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ABSTRACT

Singal and Lal generalized Nadler’s result to a larger class of spaces and a for larger class of mappings. Rhoades
discussed a number of fixed point theorems dealing with rational type contractive conditions of some authors. Gupta
generalized Nadler’s result to a larger class of spaces and a for larger class of mappings according to rational type
contractive conditions of Rhoades. In this paper we generalize Fora’s result according to some contractive

conditions of Rhoades which involves single mappings.
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I. INTRODUCTION
Definition 1 [5] Let (X, d) be a metric space and Z be any space. Let f be a mapping from XxZ into XxZ. Then f is
said to be locally contraction mapping in the first variable if and only if for any zeZ there exist an open set V(z)

containing z and a real number A(z) [ 0,1) such that for each X, x» eX and all ueV(z)
d( 7z, f(x, u), 77 f(x«,u) )< M(z) d(x, x+), where 7, is the projection of XxZ on X along Z.

or d(,(X), Fu(x+)) <A d(X, X=).

Theorem 2 [5] Let (X, d) be a complete metric space. Let Z be a topological space with the fixed point property

(f.p.p) and let f be a continuous function from XxZ into XxZ. If f is locally contraction mapping in the first variable,

then f has a fixed point.

In what follows X will denote a complete metric space, Z a topological space which has the f.p.p. and f is a mapping

from XxZ into XxZ. (m) for 1<m <10 will denote the condition (m) from Rhoades [3] and also mentioned in Gupta

[4] with the modification that constants or functions that appear in (m) depend on z. Thus fe(4) locally in the first

variable means the following:

for each ze Z, there exist an open set V(z) containing z and numbers a, f > 0 with a+ B < 1 such that for each X, X«

e X, X« € 0(x) and all u € V(2),

d(x, f, (x)d(x., f, (x.))
d(x, x.)

d(f,(x), f,(x.) <a + Ad(x, %),

712 |Page




International Journal of Advance Research in Science and Engineering

Vol. No.6, Issue No. 01, January 2017 TJARSE
e ISSN (0) 2319 - 8354
www.ijarse.com ISSN (P) 2319 - 8346

where 0(x) denotes the orbit of the function defined on X.

I1. MAIN RESULTS

Now we prove the following results with the help of [4] and [5]:

Theorem 3 Let (X, d) be a complete metric space, Z a topological space which has the f.p.p. and let f: XxZ—>XxZ
be a continuous mapping. If f satisfies (3) locally in the first variable, then f has a fixed point.

Proof: We define a sequence {t.} in X as follows:

For a fixed xg in X, and any z €Z,
f2(%,) =1, = X, (2) =t, = £, (%) =7, F (£,7(X,),2);n >1.
Step I: {t,} is a Cauchy sequence in X
Since fe(3) locally in the first variable i.e. for each z € Z, there exist an open set \V/(z) containing z and
numbers a, b, ¢ > 0 with a + b + ¢ < 1 such that for each X, x« € X, x= € 0(x) and all u € V(2),

afl+d(x, f,(x)].d(x., f,(x.)) N b.d(x, f,(x)).d(x., f,(x.))
1+d(x,X.) d(x, x.)

d(f, (%), f,(x.)) <
(3.1)
Equation (3.1) implies that
al+d(x, f,(9d(x., f,(x))  bd(x f,()d(x., f,(x.)
1+d(x, x.) d(x, x.)

+c.d (X, X.)

d(f,(x), f,(x.)) < +c.d(X, x.)

(3.2)
Set x» = f,(X) in the above inequality to obtain

d(f,(x), f,/(x) < (@+b)d(f,(x), T,/ (x)) +cd(x, f,(x))
which implies that

d(f,(x), £, (x) S(

(3.3)

Now, set X = X«, then we have

C

— bjd(xfxx»

c
l1-a-b

duxhxn%m»s(

(3.4)
Repeating above substitute we obtain

}Mmﬁxn»

c
l-a-b

d(f, (), £, (x) S( j d(x, f,(x))

Using induction we get
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A(F7 (), 179 () < (Lj d(x £,(9)

l-a-b

Finally set x = Xo, we get

C
d(tn,tn+l)£hn.d(to,t1), WherEh:(mJ<l
(3.5
Using triangle inequality, we find for m>n

d(t,t)<dt .t )+d(t ). +d(t

n+1 n+1’tn+2 m—1’tm)

<(h"+h"+14  +pM-1yq (ty )

_ hN@-hM=")d (to,tl) § hn.d(to,tl)
1-h 1-h

Since h" —0 as n—oo, this inequality shows that {t,} is a Cauchy sequence. Since X is a complete metric space,

there exists a point t,. in X such that t, — t,.

Step Il: & 1f(t, 2)=1,
If possible let t, # nyf(t,, z)=u(say). Then d(u=, t,)=€> 0. Since f is continuous, there exists an open set
UxV in XxZ such that
(t;, 2) € UxV, U < S_u(t,) and f(UxV) < S 4(ux) XZ
Since lim,_,,, t,=t, there is a natural number k >1 such that t, € U for all n> k. But n;f(ty, z)=tx.; €U.
Therefore f(ty, z) ¢ Sciu(u«)xZ, which contradicts the fact that f(UxV) < S.4(u<)xZ and d(us, t,)=€>0, so our

assumption is false, hence the required conclusion.

StepIll: Let g: Z — Z defined by g(z)=mn.f(t;, z). Then g is a continuous mapping
Let zeZ and U be an open set containing g(z). Then f(tz, z) € XxU. Since f is continuous at (t,, z), there exists an
open set G in Z and a positive real number >0 such that

(tz, 2) € Sc(t,) xG and f(S(t,) xG) XxU.
Let W be an open set in Z containing z and he [0,1) be a real number. Then from above step | making decreasing
sequence procedure we can write:

d(my (X, v),mt1 f(X+,v)) < h. d(x, X+), for all X, X« € X, X« € 0(x) and all v eW.

Since h™ —0 as m —o0, we can choose a natural number n>1 such that
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< S 1-h and d(t, ;) < = forallm=n
8 (d(ty,t,)+(/8) 8

Since f(t,, z) € X x U and f is continuous at (t, , z) , there exists a basic open set U, xV,, in X x Z such that
(tn, 2)e Uy XV,, Uy < Sei (L), Vi = GAW and f(U, x V) = XxU.

Inductively, suppose that sets Uy, Up.q,... Ui, Vi, Vig,..., Vi (1 <i < (n-1)) are choosen such that
(ti,2) € Uix Vi, Ui < S (1),Vi < Viand f(U; x V)< Ui xZ.

Since f is continuous at (.4, z) and f (t;.1, z) € U;x Z, there exists a basic open set U;.; X V. in XxZ such that,
(ti, 2) € Uir X Vig, Uig < Sepg (1), Vi < Viand (Ui X Vi) < Ui xZ.

In this way, we collect the open sets U, Up.....,Ug, Vi, Via1.-.., Vo Which are defined with the above mentioned

properties.

Now, we claim that g(V,) c U:

Lety e V,. Then from the above mention properties we have (t', y) € Uy x Vq, where t; - x0.
€
Thus f(t, y) € Uy x Z ie. , t'; = mif(th, y) € Uy, and consequently d(t’;, t;) <§ .
Using the triangular inequality, we have
/ / / €
d(th, t) =d(to, tu') < d(to, ta) + d(ts, 1) < d(to, t) +§ :

Since f(UyxV1) c U,xZ and (t, y) € U;xVy, therefore f(t', y) eUpxZ ie t,=m, f(t, y) € U,

In this way we find the sequence t', (y)= t', for which t; = mf(t.1, y) € Ui; i=1,2,..., n.
€
Moreover, t, € U, and U, < S_j(t,), therefore d(t, t,) < g

Using the triangular inequality, we find, for m > n.

dity , t) <d(t, , th) +d(th , h) +eoeeeee. +d(tma, )

<§ + RV d(y, Uy) +——th™Ld(ty, t)

n

(1-h™). d(to, ty) +§

n

< (Ao, ty) + =]+
1-h ’ 8" 8
(S (S (S

<—+ —=—
8§ 8 4

Ift, = lim t',, then the above inequality shows that d(ty, t,) < e/4.

Clearly (t,, y) € Sc (t,) *G and consequently f(t,, y) eXxU, ie., g(y) = m.f(t, , y) € U.
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Therefore our claim is proved and hence g is continuous mapping.
Now as in step Il of the theorem 3, g: Z—Z is continuous mapping. Since Z has the f.p.p., there is a point zoeZ
such that g(zo) = zo and by step Il above, we have, n; f(t,q, Zg) = t,0. But o =g(20) = 7, f(t,0, 2o). Hence f(t,o, Zo)=(t0,
Z,) i.e. (t,0,20) is a fixed point of f. This completes the proof.
Theorem 4: Let (X, d) be a complete metric space, Z a topological space with the f.p.p and f: XxZ— XxZ be a
continuous mapping. If f satisfies any one of the conditions (2), (5), (6), (7), (8), (9), and (10) locally in the first
variable then f has a fixed point.
Proof: We define a sequence t,(z)=t, in X as follows:
For a fixed xpin Xand any z € Z,

to= Xo, ti= mif(thg, 2); N 21
Step-I: {t.} is a Cauchy sequence in X
If f satisfies any one of the conditions (2), (5), (6), (7), (8), (9), and (10) locally in the first variable then we have
find following equations respectively,

d(t, t. ) s(liJ d(t, t,) @
d(tn 'tn+l) < knd(tO’tl) (4'2)
PtPotha |

d(t,.t,,) < d(t,,t 43

(n 1) (1—061—183—ﬁ4 (0 l) ( )
d(t,.t,.,) < B"d(t,.t,) (4.4)
d (tn 'tn+l) < qlnd (tO ’tl) (4.5)
d(tn 'tn+l) < qu (tO ’tl) (4.6)
and d(tn ’tn+1) < ( }/2 - 7/3 * 7/4 * 75 J d(tO 'tl) (4'7)

1-r=72=Vs=7s

In each of these cases we see that {t,} is a Cauchy sequence in X. However, by the completeness of X, there is a

point t, in X such that t, converges to t,.
StepIl: n, (1, 2) =1t
Step III: Let g : Z—Z defined by g(z) = =, f(t,, z). Then g is a continuous mapping:
(As by theorem 3)
Finally, since Z has the f.p.p., there is a point z, € Z such that g(zo) =z, and by step Il above, we have,n;

f(t,0, Zo) = t0. But o= g(z0) = m, f(t,0, Zo).Hence f(t,o, o) = (ts0, Zo) i-€. (t20,20) is a fixed point of f.
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111. CONCLUSION

We observe from [4] that conditions (1), (4) are stronger than (3).Therefore the above theorem 3 has two corollaries
corresponding to each of these two conditions. Also we observe that condition (4) is stronger than conditions (6)and
(8). Hence the above theorem 4 have one corollary corresponding to condition (4)". Clearly Nadler’s result [2] is
also corollary of above theorem 3 and theorem 4.
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