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Abstract:

This paper's goal is to gather some fresh data regarding common fixed points. In this study, we
define a common fixed point for pairs of weakly compatible mappings that satisfy a generalized
O-weak, after first proving a point of coincidence for a pair of mappings. The main result
includes a condition and contraction. Next, we demonstrate that the fixed point in the main

result is unique. Finally, an application supporting our findings is provided.
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Introduction and Preliminaries:

The Banach Contraction Principle, sometimes referred to as the Banach fixed point theorem
asserts that each fixed point on a complete metric space has a distinct contraction map. This
idea is widely applied as a fundamental tool to solve problems in both the pure and applied

sciences.
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In 1969, Boyd and Wong [3] replaced the constant k in Banach contractive condition by an
upper semi-continuous function as follows:
Let (Z*, A) be a complete metric space and O: [0, ) — [0, o) be upper semi continuous from
the right such that 0 < O(t) <t forall t> 0. If T: Z* — Zx* satisfies

A(T(x), T(y)) £O (Ax,y)) forallx,y e X,
then it has unique fixed-point x € Z* and {T" x} converges to x for all x € Z*.
In essence, necessary requirements for the existence of fixed points are involved in fixed point
theorems. Jungck [5] may have been the first to generalize Banach's contraction condition and
use the idea of commutative pairs of mappings to achieve a unique fixed point. Jungck [5] first
proposed the idea of compatible mappings in 1986. The concept of compatible mappings was
expanded to include a broader class of mappings known as weakly compatible mappings by
Jungck[5]in1996.
Alber and Guerre-Dela Briere [2] first proposed the idea of weak contraction in 1997.

We now provide some fundamental definitions and findings that help support our main finding.

Definition 1.1: A metric space where every Cauchy sequence converges to a point in the space

is called a complete metric space.

Definition 1.2: Two self-maps 1 and p of a metric space (Z, A) are called compatible if
lim A(npx,,pnx,) =0,
Whenever {x,} is a sequence in X such that limnx, =limpx, =t forsomet € Z

Definition 1.3: Two self-mappings n* and p*of a metric space (Z*, A) are said to be
commuting if n*p*x =p*n*x forall x € Z*.
Definition 1.4: Two self-mapping n* and p* of a metric space (Z*, A) are called weakly
compatible if they commute at their coincidence point.
Definition 1.5: A mapping n*: Z* — Z* is said to be a weak contraction if for all a, b € Z*,
there exists a function O: [0, ©) — [0, o) with O(t) > 0 and O(o) = 0 such that

AM*x, N*y) < A(x, y) - O (A%, y))
Here (Z*, A) be the metric space.

In this paper we proved common fixed for four self-mapping over a given metric space.
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Main Result
Let p* be a self — mapping on Z* and we assume that (Z*, A) be metric space .also let
b:Z*XZ*— [0, ) is a function andipe¥ .Then we can say
(1) (Z*, A) is an b-complete metric space;
(i1) P*is an b-acceptable mapping;
(i11))  P*is a alter b-y- rational contraction on Z*;
(iv)  P*is an b-continuous mapping on Z*;
(v) There is z*eZ* like so b (z*, p*z*) >1.
So p* has a fixed point
Theorem 1: Let n*, p*, v and A be four self-mappings on a complete metric space (Z*, A)
satisfying the following conditions:
(A1) M*(Z*) € MZ*), p*(Z*) < y(Z*);
(A2) (1 +rA(yx, Ax)) A(n*x, p*y)’
< r.max{; (A(Wx, 1) 2A(y, p * y) + AW, n)AAy, p * ¥)), AQy x,1 * XA, p * y)A
(Ay,m *x), A(Wx, p * y)A(Ay,m * X)A(Ly, p*y)}
+m(yx,Ay) —O(m(yx,1y))
forall n*,y € Z*, were

m (yx, Ay) = max {A(yx, Ly)>, A(yx, n*x) A(Ry, p*y), A(yx, p*y) A(hy, n*x),
1
3 [A(yx, n*X) A(yx, p*y) + A(Ly, n*X) ALy, p*y)1},

p* >0 is a real number and O : [0, ) — [0, ) is a continuous function such that O(t) = 0 iff
t =0 and O(t) > 0 for all t > 0 and with the conditions (A1) and (A2) these four self-mapping
of complete metric space (Z*, A) also satisfy that one of the subspaces yZ*, AZ*, n*Z* and
p*Z* be closed. Then

(1) v and n* have a point at coincidence;

(i1) A and p* have a point of coincidence.

and also, if (¢, n*) and (A, p*) are weakly compatible, then n*, p*, v and A have a unique

common fixed point.
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Proof: Let xo € Z* be an arbitrary point from (A1), we can find an x; such that
N*(Xo0) = A(X1) = yo and for this x; one can find an x2 € Z* such that

P*(x1) = (x2) =y1
Continuing in this way, one can construct a sequence such that
yan = N*(X2n) = MX2n+1), Y2nr1 = p*(X2n+1) = W(Xx2n+1) for all n > 0 and {yn} is a Cauchy
Sequence in Z*.
Now let us assume that yZ* is closed subspace of (Z*, A). As we know that subspace of a
complete metric space is complete if and only if it is closed. Hence subspace yZ* is complete
subspace of complete metric space (Z*, A).
As yZ*is a complete subspace of Z*. Then there exists z* € Z* such that

Yonr1 = p*(Xon+1) = Y(Xon+1) > z*
n — oo consequently, we can find w € Z* such that yw = z*. Further, a Cauchy sequence
{yn} has a convergent subsequence {y2n+1} and so the sequence {yn} converges and hence a
subsequence {y2n} also converges. Thus, we have

yonrt = N¥(X2n) = MX2n+1) = z* as n — oo,

Letting x = w and y = z* in (A2), we get
1
[1+rA(yw, 2z%)] A(*w, p*z*)? <r max 15 [Alyw, n*w)” A(hz*, p*z*) + A(y(w, n*W)

A(rz*, p*z*Y’],

A(yw, n*w) A(yw, p*z*) A(Az*, n*w), A(yw, p*z*) A(Az*, n*w) A(Az*, p*z)}
+m (yw, Az*) — O (m (yw, Az¥)),

where

m (yw, Az%) = max {AGyw, AZ5, AGpw, nFw) AZE, p2%), AGyw, p*2%) AZE, nw),
% [AGyw, T*W)AGw, p*2%) + AZ*, W) AQZ*, p*z#)]).

Since

M (yw, A2%) = max {A(z*, %), Az, nw) Ap*z¥, p*z¥), Az, 25) Az, nw),
% [AGZ*, m*w) AZF, 2% + AZ*, mw) A(p*z*, p*z#)]} = 0,

[As A(x, x) = 0 according to the definition of metric space]
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[1+rA(z*, 2%)] A*w, z*)* <t max {% [AZ*, n*w)? A(z*, z%) + A(z*, n*w) A(z*, z*)7],

A(z*, n*w) A(z*, z*) A(z*, n*w), A(*z, z*) A(z*, n*wW) A(z*, z*)} + $(0).

This implies that n*w = z* and so n*w = yw = z*. Therefore, w is a coincidence point of
and n*.

Since z *=n*w € n*Z* c AZ*, there exists v € Z* such that z* = Av.

Now we claim that p*v = z*. Letting as x = Xo, and y = v in (A2) we get

[1+ rA(yX2n, N* AV)]JA(M*X20, P*V)°
1
<rmax {E [A(WX2n, N*X20)* A(LY, p*V) + A(WX2n, N*X2n) ALY, p*V)?],

A(y X2n, N* X2n) AQY X2n, p*V)AAZ*, N*X2n), A(YX2n, P*V) ALY, N*X20) ALY, p*V)}
+m (YX2n, AV) — O (m (yX2n, AV)),
where

m (WXZH, 7\‘V) = max {A(szna 7\‘V)29 A(szna T]*XZH) A(KV’ p*V): A(szna p*V) A(}\‘Va n*ina)a
1
5 [AQYx20, 1 #xa0) AQY Xan, V) + (A, ¥ x20) ARV, p*V)]} = 0.

Therefore,
[1+rA(z*, z*)] A(z*, p*v)? <rmax {1/2[0 + 0],0,0} + 0 — O (0).
This gives z* = p*v and hence z* = p*v = Av.
Therefore, v is a coincidence point of A and p*.
Since M*z* =n*(yw) = yM*w) = yz*,
P*z *=p*(Av) = Mp*v) = Az*.
Now, we show that n*z* = z*, for this, letting x = z* and y = x2n+1 in (A2), we get

[1+ FAQZ*, & Xane)JACT* 2%, pxanin)
Srmax {2 [AGz, 1729 A%, 74) + Az, ¥2%) Az, 797

A(yz*, n*z*) A(yz*, z*) A(z*, n*z*), A(yz*, z*) A(z*, n*z*) A(z*, z*)]}
+m (yz*, z*) — O (m (yz*, z*)),
where

m (WZ*a Z*) = max {WZ*a Z*)za A(\VZ*e n*Z*) A(Z*a Z*)a A(\VZ*a Z*) A(Z*a T]*Z*)a
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% [AGYZ*, *2%) AGyz*, %) + AZ%, 1*2%) Az, 24)])

= A(m*z*, z*)

Therefore, we have
[1+ rA(n¥z*, %)) A(*z*, 2#)° < r max {% [0+0],0,0} + A(*z*, %) — O (A(*z*, 79)?).

Thus, we get A(n*z*, z*)? = 0. This implies that n*z* = z*. Hence n*z* = yz* = z*.
Next, we claim that p*z *= z*. Now letting x = x2, and y = z* in (A2) we get

[1+ rAQy Xan, A2%)] A *Xan, p*7*)?
<r max {% [AY Xan, 1 x20)2 ACLZE, PF2%) + AQy Xan, N* X2n) A(Z*, p*2*Y2],

A(y Xan, N* X2n) A(Y Xon, p*2*) A(AZ*, N* X2n), A(Y X2n, p*2*) A(AZ*, 1 *X2n), A(AZ*,
p*z*)} +m (yxan, Az*) — O (m (yx2n, AZ*),
where

m(\VX2n> 7\’2*) = max {A(\V X2n, 7\’2*)25 A(\ll X2n, n* in) A(}\'Z*’ p*Z*)a A(W X2n, p*Z*) A(}\’Z*a n*
1
xzn),E [A(Y X2n, N* Xon) A(Y Xon, p¥z*) + A(AZ*, n* x20) A(AZ*, p*z*)]}

= A, 7Y,

Hence, we get

[1+1 A(z*, p*z*)] A(z*, p*z*)? < 1. max {% [0+ 0], 0,0} + A(z*, p*z*)* — O (A(z*,

prz*)),

gives z* = p*z* and so z* = p*z* = Az*. Therefore, z* is a common fixed point of n*, p*, v
and A.

Similarly, we can complete the proofs for the cases that subspaces AZ* or n*Z* or p*Z* is
closed.

Now, we have to prove the uniqueness. Suppose z* and w are two common fixed points of
n*, p*, v and A with z* and w are distinct. Letting x = z* and y = w. We get
[1+r A(yz*, n*w)] A(n*z, p*w)’

1
< max {2 (AQyz*, %7 A, pW) + AWz*, 1*7) AGw. pPw)’
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A(yz*, n*z%) A(yz*, p*z*) A(Aw, n*z¥),
A(yz*, p*w) A(Aw, n*z*) A(Aw, p*w)}
+m (yz*, Aw) — O (m (yz*, Aw))
m (yz*, Aw) = max {A(yz*, Aw)?, A(yz*, n*z*) A(Aw, p*w), A(yz*, p*w) A(Aw, N*z*),

% [A(yz, n*2%) A(yz*, p*w) + A(Aw, n*z*) A(Aw, p*w)]}

=0
So
[1+1 A(yz*, n*w)] A (n*z*, p*w)®
<r.max {0, 0, 0} + m (yz*, Aw) — O (m (yz*, Aw)
=r.max {0,0,0} +0—-0 (0)
=rx0+0-0
=0
[1+1 A(yz*, n*w)] A(n*z, p*w)* <0
which implies that
AMm*z*, p*w)? = 0.
as z* and w are fixed point so
n¥z* = z* p*w=w
A(z*, w)* =0
Hence z* =w
This proves the uniqueness of the fixed point.
Hence proved.

Example: Let Z = [2, 18] and A be a usual metric. Define self-mapping 7, p,y and Aon Z by

2 if X=2 ]
) 2 if x=2
nx=+< 12 if 2<x<5 pX = .
. 6 iIf x>2
x-3 if X>5
2 if X=2 .
. x if x=2
yx=<6 if 2<x<5 AX = .
. 3 if x>2
2 if X>5
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Let us consider a sequence {yn} with y, =2. As we find that all the conditions of the main result
are satisfied. So, this theorem is applicable in this example and hence 2 is the unique common

fixed point of n, p, W and A.

Conclusion:
We proved a common fixed-point theorem for pairs of weakly compatible mappings
satisfying a generalized O-weak contraction condition and also a different distance condition

of metric function. And also, we have given an example in support of our result.
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