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Abstract:

The aim of this paper is to prove new common fixed point theorems for six mapping usingthe
concept of the common EA property and weakly compatible mappings on intuitionistic fuzzy

metric spaces.
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Introduction:

The study of common fixed point of mappings satisfying contractive type conditions has been a
very active field of research. Atanassov [4] introduction and studied the concept of intuitionistic
fuzzy sets as a generalization of fuzzy sets. All results which hold of fuzzy sets can
betransformed Intuitionistic fuzzy sets but converse need not be true. Alacaet al. [2] proved the
well-known fixed point theorems of intuitionistic fuzzy metric spaces. Later on, Turkoglu et al.
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[13] proved Jungck’s[6] common fixed point theorem in the setting of intuitionistic fuzzy metric
space. Aamri and El Moutawakil [1] defined a property (E.A) for self-maps which contained the
class of noncompatible maps in metric spaces and proved common fixed point theorems.
Subsequently, there are a number of results proved for contraction maps satisfying property
(E.A) in different settings such as probabilistic metric spaces [5]; fuzzy metric spaces [8];
intuitionistic fuzzy metric spaces [11]. In 2008, Alaca, Turkoglu and Yildiz [3] proved a
common fixed point theorem for continuouscompatible maps on completeintuitionistic fuzzy
metric space. In the present paper,westudy a common fixed point theorems for weakly
compatible self-mapssatisfyingthe E.A. property in theintuitionistic fuzzy metric space.Our
results improve and generalize the result of V. Mandwariya and A. Rajput [15] and V.
Mandwariya and F. Qureshi [16].

2. PRELIMINARIES

First, we list some important definitions and theorems, which are useful for our main results.

Definition 2.1(10): A binary operation=:[0,1]x[0,1] —[0,1] is a continuoust-norm if * satisfies
the following conditions:

Q) * is commutative and associative;

(i) ~ *iscontinuous;

(iii) axl=aforallae€ [0, 1];

(iv) axb<c=xd, whenevera<candb<d, foralla,b,c,d e [0, 1].

Definition 2.2(10): A binary operatione:[0,1]x[0,1] —[0,1] is a continuoust-conorm ife satisfies
the following conditions:

Q) o is commutative and associative;

(i) o is continuous;

(iii)  acO=aforalla€ [0, 1];

(iv) aeb<cod whenevera<candb<d, foralla,b,c,de]0,1].

Definition 2.3 (2): A 5-tuple (X, M, N, =, ¢) is said to be an intuitionistic fuzzy metric space if
X is an arbitrary set, = is a continuous T-norm, ¢ is a continuous T-conorm and M, N are fuzzy
sets on X% x (0, o) satisfying the following conditions, for all x, y, z €X, s, t > 0,

(i) M(x, y, t) + N(x,y, 1) <1
(i) M(x,y,t) =0
(i) M(x,y,t)=1ifand only if x = y;
(iv) M(x, y, t) = M(y, x, t)£ 0 fort #0;
(V) M(X, y, t) * M(y, z, s) <M(X, z,t + s);
(vi) M(X, Y, -): [0,0) — [0, 1] iscontinuous.
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(vil) lim;_,,, M(x,y,t) =1

(vili) N(x,y,0) =1

(iX) N(x, y,t) =0 ifand only if x = y;

(X) N(x, v, t) = N(y, X, t)#0 for t #0;

(x1) N(x, y, t) e N(y, z, s) >N(X, z, t + 35);

(xii) N(x, y, *) : [0,0) — [0, 1] is continuous.

(xiii) lim;,, N(x, ¥, t) =0

Then (M, N) is called an intuitionistic fuzzy metric on X. The functions M(x,y,tand N(x, y, t)
denote the degree of nearness and the degree of non-nearness between x and y with respect to t,
respectively.

Remark2.1: Every fuzzy metric space (X, M, *) is an intuitionistic fuzzy metric space of the
form (X, M, 1 — M, %, o) such that t- norm* andt- conorm o are associated as xoy =1 —
((1-x)*@ —y)) forall x,y € X.

Remark 2.2: In an intuitionistic fuzzy metric space (X, M, N, x, ¢), M(x, y, ‘) is non-

decreasing and N(x, y, ‘) is non-increasing for all x, y € X.

Definition 2.4[14]: Let S and T be self mapping of an intuitionistic fuzzy metric space(X, M,
N, *, o). Thena pair (S, T) is said to be compatible if
lim, _,, M(STx,, TSx,, t) = landlim,_,, N(STx,, TSx,, t) =0

For all t> 0, whenever {x, } is sequence in X such that lim Sx, = lim Tx,, = ufor some u €X.
n—>w n—>

Definition 2.5 [7]: Let S and T be self mapping of an intuitionistic fuzzy metric space(X, M,
N, =, o) are said to be weak compatible if ABx = BAx when Ax = Bx for some xeX.
Definition 2.5: (E. A. Property)
Let fand gbe two self-maps of a fuzzy metric space (X, M, *). We say that fand gsatisfy the
property E. A. property if there exists a sequence {x, } such that
mfx, = B gx, = zfor some z€ X.
Note that weakly compatible and property (E.A) are independent to each other (see; [9], Ex. 2.2).
Definition 2.6: (Common E. A. Property)
Let AB, S, T : X — X where X is a fuzzy metric space, then the pair {A, S} and {B, T} said to
satisfy common E. A. property if there exist two sequences {x, } and {y, } in X such that
A Ay, =, Bx, = M Sy, = i Tx, = zfor someze X.
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Lemma 2.1 [12]:Let (X, M, N, *, ¢) be an IFM-space and for all x, y € X, t >0 and if for a
number k € (0, 1), M(x, y, kt) > M(X, y, t) and N(X, y, kt) <N(X, y, t), then x =y.
2.1 Theorem:Let(X, M, *) be a complete fuzzy metric space. Let A, B, S, T, P and Q be six self
—mappingssatisfying the following condition:

(i P(X) € AB(X) and Q(X) € ST(X).

(i) Pair (P, AB) and (Q, ST) are weakly compatible and AB = BA, PB = BP, SQ = QS, QT

=TQand ST=TS.
(iif)  There exists a number ke (0, 1) such that

M (Px,Qy, ABx, kt) + M (ABx, Px, Px, kt)

M (STy, Px,Px, t)
i ([ P(O+q(DIM(STy, ABx, ABx, D)+ r(0) 35 2e s, t)),

B M (Px, Px, Qy, t) *M (Qy, STy, STy, t)]
forallx,y € Xall t > 0andsomek € [0, 1] where p, g, r: R* —(0, 1] be three function such that
p() +q@®) +r@®)=1

If the range of the subspaces P(X) or AB(X) or Q(X) or ST(X) is complete, then A, B, S, T, P
and Q have a unique common fixed point in X.

In the next section, we prove a theorem similar to theorem 2.1 satisfyingthe condition Varshaet .
al.[16].

3. MAIN RESULT
3.1 Theorem: Let (X, M, N, *, ¢) be a intuitionistic fuzzy metric space and A, B, S,T, Pand Q
be six mapping satisfying the following conditions

(iv)  P(X) € AB(X) and Q(X) < ST(X) and ST(X) is closed

M(Px, ABy,t)

[ p(H)+q(D)] M (STx, ABy, D+ r(t) s ), I)
M(Px, Qy, t) *M(Qy, STx, )]

M(Px,Qy,t)>¢ (min {(
and

N(Px, ABy,t)

p(t) + q(©)] N (STx, ABy, t) + r(t) M) D
N(Px,Qy,t) e N(Qy, STx, )]

N(Px,Qy, )< ¢ (maX{([

................ (3.1.1)
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for all x, y € X, t> O,where @: [0, 1] - [0, 1] is continuous function with @(s)> s whenever 0
<s<1landp, q r: R*—(0, 1] be three function such thatp(t) + q(t) + r(t)= 1.Suppose that
the pair (P, ST) and (Q,AB) satisfies CommonE.A. property and (P, ST) and (Q, AB) are weakly
compatible. Also suppose that ST(X) and AB(X) is a closed subset of X. Then A, B, S, T, P and
Q have a unique fixed point in X.

Proof:Since (P, ST) and (Q,AB) satisfies Common E.A. property

Therefore there exist a sequence {x, } and {y,} in X such that

i M(PYy ,2,t) = 3% M(Qxy, 2, )= M(STyy ,2,t) = 5% M(ABX, , 7, t)=1
nlgga Pyn:nlzg: an: nlg&z Aan: nl—l% ST:Vn: z

For some z € X and every t> 0

Suppose that ST(X) is closed subset of X so there exist u € X such that STu= z.
Let Pu =z, if not then

Putx =u and y = x,, in equation (3.1.1), we have

M (STu,Pu,
p(t) + q(O] M (STu, ABx,, t) + (D) W) D

M(Pu,Qxy,,t) = @ (min {([
M(Pu, Qx,,t) * M(Qx,, STu, t)]

Taking limit n —o0 we have

M (Pu,z,t)

([p®+a®IM (22,0 + r(®) M(Z'P“”),})
M(Pu,z,t) * M(z,z,t)]

M(Pu,z,t)2 @ (min{

M(Pu,z,t) * 1

M(Pu,z,t) 2 ¢ (min{ M(Pt’, z, t)})
M(Pu,z,t) 2p(M(Pu,zt) )
M(Pu,z,t) > M(Pu,zt)

and
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N(Pu,AB x,,t)

(Ip() + (O] N (ST, ABx,, 0 + r(p) MOTLrL0) D
N(Pu' an,t) ¢ N(an, STu, t)]

N(Pu,Qxy,, )< @ (max{

N (Pu,z,t)

P +q®IN (2,8 + () x =) })
N(Pu,z,t) o N(z,z,1)]

N(Pu,z, t)< ¢ (max {([

(p(® +q(® + r(t)),}>

N(Pu,z,t) < max
( ) ¢< { N(Pu,z,t) o0

N(Pu,z,t)<¢ (max{ N(Plll’, z, t)})
N(Pu,z,t) <@(N(Pu,zt))

N(Pu,z,t) <N(Pu,z,t)
This is contradiction. Thus Pu = z
Hence Pu =STu =z

Suppose that AB(X) is a closed subset of X so there exist v € X such thatABv =z
Let Qu =z if not then
Put x =y,, and y =v in equation (3.1.1), we have

(STyn, Pyn.t)
M(Py, 0v, t) > (p<ml {([p(t)+q(t)] M (STy,,, ABv, )+ r(t) (SPTyy ;’gﬂ)) D
M(Py,, Qu, t) *M(Qv, STyy, t)]
Taking limit as — oo, we have
[PO+a®] M (2 2, D+ r(OE23), })
M(z, Qu, t) *M(Qv, z, t)]
(P(+q(®) + (D), })
M(z, Qu, t) *M(Qv, z, t)]
M(z,Quv, t) 2 ( {M(z Qu, t)})

M(Qv,z,t) 29(M (Qv, z, 1))
M(Quv,z,t) > M (Qv,zt)

M(z,Quv,t) 2 (mm {

M(z,Quv,t) 2 ( {

and
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N(STy,, Pyn,
NPy Qv 6) > (p<min {([p(t)+q<t)] N (STyn, ABy, -+ (D) {522, })
n’ ’ = ) )

N(PYTU Qv’ t) ¢ N(Qv’ STyn' t)]

Taking limit as n— o, we have

([p®+a®IM (2,2, O+ r(©=2), })

N(z, z,t)
N(z Quv, t) e N(Qv, z, t)]
(p()+a(®) +r(®), })
N(z Quv, t) e N(Qv, z, t)]

N(z,Qu,t) 2 ¢ (max{

N(z,Qu,t) 2 ¢ (max{

N(z,Quv,t) = ¢ (max{ N(Z’lév, t)})

N(Qv,zt) 2p(N(Qv, z, 1))

N(Quv,z,t) > N (Qv,zt)
This is contradiction. Thus Qv =z

Hence Qv =ABv =z
Suppose u, v are the coincidence point of (P, ST) and (Q, AB) respectively. Since (P, ST) and
(Q, AB)are weakly compatible thenPSTu = STPu andQABv = ABQu

Thisgives Pz = STz and Qz=ABz.

Now we show that z is common fixed point of P and ST if Pz # z using (3.1.1), we obtain

M (Pu,z,t)

[p® +a®IM (22,0 + r(® M(Z'P“”),})
M(Pu,z,t) * M(z,z,t)]

M(Pu,z,t)2 @ (min {(

(p(® +q® + r(t))})

M(Pu,z,t) > ¢ mi
@uz o (minf PG LAOT

M(Pu,z,t) 2 ¢ (min{ M(Pt, Z, t)})

M(Pu, z,t) 2p(M(Pu, z t)))
M(Pu,z,t) > M(Pu,z,t)

and
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N(Puy, z,t)
N(Pu, z, t) ¢ N(z,z1t)]

(p(®+q(®) +r (D), })
N(Pu, z, t) ¢ 0]

N(Pu,z,t) 2 ¢ (max{([ p(D+q(O] N(z,z )+ r(t) e Pu,t)), })

N(Pu,z,t) 2 ¢ (max{
N(Pu,z,t) = ¢ (max{ N(Plll', z t)})
N(Pu,z,t) 29 (N(Pu, z, t))
N(Qv,z,t) > N (Pu,zt)

This is contradiction

Hence Pz=STz=1z

Similarly we can show that Qz = z

Thus Pz=STz=Qz=ABz =12z

Hence z is a common fixed point of A, B, S, T, P and Q.

Uniqueness-

Let w be any other fixed point of A, B, S, T, P and Q such that w#z.

Mw.s8) 2 @ (min {([p(t)+q(t)] M (STw, ABz, t)+ r(t) —D“jgf,jvwgvg)})
Y M(Pw, Qz, t) *M(Qz, STw, t)]

R (T

Mw,z,t) 2¢ (min {“ﬁ}m% D

M(w, z,t) 2p(M (w, z, t))
M(w,z,t) >M((w,z1t)

and

N(Pw,ABz,t)

Nw, z,t)< ¢<max{([p(t) + q(t)] N (STw, ABz,t) + r(t) w) D
- N(Pw, Qz,t) ¢ N(Qz, STw, t)]

[pP(D+q(®D) + r(O] N(w, z, 1),
Nw,z,t) < ¢ (max{ N(Pu, 2, 1) 0 0 })

Nw,zt)<¢@ (maX {I\IN((V\\/]\;,ZZ',tt))'})

N(w,zt)<p(N(w,zt))
N(w,z,t)<N(w,z,t)
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This is contradiction.Therefore w =z
Thus z is unique fixed common point of A, B, S, T, P and Q.

3.2 Corollary: Let (X, M, N, *, o) be a intuitionistic fuzzy metric space and A, B, S and T, be
four mapping satisfying the following conditions
() A(X) € T(X) and B(X) < S(X) and S(X) is closed

M(Ax, Ty,t)

(i)  M(Ax,By t)>¢<min {([p(t)+q(t)] M (Sx, Ty, mmw),})
T M(Ax, By, t) *M(By, Sx, t)]

and

N(Ax, Ty,t)

N(Ax,By,t)< ¢ (max{([ p(t) + q(] N (Sx, Ty, t) + r(t) M) ’D
o N(Ax, By, t) o N(By, Sx, )]

ceererenenenenne(3.1.2)

for all x, y € X, t> 0,where @: [0, 1] - [0, 1] is continuous function with @(s)> s whenever 0
<s<1land p, q, r: Rt —(0, 1] be three function such thatp(t) + q(t) + r(t)= 1.Suppose that
the pair (A, S) and (B,T) satisfies CommonE.A. property and (A, S) and (B, T) are weakly
compatible. Also suppose that S(X) and T(X) is a closed subset of X. Then A, B, S, and T have a
unique fixed point in X.

Proof: Proof involves the same technique as in Theorem 3.1.
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