Bxj i Pow-a /M

whereu’; ji(x) =
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The components 1°7(x) and 1°7,(x) of the stress tensor 1°%(x) associated with the incident

field are given by
7°1(x) = 1°11(X) cosO + 1°2(x) sinB, xe S, (2.4)
1%2(X) = 1%1(X) c0s0 + 1°,(x) sinB, xe S, (2.5)
where

°11(X) == Ao (m2wt?) {cos’d + (1 —27°) sin} exp [im; (x; cosd + x, sind)],
°12(X) = — Agmy*p {cos*d} exp [im; (x; cosd + x, sind)],

(%) = — Agmi*p {(1-27%) cos’d + sin’d} exp [im; (x; cosd + x; sind)],
T=m/my = [W + 2p)]"%

Let the displacement vector, the stress tensor associated with the scattered field and the
total field be denoted by #'(x) and 1°(x) and u(x), ©(x) respectively.

The boundary conditions are
7,1(x) = T51(X) + 1°1(x) = 0, i=1, 2, as x tends to the points on C, (2.6)

where the arc C are defined by the equation » = 1, B< |0| <a, u;(x), T,1(X), i=1, 2 are
continuous across » =1, 0 < |0| <B, a<|0| <m, 2.7)

In addition, we must satisfy the radiation condition at infinity and the appropriate
edge conditions at the tips of the cracks.

Thus, u(x) satisfies the distributional formula
div[Cijrur(x)] = div[Cirur(X)] + Craitgr (xc) (8/8x1) G(x — x¢) falxc)
= umy’ui(x), xe S, (2.8)
where the bar denotes the distributional derivative,

gk(xc) = uk(xc) |*_uk(xc)|+: k= 19 2

are the jumps in the components of the displacement vector across the arcs C and #i(x,) is
the unit vector along the outward normal drown at the point x,. of the arcs C.

The above distributional formula incorporates all the continuity requirements of the
components u,, T,, =1, 2, given in the above boundary conditions (2.6) and (2.7).
Following the usual Green’s function approach, the integral representation formulas for
the components °,(x) of the displacement vector of the scattered field are given by

S _ B =
u m(X)_ ~r—|:: fﬂ [cklil Gy (x ) eosBG i [z )

+ CkZiigk(xC) Sine Glma 1 [(X, xC)] des m = 19 29 X€ Da
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= I-'L.r__f—I_ .rﬁﬁ[gltxcj {CDSB [(:_zJﬁlm,l (.’I,.’ch
+ (1/1* = 2) Gam, 2 (x, X)] + $in0 [Gpm, 2 (x, Xc)

+ GZm, 1 (x, xc)]} + gZ(xc) {COSO [Glm,2 (xa xc’)
+ (1/1%) Gam.2 (x, x)]} dOm =1, 2, (2.10)

where x. = (x;', x2') = (cos0', sinB") and Green’s function Gy,(x, x.) are defined as [15, 16]
Gim(x, xc) = (i/4pm;?) [81m mz2 Ho'” (mR)
+(8%/8x18x,,) [Ho" (m2, R) — HoP (my, R)]], 1= 1, 2, (2.11)
where R = |x — x| and Ho'" is the Hankel function of the first kind of order zero.
The boundary conditions (2.6), (2.7), the formulas (2.4), (2.5), (2.10) and the relations
75,4(x) = 1°11(x) cos® + 1°15(x) sind, i = 1, 2,
Pnx) = (W) {1 1(x) + (1-27°) 1%, 2(x)},
P(x) = () = p {1’ 2(x) +u%1(x)},
i) = (W) (2,200 + (1227) w'11 ()},
lead to the following pair of governing integral equations of this problem

[f J5 (94(8" [cosBK,; (8,6") + sin(8 + 6')K,, (6,6")

+ sin0 sinB' K;3(0, 6")] + 22(0") [cosO cosb' K;2(0, 0")

+ sinO cosO' K;3(0, 0') + sin0 sinO' K;4(0 + 0")

+ cos0 sinB' K;5(6 + 6'")]) do'

= (Agmy?/ w) {[(1 - 277 sinzd)) cos0 + sin2¢ sin0]

x [1+ umyt (x cosd + x; sind) + 0(my 7)1}, P<|0] <a, (2.13)

F e g4,(8) )[cosb cosB'K,,(8,8") + cosB sinB'K,;(8+ 6’
o Jp '\ 12 13

+ sin0 sinO' K;4(0, 6') + sin0 sind' K;5(6, 6")]
+ 22(0") [cosB cosO' K;3(0, 0') + sin(0 + 6") K;4(0, 6")
+ sin0 sin®' K;5(0, 6")]) d6'
= (Agm,*/ L) {[t2 sin®0 cosO + (1 — 27 coszd)) sin0]
where
K11(0, 0" = (1/1) Gi1.11(0, 0") + (2/7%) (1/7* — 2) G2, 12(6, 0")
+(1/1° = 2)* G, (0, 0),
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Ki2(8, 8" =(1/7) [G11,12(0, 0) + G12. 11(8, 8]
+ (1/7 = 2) [G12, 22(6, 0') + Gaa, 12(6, 0')],
Ki3(0, 0") =Gy, 22(0, 0") + 2G12,12(0, 0") + G2z, 11(6, 6"
Ki4(8, 0" = (1/7° = 2) [G11,12(6, 0) + G12, 11(8, 8]
+ (1/7) [G12. 2200, 0") + G2, 12(8, O],
K58, 8" = (1/7) (1/7* = 2) [G11, 11(8, 0') + G, 22(6, 6]
+ (17 + (177 = 2)%) Gi2,12(6, 0'),
Ki5(0, 0") = (1/t> = 2)* [G11.11(8, 0") + (2/7%) (1/7° = 2)
x Gi2,12(0, 0") + (1/7%) G2, 22(0, O], (2.15)
and
Gijs mk (0, 0) = Gy mi(x, xc) = [(8%/8x,8x) Gij(X, X) ] = = 1
ij,m k=12 (2.16)

In the subsequent analysis, we shall assume that m;<< 1, j = 1, 2 and m; = 0(m>) so
that, we can use the expansion

Ho (mR) = (2um) {[g; + log2R] — (m’;R*/4) [g; + log 2R 1]
+0(mh}, j=1,2 (2.17)
where
gj=log (mj/4)+ T —in/2,j=1,2
and I' =0.5772 is Euler’s constant. (2.18)

Using the expansions (2.17) and eqn. (2.11) in gn. (2.16), we obtain the following
approximate expressions for Gy, . (0, 0');

Gi1,11(0, 0") = —(1/(4muR %)) [27°cos(0 + 0") — (1 — T°) cos2(0 + 0') + 0(m>)],
Gi1,12(0, 0") = —(1/(4muR %) [(1 — %) sin(0 + 0') — (1 — 1) sin2(0 + 0") + 0(my)],
Gi1,2(0,0") = —(1/(47mR12)) [2cos(0+0") + (1 - TZ) cos2(0 +0") + 0(my)],
Gi2.11(0, 0") = —(1/(4muR ) [~ (1 — %) sin(0 + 0") — (1 — %) cos2 (0 + 0") + 0(m2)],
Gi2,12(0,0") = —(1/(41mR12)) [(1- rz) cos2(0 +0") + 0(my)],

Gi12.22(0, 0") = —(1/(4nuR ) [~(1 — %) sin(0 + 0") + (1 — %) sin2(0 + 0") + 0(m»)],
G2, 11(6,0") = —(1/(41mR12)) [2cos(0 +0") + (1 — rz) cos2(0 +0") + 0(my)],

G2, 12(0, 0") = —(1/(4muR ) [(1 + %) sin(® + 0") + (1 — %) sin2(0 + 0') + 0(m»)],
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Ga2.22(6, 0) = —(1/(4mpR, %)) [-27°cos(0 + 0')
— (1 =1 cos2(6 + 0) + 0(m»)], (2.19)
where
R,% =4 sin®(6 — 0")/2.

When, we substitute the values of K; (6, 0'), j = 1-6, from eqn. (2.15) in the integral
equations (2.13) and (2.14), we get

f_'f f;[gltﬂﬁ M,(8,8")+ g.(68)M,(6,6")]d6’

= Aomy’ [1 — 27° sin2(|)) cos® + 1° sin2(|) sinB] {1 + umyt (x] cosd + x; sind)

+0(m2)}, B< 6] <a, (2.20)
[ 51018 L, (8,68 + g,(8"M,(8,6")]d®

= Agm,’ [7° sin2¢ cos® + (1 — 277 cos2(|)) sinB] {1 + umyt (x] cosd + x; sind)

+0(m2)}, B< 6] <a, (2.21)
where
Mi(0, ) = soor g [sin(© + 0) (1 - cos(0 - 0] + 0(my)
M»(0, 0") = ﬁ [1+ cos(B+0")—cos(0 + 6" cos(6 — 6")] + 0(my),
Li(6,0) = ﬁ [1—cos(0 —0') + cos(0 — 0') cos(0 + 0")] + 0(my). (2.22)

The above expressions and the expansion of the right-hand member of the integral
equations (2.20) and (2.21) suggest that the unknown density functions g;(8'"), =1, 2 in
the above integral equations must be of the form

£1(0) = Agm;” [g1(0)(0) + magi (O) + my"g1 (0 + 0(my")}, 1=1, 2. (2.23)
Now we substitute the above expansions (2.23) in the integral equations (2.20) and
(2.21), equate the coefficients of equal power of m, on both sides, and obtain an infinite
set of pairs of simultaneous Fredholm integral equations of the first kind. We consider
here the following first pair of this set involving the unknown density functions g;'”(6"),
=1, 2;
_I"m[‘g;riilI (8) {—LEDBB -cosh ccrsEI'} + gig} (8) {—Sing sind + sinf sinEI'}

B {cosB-cosB)2 {cosB-co=l")T

—ggi} (B")sinf cosB'} - ggg} (8" )cosB sinB'] d6’
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= —(n/(1 — 1)) [t* sin’d cos® + (1 — 21* cos’$) sind], (2.24)

o ()] . ) o) 1-cosd cosd'
fE [- g, (8')sind cos8'-g,, (6")cosB smEl'—l-gﬂl (67 {m—k cosf CDSEI“}

PR *){ sinb sin6”___ine sinEl'}] de’
(cosB-cosB')-
= /(1 — 1)) [(1 — 21* sin’d)) cosO + t° sin’¢ sind], (2.25)
where we have used the relations’ !
&(0) = g1"(0) + 21,0, =1, 2, (2.25)
and g, 190, g1 ,(0") are even and odd degree parts of the functions gl(o)(G'), 1=1,2

After integrating by parts, the integrals occurring in the left-hand members of the
two simultaneous integral equations (2.24) and (2.25), we get

f Ulﬁ}[ %) Losef coz8 _CDSE] sin@’ + smEII [ij Losef coz8 _CDSEr]

—sinf L,;? (0") sin®' + cos® 1,,”(0") cosb") dO'

=—(n/(1 — ) [(* sin’$ cosO + (1 — 27° cos’) cosO], p<B<a, (2.26)

5 (~sin6 17 (6")sin®’ + cosB1,; (') cos®’ + I3 (8)sin®’ [———+ cos8]

'”3'03*)51119[ e — cn:-sEl']dEl'

=—(n/(1 = ) [(** sin2¢ sin® + (1 — 27° sin’¢) cos], f<6<a, (2.27)
where we have used

1,%(0) = (/d0") [g4"(O)], i, j = 1,2 (2.28)
and the edge conditions

% Dgnde’ =0, ij = 1,2 (2.29)

which readily follow from the edge conditions g(+a) =0, g;(+) = 0.

Finally, to solve the above pair of simultaneous linear integral equations (2.26) and
(2.27), we make the substitutions™ '

cos®' = A cosy + B, cosO = A cosx + B, (2.30)
where

=15 (cosP — cosa), B =" (cosP} + cosa), 0 <x, y<m, when <0, 0' <a.
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The above substitutions and the right-hand sides of the integral equations (2.27) and
(2.28) suggest that the solutions IU(O)(G'), i,j =1, 2, of the above integral equations are of
the forms

1,,%0") = (C; + D; cosy + E; cos’y)/(A siny), i = 1, 2, (2.31)
1,7(0') = sin6' + (F; + G; cosy+ H; cosy)/(A siny), i = 1, 2, (2.32)

where the constants C;, D;, E;, F;, G; H; 'S (i= 1, 2) are still to evaluated. In order to
evaluate these constants in the solutions (2.31) and (2.32), we make the above
substitutions (2.30) — (2.32) in the integral equations (2.27) and (2.28) and equate the
constant terms, coefficients of sinf, cosO, sin20 on both sides of the eqns. (2.27) and
(2.28) respectively and get

Di/A —2BE|/A* =0, Dy/A — 2BEy/A* =0,

H =0, H,=0

2Ei/A; — C1 + BF, + AG/2 = % sin®/(1 — 1),

2E,/A; + C, + BF, + AG1/2 = (1 - 27° sin®)/(1 — 1),

Gi/A — 2BH/A* —= BF; — AG/2 — Cy = (1 — 27 cos*§)/(1 — 10,

Gy/A — 2BH,/A* — BF, — AGy/2 — C, = 7 sin’)/(1 — 1), (2.33)

Substituting the values of the density functions L_-,-(O)(G‘), i, j =1, 2 from relations (2.31)
and (2.32) in the edge conditions (2.29), we get

CiJo+DiJy +EJy =0, [;(Fy+ Gy cosy +H,; cos2y)dy =0,

where

L= ——dt, n=10,1,2,.... (2.33a)

0 [1-(4 cost+B)2]42

After solving the above set of eqns. (2.33) and (2.33a), we get the required values of
the constants;

(2 z
It Bqu.’::IA

E] = ] ETEN
(1-77)(2 44742820 4 ‘a‘—“}

. To Io
B, = [(1-2¢%cin24) - A%(1-17)]A%
27 (1-e%) (2+A5+% + A%, /10)
Ci=(02BJ/Jo+ AL /Jo)Ei/A, D1 =(2B/A)E,i=1, 2,
G] =2A - 2E2/A, Gz = 2E1/A, H] = F] = 0, i= 1, 2. (234)

Thus the eqns. (2.31) — (2.34) yield the following required expressions for IV(O)(O'), L, j=
1,2;
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sAB], AT[p .
Oran _ [1—A2—T—T2—LBI:DBE+ cos28 3
111 (G) El, l—l, 2 (235)

A%[(cozP-cozh’)(cosh -cosn ]2 2

I:c oz —B:l zind'

Al(cosf-cos8")(cos8' -coza)]t/2

1,0 =

G, 1=1,2, (2.36)

where the constants E, and G,’s (i = 1, 2) are given by eqns. (2.34).

Substituting the expressions of 1,((0"), 7, j = 1, 2 from eqns. (2.35) and (2.36) in the
relations (2.28), (2.25a) and (2.23), we obtain the values of g,(0") up to the order 0(m,?).
Fortunately, we do not require the values of g,(0'"), i = 1, 2, for deriving the expressions
for the various physical quantities of interest in this problem. These can be readily
derived by using the values of IU-(O)(G'), 1,j =1, 2, given by the relations (2.35) and (2.36).

II1. Physical Quantities
A. FAR-FIELD AMPLITUDES AND SCATTERING CROSS SECTION

Using the polar coordinate (r, 0), where x; = r cosf, x, = r sinf and the asymptotic
formulas

Ho(mR) ~ (2/(mm;r))*exp(imr—n/4)) exp(—um; cos(0 — 0')), as r—»oo, (3.1

where, R = |x — x|, x. = (cos0', sin@') in the integral representation formulas (2.10) for the
components u°(x), we get

U (X) = 2/(mmir)) " hy(0") exp(imir — n/4))
+ (2/(nmor)) *ho(0") exp(i(mar — m/4)), i =1, 2 as r—o, (3.2)
where

hi(0) = - (%) cos6 f__f _I"E:{gl (8") [(1-21%sin®8) cosh’

+ 7% sin”0 sin®'] + g2(0") [(1-27° cos’H) sind'

+ 1 sin’0 cos0']} exp(—im; cos(6 —0')) dO', (3.3)
1(0) = tanBh,1(0), (3.4)
hia(0) = (my/4) sind [ " J5 {9, (8")sin(8'-28) + ,(8") cos(6'-26)}

xexp(—im, cos(0 — 0")) dO', 3.5
2(0) = —cotOh5(0). (3.6)

Therefore,

218 |Page




International Journal of Advance Research In Science And Engineering http://www.ijarse.com

IJARSE, Vol. No.2, Issue No.06, June 2013 ISSN-2319-8354(E)
ui (r, 0) = (2/(mm 1)) /(") exp(i(mr — m/4)), r—, (3.7)
u‘; (r, 8) = (2/(mmar)) (0" exp(i(mar — T/4)), r—>o0, (3.8)

£1(8) = h11(8) cosO + h1(0) sind
= —(tm*/4) [(1-27* sin0) p11(0) + (1-27* c0s’0) ¢21(0)

+ 1 5in°0 (p21(0) + ¢11(0))], (3.9)
£2(0) = hy(0) cosO + h,(0) sind
= —(m’/4) [sin’B(g22(6) — p12(8)) + c0s’0 (p22(6) + q12(6))], (3.10)
Ppi(0) = f__f fﬁagi (8") cosB'exp [— im; CDS[EI— El’)) do’, i,j=1,2, (3.11)
pii(0) = f__f fﬂﬁgi (8") sinB’ exp[— im; CDS[EI— EI'D de’, i,j =1,2, (3.12)

We get the following values of p;(0) and ¢;(0), (i, j = 1, 2), after using the relations
(2.23), (2.25a), the expansion of exp(—im; cos(0 — 0')), and the substitution of the values
of Iij(o)(G') after integrating by parts of the integrals occurring in the right hand side of
eqns. (3.11) and (3.12);

i) = Agmy” [-21 Ci + O(my))], i,/ = 1, 2, (3.13)
Pi(0) = Agmy® [ A Gy + 0(m))], i, = 1, 2, (3.14)
where C;, G;, (i = 1, 2) are given by eqns. (2.34) and we have used the edge conditions
g(0)(xa) =0, g(0)(£P) = 0.
Far-Field Amplitude

Finally, we obtain the required approximate expressions for the far-filed amplitudes
£1(0) after substituting the values of above integrals (3.13) and (3.14) in eqgns. (3.9) and
(3.10);

8
Apmm, T 4

£(6) 22 ((1-12) (A +2B1/Jo + Al/Jo)(Pi/Q)

—(1? c0s°0) (A — 2BJ1/Jo — AJ/Jo) (P1/Q1)
—((* sin®0)/Q,) [(A — 2BJ,/Jo — AJ2/To)P>

—2A% (1 - 2ABI/Jo — A21,/10)], + 0(m2)}, (3.15)
£(6) = ST (in®0 (A + 2BJi/o + AL/Jo)(P1/Q))

—(c0s0/Q5) [(A — 2BJ,/Jg — AJ2/T0)P;
—2A% (1 = 2ABJ/Jo — A212/T0)], + 0(m2)}, (3.16)
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where
P, = 1% sin’¢/(1 — 1), P, = (1 — 27 sin’¢)/(1 — 9, (3.17)
Q1 =2+A%+2AB J/Jo + AyJ/]4, (3.18)
Q,=2-A*—2AB J\/Jo— AJo/11, (3.19)

Scattering Cross section:

The value of the scattering cross section is obtained by substituting the above values of
far-field amplitudes £1(0) and f(6) in the formula

% = mragele UAO +214(0)1] 6, (3.20)
which readily yields17
L, = — ’“* {2(1 ) (A + 2BJ1/Jo + AJo/To) (P2/Q15)

+(1+ 14) {(A - 2BJ\/Jo— AL/Jo)* (P12/Q1%)
+ [(A — 2BJ /Ty — AJ2/Jo)P,
—2A% (1 - 2ABJ/Jo — A?T/T0) T Q22 + 0(ma)}. (3.21)

As far as the author know, the above results seem to be new.

IV. LIMITING RESULTS

CASE-I. ACircular Crack: Calculation of Far-field Amplitude and Scattering Cross
section:

When, B — 0, we derive from eqns. (3.21) the following results for the
corresponding problem of an infinite circular crack

=1, —a <0 <o, —o00 <x3<c0,

The value of the scattering cross section is obtained by substituting the above values of
far-field amplitudes f;(0) and ﬁ(e) as derived for earlier case.

Epr= [Eplp=0 = == m“ {2[1 %)?[sin? ( )
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+2 cos? (a/2) 11/ o' + sin®(o/2) 15'/30']° P12/Q,?

+ (141 [(sin®(a/2) — 2cos*(a/2) T,/

— sin*(a/2) 1230 (P13/Q1” + P22Q,%)

— (4 sin® (a/2) /Q,™) [(sin*(a/2) — 2cos” (a/2) 1,11y
—sin” (0/2) 1'/10') (1 — Y sin’o J,'/J¢

—sin* (/2) 1,/30")] + 4 sin* (/2) [1 — % sin’a J1'/Jo'

—sin* (a/2) 1,30 + 0(m2)] 4.1
where,
T cos (nt)h
J,'= — 2 m - dt, 4.2
¢ [1—|:_si.n"“[;}|:nsrr+ cns""[;}}ﬂ ]i ( )
Q'= 2+sin4(§) + = sin’aly' / Jo ' +sin® G)Jz /o', (4.3)
Q'=4-Q/, (44)

CASE-II. An Infinite Semi-Circular Crack: Calculation of Far-field Amplitude and
Scattering Cross section:

When a -->§ in the above results(4.1), we get the corresponding problem of an infinite
semi-circular crack occupying the region'’
=1, — §< 6| <§ , — 00<x<00,

As far as the authors know, even the above results for the two limiting configurations also
seem to be new.

Case-III. Two equal Griffith cracks:

We let B, a, and a—o0 such that af—a,, ao— a;, Aoaz/a21—> By, (¢ = :—1< 1, when we

assume that 0 <o + B<n), in the eqns. (3.21), and obtain the following corresponding
result for the scattering cross section is obtained for two equal and parallel Griffith
cracks;

ar< |X2| <ai,X1 = 00, —00<x3<00

]
_m* a1mMz®

T = (P27 (147
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+ (3t— 47+ 3) PP (I4C-2E/F) + 0(M,)} 45)
Where
M2 = pmzazl/“’:

Bo is known constant and F=F (1:—, (11— czj), E=E (1:—, (11— czj) are the complete

elliptical integrals of first and second kind respectively. The above results agree with the
known results'* 7, for two equal parallel coplanar Griffith cracks; b <[x|| <a, x,=0,
—oo<x3<o0, when we interchange the values for P, and P,, and change the values of a; to a,

a, to be and ¢to E - y). This serves as a check on our analysis presented here.

Fig. 1. Section of the two equal circular cracks in the x; — x; plane.
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