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I DEFINITIONS AND EXAMPLES OF A REAL-VALUED FUNCTION OF SEVERAL
VARIABLES

We extend the definition of a function of one variable to functions of two or more variables.
You will recall that a function was a rule which assigned a unique value to each input value.
It is going to be similar for two or more variables. The only difference is that the input is not
a value anymore, it is several values.

Definition: Suppose D is a set of n-tuples of real numbers (x,,x;.x5,...,x,). A real-valued
function £ on D is a rule that assigns a unique (single) real number ¥y = f(xy,x,%5,...,x,)
to each element in D.

A real-valued function of two variables is a function whose domain is a subset of the plane

R2 and whose range is a subset of &, or the real numbers.

For example, consider the functions below

z= flx,y) = 2x% + y*

w = g(x,y,z) = 2xe**

h(xq,%5,%5,%,) = 23 —x, + 425+ x,
The function z = f(x, v) is a function of two variables. It has independent variables x and v,
and the dependent variable z.
Likewise, the function w = g(x, v, z) is a function of three variables. The variables x, ¥ and z
are independent variables and w is the dependent variable. The function k is similar

except there are four independent variables.
The operations we performed with one-variable functions can also be performed with
functions of several variables.

For example, for the two-variable functions f and g:
(f £ g)(xy) = flx,¥) T g(x¥)
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(f-g)(x,v) = fx,v). g(x,¥)

G) (x,y) = M provided g(x,y) # 0.

gix.y) ’

Remark: In general we will not consider the composition of two multi-variable functions.

Key words: Limit of function , Domain, Range of the function, Level of the curve ,

Domain and range of functions of several variables
The domain of a function can be either
X Specified by the problem, i.e. specific restrictions are given

For instance, f(x; ¥v) = x*+ v* suchthat -1 < x < 1; -1 < y < 1

<> Assumed to be all points for which the function is valid

For instance f(x; v) = /4 —x2 — 2

Hence unless the domain is given, assume the domain is the set D of all points for which the

equation is defined, and the range is set R of values that f takes on, that is

R={f(x;,2;,%5,...,%, )/ (xy,%5,%5,...,%, ) ED }

For example, consider the functions

floy) =32 +y*and g(x3) = =

The domain of f(x,v) is the entire x¥ —plane. Every ordered pair in the xy — plane will

produce a real value for f.

The domain of g(x, ¥) is the set of all points (x, ¥) in the x¥ —plane such that the product xy

is greater than 0. This would be all the points in the first quadrant and the third quadrant.

Example 1: Find the domain of the function f(x,y)=+/25-x* -y’

Solution: The domain of f(x,v) is the set of all points that satisfy the inequality:

25-x*—y*>0 or 25> x> +y?

You may recognize that this is similar to the equation of a circle and the inequality implies

that any ordered pair on the circle or inside the circle x> +y* = 25is in the domain.
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The highlighted area is the
domain to f.

-

Example 2: Find the domain of the function g(x, y,z)=+/x*+y? +22 16

Solution: Note that g is a function of three variables, so the domain is NOT an area in the
xv —plane. The domain of g is a solid in the 3-dimensional coordinate system.

The expression under the radical must be nonnegative, resulting in the inequality:
X*+y*+2°-16>0 or X°+y*+12°>16

This implies that any ordered triple outside of the sphere centered at the origin with radius 4
is in the domain.

Example 3: Find the domain of the function h(x, y)=In(xy)

Solution:

We know the argument of the natural lo g must be greater than zero.

So, x-y>0

This occurs in quadrant I and quadrant I11. The domain is highlighted below. Note the
x — axis and the ¥y — axis are NOT in the domain.

14

Example 4:

For each of the following functions, evaluate (3, 2} and find the domain.

(@  flry) =¥ (b) F(x,y) = xtn (> —x)
Solution:
(a) f(3, 2:] _ ¥3FZET -_'E

3—2 2
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The expression for f makes sense if the denominator is not 0 and the quantity under square
root sign is nonnegative. Hence the domain of f is

D={(xy)lx+y+1=0, x#1}.

The inequality x +v +1 =0, or v = —x — 1, describes the points that lie on or above the

line ¥y = —x — 1, while x # 1 means the points on the line x = 1 must be excluded from

the figure.
x+y+1=0
' VA |
I
| x=1

I

I
| e
—1 0 | X

I

—1 I

\!\

(b) (3, 2) =3fn (22 —3) =31 =0.
Since #n(y*—x) is defined only when ¥* —x > 0, that is, x < ¥*, the domain of f

is D= {(x,¥):x < ¥?}. This is the set of points to the left of the parabola x = y~.
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() Example-5: Find the domain and range of g(x,v) = /9 —x? — y2.

Solution: The domain of g is
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D={(xy)I9—x*—y* =0} ={(x,y)Ix* + y* = 9}
which is a disk with center (0,0) and radius 3.
The range of g is {z/z = /9 — x? — y2, (x,y) €D}.
Since z is a positive square root, = 0 . Also
9—x2—y?<9=,/9—x2—y2<3

So the range is {z/0 < z < 3} = [0,3].

Il GRAPHS AND LEVEL CURVES OF FUNCTIONS OF SEVERAL VARIABLES
2.1 Graphs of functions of several variables

Definition: If f is a function of two variables with domain D, then the graph of f is the set
of all points (x, v, z) in &? such that z = f(x,v) and (x,¥) is in D.

Example 1: Sketch the graph of the function f(x,¥) = 6 — 3x — 2y.

Solution: The graph of f has the equation z = 6 — 3x — 2y,0r 3x+ 2y + z = 6, which
represents a plane. To graph the plane we first find the intercepts. Putting v =z = 0 in the
equation, we get x = 2 as the x —intercept is 3 and the z —intercept is 6. This helps us to
sketch the portion of the graph that lies in the first octant.

Example 2: Sketch the graph of g(x,v) = /9 —x% — 2.

Solution: The graph has equation z = /9 — x2 — yZ. We square both sides of this

equation to obtain z = 9 — x* —y?, or x? + y* 4+ z* = 9, which we recognize as an
equation of the sphere with centre at origin and radius 3. But since z = 0, the graph of

g is just the top half of this sphere.

Graph of g(x,y) = /9 —x? — y?

278 |Page




International Journal of Advance Research in Science and Engineering @
Vol. No. 5, Special Issue No. 01 , May 2016

www.ijarse.com [JARSE

2.2 Level Curves of functions of several variables

Definition: The level curves of a function f of two variables are the curves with

equations f(x,v) = k, where k is a constant (in the range of f).

<o A level curve f(x,y) = k, is the set of all points in the domain
of f at which f takes on the given value. In other words, it shows where the graph of f has
height k.

< The level curves f(x,v) = k are just the traces of the graph of f

in the horizontal plane z = k projected down to the xy — plane.

45|
; T‘ 1I
1T== A
__ \ I ‘\\ 'k
o A
{ l ’ | I |-_|_ = I_i I l\

0l N s L S
Tyl i S
BN Tl
Loa LR T E ot |
I | | I J—— =) el [ r_“‘-r_--_-_
R g g AE P gy T

s ~|‘,z=4s][ 4 } } |
( e=a—L V) ) |) 1
: B i
~ 5 k=130 - ;
) =20 e '

Example 1: Sketch the level curves of the function f (x,y¥) = 6 — 3x — 2y for the value
k=-6,0 6 12

Solution:

The level curvesare 6 —3x—2yv=k or 3x+2v+(k—6)=0
This is a family of lines with slope i The four particular level curves with k = —6, 0, 6,

and12are 3x+2y—12=0, 3x+2y—6=0, 3x+2y=0,and

3x+ 2y +6=0.
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Counter map of f (x,y) = 6 —3x — 2y.

Example 2:
Sketch the level curves of the function
glxy)=49—x*—¥% for k=10,1,2,3

"
=

Solution:
+yrl=9-k

The level curves are
— =~ =
9—x<—vyv-=k or x

4"4".
This is a family of concentric circles with center (0,0) and radius v9 — k2.
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11 LIMITS AND CONTINUITY OF FUNCTIONS OF SEVERAL VARIABLES
Definition: Let f be a function of two variables whose domain D includes points arbitrarily

close to(a, b). Then we say that the limit of f (x,¥) as (x,y) approaches (a, b} is L and we

write
lim,:xJ.:,_},:mmf[x,y] =L
if for every number £ = 0, there is a corresponding number & = 0 such that

if (x,y)€Dand 0 </(x—a)?+(y—b)?2 < § then |f(x,y) —L| <e.
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If f(x,y)—=Lyas(xy)— (ab) along apath C; and f(x,y) = L, as (x,¥) = (a,b) a

long a path C;, where Ly # L, then limg, .y ., »)f(%, ) does not exist.

Example-1: Show that lim —y does not exist.
(x,y)—(0,0) x —+ y

Solution: Let f (x,v) = ;;iz long the x - axis. Theny =0

gives f(x,0) == =1forall x # 0,50 f(x,v) = 1 as (x,y) — (0,0} along the x - axis.
We now approach along the y — axis by putting x = 0. The
f0,y) = ::—: =—1forally#0,50 f (x,¥) = —1as(xy)— (0,0)alongthey—axis.

Since f has two different limits a long two different lines, the given limit does not exist.

Example-2: If f (x,5) = =7 im0 F(% V) exist?

Solution: If ¥ = 0,then f(x,0) == = 0.Therefore f (x,¥) = 0 as (xy) — (0,0) a long
X— axis.

If x =0,then f(0,¥) == =0,s50 f (x,y) = 0 as (x,y) = (0,0) along the x — axis.

Although we have obtained identical limits along the axes that do not show that the given

limit is 0. Let’s now approach (0,0) a long another line, say v = x.

=T 1
-
2

=% +x?

Forall x# 0, f(x,x)= . Therefore f (x,v) —«‘E as (x,y) — (0,0) along y = x.

Since we have obtained different limits along different paths, the given limit does not exist.

2

Example-3: Find 11m.x}}_>.uu;. " = if it exists.

Solution: Limit of the function a long line through the origin is 0. This doesn’t prove that the

given limit is 0, but the limits along the parabolas y = x? and x = y* also turn out to be 0,

So we begin to suspect that the limit does exist and is equal to zero.
Let € = 0. We want to find & == 0 such that

3x®

if 0< 7 +y7 <& then |5 - 0| <€ that is, if 0</x2+y% <4, then

3 1| /| P
=7 < € Butx® <x® +y?since y* = 0. S0 == < 1 and therefore
327 Iyl .z = 5
a:;+:f'rz =3yl =34y =3 /x*+ 7
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Thus if we choose

32' - ]
20| <3P Fy7 <30

24yt

5=§ and let 0 < \/x? 4+ y2 < §, then
E
3(3)=-¢

Hence, limg, . .c0m

Ex"“_}' _
x4y

Definition: A function f of two variables is called continuous at (a, b) if
111]‘1,:__{:}}.}_},:&}17} = f [ﬂ,, b]
We say f is continuous on D if f is continuous at every point (a, b) in D.

By properties of limits, the sums, differences, products, and quotients of continuous functions
are continuous on their domains.
Example 4: Evaluate limg, ;5 (x%y® — x%y? + 3x + 2y).

3

Solution: Since f(x,y) = x*y?® —x?y? + 3x + 2y is a polynomial, it is continuous every

where, so we can find the limit by direct substitution:

limg, 5oy —x®y? +3x+2y) =172 -1*-2°+3-1+2-2=11.

Example 5: Where is the function f(x, v) = contlnuous’P

Solution: The function f is discontinuous at (0,0} because it is not defined there. Since f is a

rational function, it is continuous on its domain, which is the set D = {(x, ¥} |(x, v) # (0,0)].

Example 6: Let g(x,v) = {m if(x.y) = (0,0)
0 I’f [:x,}r:] = [D,ﬂ]

g is defined at (0,0) but g is still discontinuous there because lim, ;54 g(x, ¥)does exist.

Example 7: Let f(x,v) = {F if (. y) # (0,0)
0 if (xy)=(00)

We know f is continuous for (x, ¥) # (0,0) since it is equal to a rational function there.
From example 3, we have lim, ;) _¢o0 £(x.3) = lim, ;) 000 = s == = 0 =r(0,0).

Therefore f is continuous at(0,0) and so it is continuous on R
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IV CONCLUSION
By the help of limits function verifying of the function is continues and finding domain of the function and

range of the function and finally finding the level and graph of the continues functions.

REFERENCES

1) Apostol, Tom M., Mathematical Analysis, 2nd ed. Addison—Wesley, 1974. ISBN 0-201-00288-4.

2) Bartle, Robert (1967), The elements of real analysis, Wiley

3) Burton, David M. (1997), The History of Mathematics: An introduction (Third ed.), New York: McGraw-—
Hill, pp. 558-559, ISBN 0-07-009465-9

4) Felscher, Walter (2000), "Bolzano, Cauchy, Epsilon, Delta", American = Mathematical
Monthly (Mathematical Association of America) 107 (9): 844-862, d0i:10.2307/2695743,JSTOR 2695743.

5) Courant, Richard (1924), Vorlesungen tber Differential- und Integralrechnung, Springer Verlag

6) Grabiner, Judith V. (1983), "Who Gave You the Epsilon? Cauchy and the Origins of Rigorous
Calculus", American Mathematical Monthly (Mathematical Association of America) 90 (3): 185—
194, doi:10.2307/2975545, JSTOR 2975545, collected in Who Gave You the Epsilon? ISBN 978-0-88385-
569-0 pp. 5-13. Also aviable here:http://www.maa.org/pubs/Calc_articles/ma002.pdf.

7) Hardy, G.H. (1921), A course in pure mathematics, Cambridge University Press

8) Miller, Jeff (1 December 2004), Earliest Uses of Symbols of Calculus, retrieved 2008-12-18.

9) Page, Warren; Hersh, Reuben; Selden, Annie; et al., eds. (2002), "Media Highlights", The College
Mathematics (Mathematical Association of America) 33 (2): 147-154,JSTOR Journal 2687124 Journal.

10) Sutherland, W. A., Introduction to Metric and Topological Spaces. Oxford University Press, Oxford,
1975. ISBN 0-19-853161-3.

283 |Page



https://en.wikipedia.org/wiki/Special:BookSources/0201002884
https://en.wikipedia.org/wiki/International_Standard_Book_Number
https://en.wikipedia.org/wiki/Special:BookSources/0-07-009465-9
https://en.wikipedia.org/wiki/Digital_object_identifier
https://dx.doi.org/10.2307%2F2695743
https://en.wikipedia.org/wiki/JSTOR
https://www.jstor.org/stable/2695743
https://en.wikipedia.org/wiki/American_Mathematical_Monthly
https://en.wikipedia.org/wiki/Digital_object_identifier
https://dx.doi.org/10.2307%2F2975545
https://en.wikipedia.org/wiki/JSTOR
https://www.jstor.org/stable/2975545
http://www.maa.org/ebooks/spectrum/WGE.html
https://en.wikipedia.org/wiki/Special:BookSources/9780883855690
https://en.wikipedia.org/wiki/Special:BookSources/9780883855690
http://www.maa.org/pubs/Calc_articles/ma002.pdf
http://jeff560.tripod.com/calculus.html
https://en.wikipedia.org/wiki/JSTOR
https://www.jstor.org/stable/2687124
https://en.wikipedia.org/wiki/Special:BookSources/0198531613

