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Abstract.

In this manuscript, we introduce new notion of modified weak contraction in cubic terms of
metric via simulation functions and establish fixed point results for this kind of operator in
the framework of complete metric space. Our result is an extension of d-weak contraction in
complete metric space which generalize some existing results. Moreover, example is given to
illustrate the attained sequel.
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1 Introduction

Fixed point is very powerful tool in several spheres of analysis. In 2013, Murthy and Prasad
[1] generalize weak contraction by making combinations of o(x, y). In 2015, Khojasteh et al.
[2] estabilshed some fixed point results for Z-contraction via simulation function. Afterwards,
Argoubi et al. [5] inroduced a contraction comprising simulation function for a metric

enriched with partial order. In 2017, Jain et al. [6] proved some results for commuting
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mappings comprising cubic terms of metric. In 2020, Arora et al. conferred common fixed
point results for modified B-admissible contraction and almost Zcontraction in the edge of
metric space and G-metric space (see [8], [10]). Afterwards, Debnath et al. [7] discussed the
existence and uniqueness of common fixed point theorems for Kannan, 1 Reich and
Chatterjea type pair of self-maps in the context of complete metric space. In 2021, Arora [9]
established some common fixed point results for four self maps in the context of Gs-metric
space via CLR property. Now, let us recall some definitions which will be significant in the

sequel.

Definition 1.1. [2] Let (X, o) be a metric space, fis a self-mapping on X and { € Z. We
say that f is a Z-contraction with respect to {, if
L(o(fx, fy), o(x, y)) =0, forall x, y € X.

Hang and Dung [3] investigated the concept of generalized F-contraction and proved
useful fixed point results for such kind of functions.

Definition 1.2. [3] Let (Z, 6) be a metric space and f : Z — Z be a self-mapping. f is
called a generalized F-contraction on (X, o) if there exist F € 6 and & > 0 such that

o(fx,fy) > 0= 6+ F(a(fx,fy)) < F(max{o(x,y),o(x, fx),a(y, fy),

G(x,fJ/)-zf'U(y,fx), a(fzx,x)-kzcr(fzx,fy)’ O'(fzx, fx), O'(fzx, }7), a(fzx, f}/)})

Definition 1.3. [4] Let (Z, ) be a metric space and T : X — X be a function. T is known
as F-weak contraction on (Z, o) if there exist F € 6 and y > 0 such that forall x,y € Z,

o(Tx, Ty)>0=v+F((Tx, Ty)) <F(max{o(x,y), o(T x, x), o(y, T y),

o(x,Ty)+o(y,Tx)
I 0Ty

Definition 1.4. [4] Let (Z, o) be a metric space and T : Z — Z be a function. T is known
as 0-weak contraction on (Z, o) if there exist & : [0, 00) — [0, o) such that forall x,y € Z,
o(Tx, Ty) <o(x,y) ~ 8(c(x, y)).
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Definition 1.5. [5] The function p : [0, o) x [0, ©) — R is said to be a simulation
function, if the following properties hold:
(1) W(0, 0) =0; (H2)
(U2) p(a,b)<a—bforalla,b>0;
(u3) If {a,}and {b,,} are sequences in (0, ) such that
lim,_,, a, =lim,, 4 b, =1, then lim,,_,, sup p( a,, b,)<O0.

Let IT be the class of all simulation functions p : [0, ©0) X [0, ) — R. In this paper , we
established fixed point results by making several combinations of o(x, y) in the context of
complete metric space by virtue of simulation function. As application, various analogous

results in fixed point theory are easily deduced by conferring different values to s.

2. Main Results
Definition 2.1. Let (Z, ) be a metric space, S : Z — Z be a mapping and g € I1. Then, S

is known as modified weak contraction in cubic terms with respect to p if the following

condition satified.

HI(1 +so(x, y))o? (S, Sy), sSM(x, y) + L(x, y) = 3(L(x, y)] > 0, 2.1)
Where
L(x, y) = max{o? (x, y), o(x, Sx)o(y, Sy), o(x, Sy)a(y, Sx),
G(X.SX)G(y,Sy)+6(y,SX)G(y,Sy)} (2.2)
2
And

M(x, y) = max{Z2S0WIUSOWIN 6 Sx)6(x, Sy)o(y, Sx),

o(x, Sy)o(y, Sx)a(y, Sy) } (23)

where s> 0 be a real number and 6 : [0, o) — [0, ) is a continuous function with d(t) = 0 iff
t =0 and &(t) > 0 for every t > 0.
Before starting our Theorem, we will give some lemmas that have an important role for

proving our main result.
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Lemma 2.2. Let (Z, o) be a metric space and S be modified weak contraction in cubic

terms with respect to p such that the sequence {x,} in Z is defined as x,,., = Sx, foralln €

N . Let x,, # x,4, foreachn € N . Then,
lim o(x,,x,41) = 0.
n—-oo

Proof. Firstly, we have to show that {p,} is non increasing sequence and convegent. Now,
two cases arise.
Case 1. If nis even, substituting X = x,,, Y = x,,+1 in (2.1) , we get

RI(A+80(X2n, X2n41))07 (SXzns SX2nt1)s SM(X2n, X2nt1)+L(X2ns X2n41)—3(L(X2n, X2n41)] =

0, (2.4)

where

L(xX2n, X2n41) = Max{o?(Xzn, X2n+1):0(X2n, SX2n)0(X2n+1, SX2041),6(X2n, SX2n41)0(X2n 41,

SXam)

0(X21,5%21n) 0 (X21,5%2n4+1) +6 (X214 1,5%2n) 0 (X204 1,5%2n+1) } ( 2 5)
5 .

and

02 (X20,5%2n) 0 (X2n+1,5%2n+1) +0(X21,5%21) 0% (X2n 4 1,5%2n +1)
2

M(x2n1 x2n+1) = max { ) G(X'Zn,

Sx21) 6(X2n, SXan+1) 6(X2nt1, SX2n) 5 6(X2n, SX2nt1) 6(X2n+1, SX2n) 6(X2n41, SX2n41) }-

(2.6)

Using the given assumption of lemma, (2.4), (2.5) and (2.6) reduces to u[(1+sc(x2y,

Xan+1))0 % (Xan+1, Xan+2), SM(X2n, Xon41) + Lo, Xan+1) — 8(L(X2n, X2n41) 1= 0,

(2.7) where
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L(%X2n, Xon+1) =mMax {o%(Xan, X2n+1)> 6(Xan, X2n41)0(Xon41, X2n42),

0 (X2n,X2n+1)0 (X2n,X2n+2) +0(Xan+1,X2n+1)0(X2n+1.%2n+2)
2

6 (X2, X2n+2)0(X2n+1, X2n+1),
(2.8)
and

0(X2nXon+1)0(Xont1,X2n42) +0'(x2n'x2n+1)02 (X2n+1.X2n+2)

M(x2n, X2n41) =max{ > , 6(X2n,

Xon+1) 6(X2n, Xon+2) T 6(X2n+1, Xon+1) 6(X2n, Xon+2) 6(X2n+1, X2n+1) > 6(X2nt1, Xon+2)}-

(2.9)

Let pon = 6(Xon, Xon+1) - NOW, (2.7), (2.8) and (2.9) reduces to

U1 + Sp2p) P2n+1, SM(X2n, X2n41) + L(X2n, X2n41) = 0(L(X2p, X2041)] = 0,

(2.10)
Where
L(x2n, Xon+1) = Max{p3, , P2n+1P2n O, pzn(o(xzzn,xzmz)) , 0} (2.11)
and
2 2
M (X, Xzm41) = Max (P2 Penlints 0} (2.12)
On account of triangle inequality, we infer that
0(X2n, X2n+1) T 6( Xon41, Xont+2 ) = 6(Xon, Xon41)-
Therefore,
o(X2n Xon+1) < Pan+1 + Pan-
Taking (2.11) into account, we obtain
L(Xon, Xons1) < {Max pdy , Pans1Pan, 0, 22E2E21ED 0 (2.13)

2

If pyns1 = p2n then (2.10) yields that
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0 < u[sP3ns1s SPont1 — O(Pons1)]
< Sp%n+1 - 8(p%n+1 ) - Sp§n+1 .
Therefore,

2 2 2
SPan+1 T O(SP2n+1) < SPon+1,

a contradiction.

Hence, pans+1 < p2n. Similarly, we can prove that p,,4+1 < P2n+1 When n is odd natural
number. Consequently, p,, is decreasing sequence.

Therefore, there exist q > 0 such that
limp, =¢.
n—->oo
Assume that g > 0, then substituting X = x,, and y = x,,,; in the inequality (2.1), (2.2) and
(2.3), we get

u[(l +so (xn: xn+1)) 02 (an' an+1)a SM(xn' xn+1)+|—(xnr xn+1) - 6(L(xn: xn+1)] = Oa
(2.14)

where

L (%X, Xn41) = Max {02 (Xn, Xn41), 0(Xn, Sxn)0(Xn41, SXnt1)s 6(Xn, SXnt1)6(Xns1, SXy),
o(xn, Sxn)o(xn, Sxn+1) + o(xn+1, Sxn)o(xn+1, Sxn+1)

(2.15)
and

0% (Xn,S%n) 0 (Xnt1,5%n+1) +0 (X, SXn) 02 (X241,5%n+1
2

M(xp, Xp41) = max { ,6 (%, Sx) 6(%n, SXn41)

0(Xp41,Sxp) , 06(xXn, SXp11) 0(Xp41, SXp) 0(Xp41, Sxp41)} (2.16)

By using the given assumption of lemma, (2.14), (2.15) and (2.16) yields that

U[(L + 50 (xy, SXpt1) )02 (Xns1, Xnt2) s SMCty, Xp41) + L, Xpi1) — S(L (xp, Xp1) 120,
(2.17)

where
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I—( Xn,Xn41) = max{ o (xn'xn+1) ) G( X Xn+1 )G( Xn+1) Xn+2 )16( Xn» Xn+2 )
) ), + ) )
(Xps1) Xra) s 0(Xn,Xn41)0(XnXni2) Gz(xn+1 Xn4+1)0(Xn41 xn+2)}
and
) ) +0(xn, 2 )
M( X, Xr) — max{ 0 (XnXn+1)0(Xni1,Xn42) ;T(xnxn+1)0 (Xn+1.Xn+2) o X, Xra1)

o(xn, Xn+2) o(xnt1, Xn+1) o(xp, Xn+2) o(Xn41, Xn+1) o(xnt1, xn+2)}-

Making n — oo in (2.17), we obtain

0 < p[(1 +sq)g?), sq® + q> — (g% )]

<sq*+q* = 8(q*) — (1 +s0) q*).
Therefore,
(1+s0) q* <(1+s0) q* — 8(q°).
Due to positivity of q , 8(q% ) <0.
Further, using the property of 5, we get q = 0. Consequently,

lim,,_, o 0(Xy, Xpnt1) = 0.

Lemma 2.3. Let (Z, 6) be a metric space and S be modified weak contraction in cubic

terms with respect to p. Let {x,, } be the sequence in Z such that x,,,; = Sx,, with x,; # x,,41

for all n € N . Then the picard sequence {x,,} is bounded.

Proof. Letx, € X be any point. Let us suppose that {x, } is not a bounded sequence.

Therefore, there exists a subsequence {x,, } such that m; = 1 and m;,, is smallest integer
for every positive integer [ such that
0(Xmy,, » Xmy) >1

and

o(Xn , X, ) <1
form;<n<m;.,— 1.
On account of triangle inequality, we get

1 <o(Xmy,, » Xm; )

< G(xmlﬂ ! xml+1 B 1) + 0(xml+1 -1, xml )
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<o(Xmy, » Xm,, — 1D +1.

Making | — oo and using lemma 2.2, we obtain

llLrg 0(Xmy,, 1 Xm; ) =1
Since, S is modified weak contraction in cubic terms with respect to p & II, therefore by
using us, we have
0 Slli_)rrc}o Supu[(1+s6(Xpy,,, — 1, X, — )0 (S, , — 1, Sxpy, — 1), SM(xpy,, | — 1, %, —
D) +L(xm,, =1, %, — 1) = 8(L(xp,,, — 1, xm,~1))] <0,(2.18) where
L(Xpy,, =1, %, —1) =max 02 (Xp,,, — 1, %m, —1), 6(Xpy,,, — 1, Sk, —1)0(, — 1
v SXmy ) 6(Xmy,, — 1, Sxi, =10, — 1, Sxipy 41— 1),

c(mel—l ,Sxml+1—1)c(xml+1—1 ,Sxml—1)+c(xml—1 ,Smel—l)o(xml—l ,Sxml—l)
2

And
M(Xm,,, — Lxm, —1) = max{ o(xm,,, — 15X 41 —1) 6(xXp,,, — 15X, —1), 6(Xsy, —
1,5%m41 —1), (X, , — 1,5%pm, —1) 6(xm, — 1,5Xm 41 — 1) 6(Xsm, — 1,5x,, —1),

o? (xml+1 ~1,5%m;+1 —1)0‘(me ~1,5%m;~ 1)+G(xml+1 ~1,5%m;+1 -1)o? (Xm;=1,5%m;~1)

2

1. (2.18)

Contradiction proves our result.

Lemma 2.4. Let (Z, o) be a metric space and S be modified weak contraction in cubic

terms with respect to . Let {x,} be the sequence in Z such that x,,; = Sx,, withx,, # x4

for all n € N . Then the picard sequence {x,, } is a Cauchy sequence.

Proof. Let us suppose that {x,, } is not a Cauchy sequence. Let §; > 0 be however small for
which we have sequences {n;} and {m, } such that
o( Xy Xm, — 1) <61
and
o( Xy Xm,) = 64,
for each m, >n, >£.sk
On account of triangle inequality, we get

81 S G(xn{u xmg)
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< 6(Xn,s Xmp—1) + (Xm,—1, Xm, )-
(2.19)
Making £ — o in (2.19),we get
{l)l_{g 0 (Xn, Xm,) =01 (2.20)
Again using triangle inequality, we obtain
sk 6(Xnys Xnp+1) 2 6(Ximys Xnype1) = 0(Xny, Xm,) | -
Letting #— o in the above inequality and taking lemma 2.2, (2.20) into account, we get
lim (. %, 4) = 81 (2.21)
With the help of triangle inequality, we obtainiste!
l0(Xmys Xmy+1) 21 6(Xn,, Xmy+1) = 6(Xn,, Xim,) |-
Letting #— o in the above inequality and using lemma 2.2, (2.20), we get
{l)i_)lg()' (Xn,» Xm,+1)= 01. (2.22)
Now, using triangle inequality, we get
| G(xnw xnf+1) + G(me xmg-l-l) =] o( xnf+1'xm€+1) - G(xn{u xmg) |
Letting #— o in the above inequality and using lemma 2.2, (2.20), we get
M 6 ( Xy, 1, Xnp1) = 1.

£—>00

Substituting X = x,, andy = x,,,, in (2.1), we getiskr!

2
H[(l + SG(‘x‘nW xmg))c (an{i SXM{)l SM(xn{i xmg ) + L(xTL{J’ xmg) - S(L(xn{u ng)] Z 03
(2.24)
2
L(xn, Xm, ) = Max{c" (xn,, Xm,),0(Xn,s SXn,)0(Xm,, SXim,),0(Xn,, SXm,)0(Xm,» SXn,),

G(xn{,,an{,)o(xn[,Sxm{,)+o(xm€,an€)o(xml,Sxml)

> ¥

(2.25)
and

Z(x”#'sxn#) G(xme'sxme)+°(xn£'5xn£)°(xml'5xm£)
2

o
M (X, Xm, ) = max{

)

G(xn,gr anf )G(Xn{u Sxm[ )G(xm{u ang )7 G(xng' Sx‘m.[ )G(xm{u an[ )G(xm{u Sxmf )}'
(2.26)
Using the given assumption of lemma, (2.24), (2.25) and (2.26) reduces to
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2
H[(l + Sc(xn{u xmg )G (xn[+1’xmg+1)’ SM(xng’xm,{z) + L(xn[l xm[ )_S(L(xny xmg )] > O’
2.27)

where

(xn{nxn€+1)U(xmg'xm€+1)+0'(xm€,xng+1)O'(Xme;xm{ﬁl)

> }

(xng' xmg)16(xmgl xm{:+1)6(xmgf xm{z+1)10(xn{u xmg+1)6(xm{u x‘ng-l-l)’

o
istril (X, ) X, )=Max{

O-(xn{u xng+1)0-(xm{u xm3+1) + O-(Xmgl xng+1)0_(xmy xmg+1)
2

}

and

2 2
(xnngTl[+1)o-(xmglxm[+1)+0—(xn€an[+1)0- (xmgrxm{ﬁl)

2

o
M(xp,, Xim,)=Max{

)

G(xn[' xng+1)0(xngr xmg+1)6(xmgi xng+ 1)1G(xn4u xmg+1)0(xm¢u xng+1)’6(xm{u xmg+1)}'

Letting £ — oo in (2.27) and using (2.20), (2.21), (2.22), (2.23), we get

0. < uI(1 +s37)81 %, smax(222, 0, 0} + 8,7 ~ 8(5,%)]

— (1 + $51)81 2. 81° — (511
<512 = 5(572) — (1 + $87)81 %

which implies that.
(1+587)81% < 50% — 3(512).

which is a contradiction.

Consequently, {xp} is a cauchy sequence in X.

Theorem 2.5. Let (Z, o) be a complete metric space and S be modified weak contraction in

cubic terms with respect to p such that the sequence {x,} in X is defined as x,,,,; = Sx,, for

all neN. Let x, # x,,.,foreachn & N. Then, S has a unique fixed point in X.

Proof. Since, (Z, 6) be a complete metric space and in lemma (2.4), we proved that {x,} is a
cauchy sequence in X. Therefore, it yields that
lim x,, =v, (2.28)

m—oo

forsomev € Z .

Now, we shall prove that v is fixed point of S. Let us assume contrary that v # Sv. So,
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Now, substituting x=x,, andy = v in (2.1), we have
. 2
0< lim supp[(1+so(xy,, V)6 (Sx;p,S v),SM(x,y,, V) +L(%x,,, V)—0(L(%;,, V)],
m-—-o0o
where

L () v) = MaX{o2(Xyy, V), 6y, SXyy )0V, SU), 6, SV)S(, Sxyy),

0(Xm,Sxm) 6 (Xm,Sv)+0(v,Sxym)o(v,Sv)
2

and

0‘2 (*m,Sxm)o(,Sv) + cr(xm,Sxm)o'2 (v,Sv)
2

M(x,,, V) = max

o(Xm, SX)0(Xm, SV)o(V, Sxyy,), 6(Xp,, SV)0(V, Sxmjc(v, Sv).

Due to given hypothesis of Theorem and using (2.28), we obtain

0< lim supu[(1+s6(v, v))o2(1,S v).sM(v, v)+L(, v)-3(L(v, )]<O,
m—oo

where

L(v,v) = max { 02(17, v), o(v, v)o(v, Sv), o(v, Sv)o(v, v),

o(v,v)o(,Sv)+o(v,v)o(v,Sv) }
2

and

02 (w,v)o(w,Sv) +G(v,v)crz(v,Sv)

M(v, v)= max { >

Sv) }
The inequality (2.32) is a contradiction. st
Therefore, o(Sv, v) = 0, which implies that Sv = v.
itmHence, S has a fixed point v in Z sk
Now, we examine the uniqueness of attained fixed point of S.
Let us assume that x = vand y = w in(2.1),
we can derive that 6(v, w) = 0. Therefore, v= w st

Consequently, S has unique fixed point in Z.

Example 2.6. Consider Z = {0, 1, 2, 3} associated with the metric
d(x, y):{?x—yl Z];Z:gwise[s:gp}

for all x,y€ Z. Now, we define the mapping S : Z — Z by

I[JARSE
ISSN 2319 - 8354

(2.29)

(2.30)

(2.31)

(2.32)

, (v, v)o(v,Sv)o(v,v),0(v, Sv),0(v, v)o(v,
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_ (1 if x=3
Sx = {0 otherwise

Let & : [0,+00) — [0,+0) be defined as 8(t) = % Indeed, for every value of s > 0 and x,y €

Z, it is simple to justify that the condition of inequality(2.1) fulfils. So, we guarantee the

occurence of fixed point of S. Therefore, Theorem (2.5) holds.

Corollary 2.7. Let (Z, o) be a complete metric space and S be self map which fulfils the

condition

u[62(Sx, Sy), L(x, ) - 8(L(x, y)] > 0,

L (x, y) = max{ o2(x, ), (x, SX)5(y, SY),0(x.5%)0(y, Sx), LSSy L0500
where 6 : [0, ) — [0, %) is a continuous function with 8(t)= 0 iff t = 0 and d(t) > 0 for every
(t)> 0. Then, S has a unique fixed point in Z.

Proof By substituting s = 0 in Theorem 2.5, we will get the unique fixed point of S.

Corollary 2.8. Let (Z, o) be a complete metric space and S be self map which fulfils the

condition

u[(1 + 20(x, y))GZ(Sx, Sy), 2M(x, y) + L(x,y) — 8(L(x,¥)] = 0,
where

L(x,y) = max{o>(x, ). 6(x.Sx)o(y. S ¥). o(x, Sy)o(y, Sx),

G(X,Sx)G(X,Sy)+0(y,Sx)G(y,Sy)}
2

and

o(x,Sx)o(y,Sy)+0(x,Sx)o(y,Sy)
2

M(X, y) = max{ , 6(x, Sx)o(x, Sy)o(y, Sx), o(x, Sy)o(y, Sx)o(y,

(]
Sy)
Where

0 : [0, 00) — [0, ) is a continuous function with d(t) = 0 iff t = 0 and (t) > 0 for
every t > 0. Then, S has a unique fixed point in Z.

Proof. By substituting s = 2 in Theorem 2.5, we will get the unique fixed point of S.
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