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ABSTRACT

In this paper regularity of Birkhoff interpolation problem is investigated. Some nodes for evaluating the regularity
of Birkhoff interpolation problem are studied. The domain of nodes is the complex plane and the regularity
condition proves the existence of polynomial interpolation at the chosen complex nodes. The Birkhoff interpolation
problem is one of the most general and important interpolation problems in multidimensional polynomial
interpolation theory. Because of the great complexity of the problem, one has to concentrate on more particular
aspects of the problem.
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1. INTRODUCTION

Birkhoff interpolation appears whenever observation gives scattered, irregular information about a function and
itderivatives. Birkhoff interpolation differs radically from the more familiar Lagrange and Hermite interpolation in
both its problems and its methods. It is an extension of Hermite interpolation in that it involves matching of values
and derivatives at certain points but does not insist that these be consecutive. With this additional freedom, it is no
longer automatic that such an interpolation problem is always regular, i.e., has exactly one solution for every choice
of nodes.

The problem of Hermite-Birkhoff interpolation on real nodes has a well-developed theory which is embodied in the
well-known book by Lorentz et al. [1].Chen et al. [2] considered the problems of (o,m) and
(0.1,....r — Z,7)interpolationon the zeros of (z** 4 1)(z* — 1)and(z** + 1)(z™ — 1) respectively.De Bruin et al.
[3] considered the same problems on the zeros

Of [z + 1)z — 1), (z¥ 4+ 1)(z% + =z + 1)and(z®" + 1}(z* — 1). Study of Birkhoff interpolation problems on
non-uniformly distributed nodes are of recent origin [4]-[7].

We examine the cases of (o,m) interpolation problem on the zeros of (z®" + 1}(z? — £%}for any integer
mz1m=2n+2where 2 =1,F=0and (0.1..r—27) interpolation on the zeros of

(z™ + 13(z* — #%)where £ = 0.
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Theorem 2.1: The problem of (0,m) interpolation on the zeros of (z2® + 1) (z% — £2) is regular
for any integer m = 1, m< 2n+2, where B=1t+0.
Proof: For m = 1, it is Hermite interpolation so we take m = 2.
Here the total number of conditionsisZzn + 2 + 2Zn +2 = 4n + 4
As
P(z) = azzi" 4+1 =0k = 1.2,...2n(1.1a)
P™(z) = byzi™ +1 =0k = 1,2,...2n(1.1b)
P(+F) = ¢(1.1c)
P™(+F) = d(1.1d)
It is enough to show that if a; = by = ¢ = d = 0 then the polynomial F{z) € A, .+ is identically zero.
Let us take
P(z) = By(z) + 2B, (2) + z*"By(2)
Where B, (z).P, (z) € Az_y and Py (z) € Agthen P(2) € Agpas
We suppose that?; (z) = Ef25%a; ; =/ i=0,12 (1.2)
FromP; (z) €A, we havea; ; =0for j =4
Now Plz)=10
Pylz) + zi"py(z) + z§"P(z ) = 0

n-1
Z [ag; —ay; + a:__i-]zgl'.= 0
j=n

Thus we have the identity

i ag, ~ay; + az;]2 = 0(13)

This gives ggj-0y; + az; =0 when j=0,1,2,3 (1.4a)
ap;-a;; =0 when j=45,..2n-1 (1.4b)
On setting

(Dm=iG-1...G—m+1forjzm=0

() = 1form = 0 and (j),, = 0form > j

Similarly from P™(z) =10

(Imog;-@n + dpay ;+ @n + pa; ; =0, j=01,23 (153)
And{j)mag; —(2n + e, ; =0 j=45..2n—1  (15b)

Since (jl,, = O0for m=4 j=0,1,23
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FromP(+£) = 0 forf® = 1, we get
Bioolag-aij + ay ;18 =0 (1.6)
And EJ:J':n[ﬂn_j' aij + ﬂ':_j]{—'f-_]j =0 x.7)

On adding equations (1.6) and (1.7), we get

1
Z[a"-:i'_atfj + ﬂ-:_:j']'f:j= 0
j=n

Tt olaga-aiz + @y ] =0 (1.8)
From

PM(+8) = 0 for£2 =1, weget Ll [(Dmag;-Cn+ ey + @n + ey 18 =0 (1.9)
And iy [(Dmag;-2n+ Dpa, ; + G@n + Ppag ] (=5 =0 (1.10)

On adding equations (1.9) and (1.10), we get
o (@) magq; + Cn + 2 e, o; +(dn + 210,51 59 =0 (L.11)
On subtracting equations (1.6) and (1.7), we get
1
Z [ﬂ'n_:j s1t g4 ﬂ':_:j+1.]':r:j.+l =0
j=n
E}’:n[ﬂ'n_:_fu + a5 T L"!':_:_;'+1] =10 (1.12)
On subtracting equations (1.9) and (1.10), we get
1
Z[{E} + U Gozjes + 20+ 2+ Unaggies + G + 25 4 D gy |87 =0
j=0
From equation (1.4a), we get
Gpp T 8zp = G1p
And apz tazz = ay2(1.13)
From equation (1.8), we get
gy pt+a;; = 0(1.14)
From equations (1.5a) and (1.11), we get
(2n)pap + @n + 2) 4, ; = 0(1.15)
Equations(1.14) and (1.15) givea; y; = @35 = 0
From equation (1.13), we get
Gpp + 829 = Oagy + a3, =0
From equation (1.5a), we get
(0 ag g+ (dnd pay, =0
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/\nd {Ejm GD: +‘{+ﬂ]?ﬂm:: =10
Thus figp = fzp = Ogz =Oyp =0

On combining these equations, we have

gz = 0 and Oz = 0, for j=0.1

Similarly we get @y zj.1 = @1 2j41 = @22541 = 0. for j=0,1
Hence Piz)=0

This completes our proof.

Theorem 2.2: The problem of(0,1, ..., — Z,7)interpolation on the zeros of(z2" + 1)(z2 — £2)is
regular for & = 0.
Proof:Here the number of conditions isr{2n + 2}
We set@(z) = (z™ + 1) (2 — F51P(2), P(z)Eman
It is enough to show that if @ (z,) = 0,j = 0,1, ...,r — 2 farz, " = —1,
QU (F) = 0andQ(—F) =0, then @(z) = 0.
From @ (F) = 0 and@ " (—#) =0, we get
20 @)+ G -1@n + DPE) =0 (2.1)
—2FP' (-8 - (j—1)2n + 1IP(-E) =0 (2.2)
If we set P(z) = E¥23*a;z then equations (2.1) and (2.2) give
A+ G- 1020 + 1)} a; = 02.3)

And A0 — G -1D0C2n + 1} a(—EH =0 (2.4)

From equations (2.3) and (2.4), we at once obtain
P4+ -1D@n+10la; =0 (2.5)
FL22i+ 1)+ G -1)0Cn +1ay,, =0 (2.6)

From @V (z,) = 0,j = 0,1, ....» — 2, we get
7 27, P'(z) + G — 10Cn + 3DP(z)} = 25, (7)) + (j — 1)(2n — 1)P(z;)

On substituting the values ofP(z;), P'(z;) and using the fact z; ™ = —1, we have
In-1

Z (26-2 4+ - D@n +3)a_oz' — 2{2{5 +2n—2) + G - 1D2n + 3D}ag, iz’
1 =0

i=2
Zn—1

1
= Z {20 +G - 1D02n — 1D gz = Z{E(:‘ +2n) + (G —1002n — }a; 3
=0 =0

On comparing like powers of z; on both sides, we have following system of equations

-2+ G -100Cn +3)e;_; =121+ (G —1)2n — 1)}g fori =45....2n — 1(2.7)
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o

Cag-1 = dq—iﬂ:q, (2.8)
Where

_ 4g+(G-1DCn-1)
4 -1+ G -0+ 3)

And fori = 0.1, 2. 3, we have

202n - 20+ G —10(2n + 3}ay,_, = 4nay (2.9)

{202n - 1) + G —1)(2n + 3}ay,_, = 4na, (2.10)

—fdn+ G —10Cn +3ay, + G- 10020 +3a, =4+ G -1)2n — 1)}a,(2.11)
2+ 0+ G -100Cn +3}agn,, +12+ G —-10Cn + 3)}a, =6+ — 1)(2n - 1)}a,

Fromequation (2.8), we havesd,_; << 1forj = 2,{(j = Z,..n — 1)

If we set
dn 1
tn-D+(G-1D2n+3)

Then from equation (2.9), we have @g,_; = =A,_;8p

Ay =

Fromequations (2.5), (2.6) and (2.8), we get

n—-1

G-DCn+Dag+ ) {4+ = D@n + Dyay + {4 + G - Dizn + e,
=0

It can be written as
Agap+{4n + G —102n —1)}ay, = 0. (212)
Where 0 < A, = —1002n + 1) + Ef2H{4i + (- 12 + 13525 A,
From equation (2.11), we have
G-1D0Cn +3)g, -4 +G-1D0Cn —1}a, —{dn + G — 1D0n 4+ 3ay, =0
Bnay — [4n + ( — 1)2n + 3))a,, =0,(2.13)
WhereB, = G —1)@2n +3) — {4+ G — 120 - D}I21A,
Since 0 = A, < 1, we have
By>(G—-102n +3) -{4+ G -1)2n - 1)}
=4 —-2) =0 ifr =2
The determinant of two homogeneous equations (2.12) and (2.13) is clearly non-zero. Hence &y = as;, = 0 and equation
(2.8) shows that all a;’s are zero.

This completes our proof.
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I1l. CONCLUSION
The posed problems of (o.m) interpolation and (0.1, ...,» — 2,7) interpolation on the zeros of(z*" + 1) (z* — £?)

are found to be regular.
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