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Abstract :

In the present work, we prove a fixed-point theorem in Menger spaces through weak
compatibility.In this paper, using the idea of weak compatibility due to Singh and Jain and
the idea of compatibility due to Mishra, we prove a common fixed-point theorem of six maps
under the condition of weak compatibility and compatibility in Menger space and give an

example to illustrate the theorem.

1.1 Introduction: Fixed-point theory concern itself with a very basic mathematical
setting. It is also well known that one of the fundamental and most useful results in
fixed-point theory is Banach fixed-point theorem. This result has been extended in
many directions for single and multivalued cases and various contraction conditions
[3-6,9-12] on a metric space.There have been a number of generalizations of metric space.
One such generalization in Menger space introduced in 1942 by Menger who was use

distribution function instead of non-negative real number as values of the metrics.

The concept of metric space has been extended in various ways. Gahler [3], in which a
positive real number is assigned to every three elements of the space, has made one such
extension. He initiated the study of 2-metric spaces and some fixed-point theorems in 2-

metric spaces were proved in [6,10].
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Probabilistic 2-metric space is the probabilistic generalization of 2-metric space. Zeng [12]

first introduced the concept of probabilistic 2-metric space and so it isof interestto develop
the fixed point theory in such spaces. Many fixed-point theorems for single valued and

multivalued mappings in probabilistic 2-metric spaces have been proved [4-6].

Menger space is a particular type of probabilistic metric space in which the triangular
inequality is postulated with the help of a t-norm. The theory of Menger spaces is an

important part of stochastic analysis

In an interesting paper [5], Hicks observed that fixed point theorems for certain contraction
mappings on a Menger space endowed with a triangular t-norm may be obtained from

corresponding results in metric spaces.

Jungck introduced the concept of compatible maps. Moreover, this condition has further
been weakened by introducing the notion of weakly compatible mappings by Jungck and

Rhoades [7].

Mishra [8] extended this notion of compatibility to probabilistic metric space. Several common fixed-
point theorems have been proved for compatible maps in probabilistic metric space.Recently in
this line, Singh and Jain [11] introduced the notion of weakly compatible maps in Menger

space to establish a common fixed-point theorem.

Cho et al. [1] studied the notion of compatible mappings of type (A) (introduced by Jungck
et al. [25] in metric spaces) in Menger spaces which is equivalent to the concept of

compatible mappings under some conditions.

Recently O. Hadzic[4] proved the existence of a common fixed point for the sequence of
self-mappings {4j}(j = 1,2,...),SandTwhere Aj commutes with S and T. His result is as

follows:

Let (M, d) be a complete metric space,S,T: M — M be continuous, 4j:M - SMNTM(j =

1,2 so that A;commutes withS and T and for every 1,j(i =j,1,) =1,2....) and every z,y € M:
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We recall some definitions and known results in Menger probabilistic metric space [2,6]

1.1 Definition: A triangular norm * (shortly t-norm) is a binary operation on the unit
interval [0,1] such that for all a, b, ¢, d € [0,1] the following conditions are satisfied:
€)) ax*xl=a;
(b) axb=bxa;
(© axb < c*dwhenevera < candb < d;
(d) ax(bx*xc)=(axb)*c.

1.2 Examples of t-norms are a * b = max {a + b — 1,0} and a * b = min {a,b}.

1.3 Definition A distribution function is a function F: [ - «, ] = [0,1] which is left

continous on R, non decreasing and F (- ©) = 0, F () = 1.

We will denote by A the family of all distribution functions on [ - o0, ]. H is a special

element of A defined by

ift <o
HO) = (12,

If X is a nonempty set, F: X x X — A'is called a probabilistic distance on X and F ( x,y) is

usually denoted by F,,, .

1.5 Definition The ordered pair (X,F) is called a probabilistic metric space ( shortly PM-
space) if X is a nonempty set and F is a probabilistic distance satisfying the following
conditions:
forall x,y,ze Xandt, s> 0,

(FM-0)FE, () =1 ox=y;

(FM-1) F, (0) = 0;

(FM-2) E,y, = Fyy;

(FM-3) F, (t) =1, F;y (s) =1= E, (t +s)=1
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The ordered triple (X, F,*) is called Menger spaces if (X, F) is a PM- space, * is a t-norm and

the following condition is satisfies: forall x,y,z € X andt > 0. If t-norm * is
a*xb = min{a,b}forallab € [0,1]
then (X, F,*) is a Menger space. Further, (X, F,*) is a complete Menger space if(X,d ) is

complete.

1.6 Definition: Let (X, F,x ) be a Menger space and * be a continuous t-norm.

a) A sequence {x,} in X said to be converge to a point x in X ( written x,, = x) iff for
every €> 0 andA € (0,1)there exists an integerny —ng ( € 1) such that £, ,(€) >
1—Aforalln = ny

b) A sequence {x,} in X said to be Cauchy if for every €> 0 andA € (0,1) there exists
an integer ny _ngy ( € 1) such that

Finsn+p(€) > 1 — Aforalln = nyandp > 0.
c) A Menger space in which every Cauchy sequence is convergent is said to be

complete.

1.7 Definition[8]: Self-maps A and B of a Menger space (X, F,* ) are said to be compatible
Fapyxn paxn (t) — 1 for all t > 0, whenever {x,}is a sequence in X such that Fy,, py, (t) = X

for some x in X as n — oo.

1.8 Definition: A Probabilistic 2-metric space is an ordered pair(X, F), where Xis an arbitrary set
and F is a mapping from X into the set of distribution functions. The distribution function F , , (t)
will denote the value of Fx,,at the positive real number t. The function, is assumed to satisfy the

following conditions:

Q) Fry,(0)=0forall x,y, z€X;

(if)  Fxy.(t) = 1for all t > 0 if and only if atleast two of the three points x, y, z are
equal;

(i) for distinct points x, y € X, there exists a point z € X such thatFx,y,z(t) # 1 for t
>0

(lv)  Fxys(t) =Fyzx(t) = F1xy(t) =---forall x, y, z€ X and t > 0;
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(v) if Fxyw(ti) =1, Fxwe(t;) =1, and Fwy 2(t3)=1, then Fxy.(t; + t, + t3) =1 forall

x,y,z,we€Xandtq,t,, t3>0.

1.9 Definition:y- function-A function y: [0, 1] x [0, 1] — [0, 1] is said to be a y - function
if

(1) w-is monotone increasing and continuous,

@) w1, 1,x,x,x) = x

(i) ¥(1,1,1,1,1) = 1, ¥(0,0,0,0,0) = 0
(iv) ¥(0,x,0,x,x) > x

2. Main result

2.1 Theorem:-- Let (X,F,A) be a compatible Menger space, where,A is the 3™ order
minimum t-norm and the mapping T: X— X be a self mapping which satisfies the following

inequality for all x, y, P € X,

Freryp(00) 2% Forep (0(2)) By (05)) +Fev (0(2))

Fetyp (® (%)) Freyp <® (t?s))

Where ty, t;, t3, ty, ts, t> Owitht=t; + t, + t3 +t, + t5 a,b,c,d,e >0

with 0 < at+b+c+d+e < 1, ¥ is a - function and @isa® function.ThenThas a unique fixed
point ofX.

Proof:-- Let x, € X, wenowasequence{x, } asfollows: x,, = Tx,,_1,n € X.

When N is the set of all positive integers.

Now we have for t,tl, Uy, l3,ty,t5 > 0 witht = ti1+6+t3+t, + t5‘

F;Cn+1rxn'p (Q(t)) = FTxn:Txn—lrp (Q(t))

= Guren(0(3) s (005) s (02)).

t t
Fxn,Txn_l,p( Q) (74) ’ P;cn,xnﬂ,p( @ (75 ))

0 (oo (02)) B (0(2) o (0(2)),

ty ts
F;Cn'xn'p( @ (7) ’ Fxn,xn+1,p( Q) (F))
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=¥ (Bpiranp ((3 (ta_l)) » By (Q (%))’E“n’x"'p ((D (%3)>

Frrsen (B (%) Fp (9 (2)) 22)

at bt
L = - = —
et &y a+b+c+d+te’ t atb+c+d+te
_ ct _ dt
t3 — ) t4 -
a+b+c+d+e a+b+c+d+e

et

ts = ———, and f= a+b+c+d+e, then obviously we have 0 < f < 1.
a+b+c+d+e

Thenwe have

s

o(L > 7} ts
Fxn+1,xn,P(®(t)) = lprn+1,xn,P< (f) Fxn,xn—l,P(®(b))’ Fxn—i—l,xn—l,P(w(e))--- (23)

We now claim that foe all t> 0,

t t

() I (o)

If possible, let for some a t> 0,

Fxn+1,xn,

He)<,

Fxn+1,xn, xn,xn—l,P

(o) (o)
POO) > W (Fpyn PN, Fpygn PN

Fxn+1,xn,

t

(7)) (o)
P> Fin+1,n,P 1) = Fxn+1,xn_P(¢(t))

Where is a contradiction, since 0 < ¢ < 1, @isstrictlyincreasingandFisnondecreasing.
Fxn +1,xn,

There forallt > 0
(o))
<®(§)> 2 Fxn,xn—l,P<®(]£C)>F

xn+1,xn,

Fxn+1,xn,P

= xn,xn—l,P

o)

Fxn+1,xn,P

Hence, using (2.4) we have from (2.3),
o(t
Fxn+1,xn,P(¢(t)) = (‘U(Fxn,xn—l,P< (f)>,

o) (o6) (o6)
Fxn,xn—l,P< (f) Fxn+1,xn—1,P (f) = W(Fxn,xn—l,P (f) )

<®G)> >F, <¢(f£‘)>(2.5)

xn,xn—l,P

o(+ >
Fxn,xn—l,P< (f) F,

) xn,xn—l,P

By repeated application of (2.5) we have after n steps.
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(0) 5 ey, °5)

Therefore, lim,,_,, Fyy 11 5 P@©)=1 for all t > 0(2.6)

Fxn+1,xn,P

By virtue of property of @andF, we can chooses > 0such that s > ThenforallP €
Xandt > 0 we have,
impor Fen en +1,P®) = 1 (2.7)

We next prove that { x, }be not a Cauchy sequence. If possible, let {x,} be not a Cauchy
sequence. Then there exist e> 0and 0 < A1 < 1 for m(k) > n(k) > k such that
Fem iy Xn (), P(€) <1 —1(2.8)
We take m(k) corresponding to n(k) to be the smaller integer satisfying (2.8), so that
Fem Go)-1 Xn k) P(€) <1 — A(2.9)
If €, <€ thenwehave

Fem ey %n iy PV S F o 0@y Xy
We conduct that it is possible to construct { x,, 4} and { x, 4n} of {x,} with m(k) >
n(k) > k such that and satisfying (2.8), (2.9) whenever € isreplaced by a smaller positive
value.
As @ is continous at o and strictly monotone increasing with@(0) O, it is possible to
obtain€,> 0 suchthat®(€,) <E€.
Then, by the above argument, it is possible to obtain an increasing sequence of integers
{m(k)} and {n(k)} with m(k) > n(k) > k such that

Fem (k) Xn gy PP €20 < 1 -2

AN Fyp (k)—1, Xn ey 0P €29 > 1 -2
Now, from we get 1 — 2 = Fyp, (i, Xn iy, P ? (629
p(Q) (€2))

(%))

= YFom (-1, Txm(k)—l'p< :

= Fym () =1 Xn (k)

(¢(5) (¢()
Fxn(k)—liTxn(k)—lfp ’ 1Fxm(k)—1'xn(k)—1rp ‘ )

e €’
Fin t0)-1, TXn (k)19 (7), Fam 40)-1, TXn 1)1 (@ (7))

(Where €,= €'+ €2+e3+€*+€°)
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3

a €
=¥ Foan (0)-1 Xim (i) P Fen -1 Xn @ PN " Fam (-1 X (k)-1PD (7)

4 5
Fem 0y Xnqo),p (D (%)) Fem ) Xn)—1P (@ (E:)

By the property of @, we can choose n 1,12 > 0 suchthatn 3, n 4,15
1 2 3 4 5
0()=n18 () =120 () =130 (5)=n48(>)=ns

Then from (2.9) we have,

1- A= ¥ (Fn (k)—l'xm(k)’p(rll')’

Fn (l)=1) Xn (k) pz) F, -1 %0 )1 P Fem 0 TXn 0,1+ Fem 0y TXn (), ) 115

By (2.7) we can choose Ay with0 < Ay < A; < A3 <Ay < A5 <A < A7 < 1,such that
(Fxm(k)_l,xm(k),p(‘ll') >1-4; and
Fon (-1 Xn (i P12 2 1= 44
Fem ()1 Xn(-1, P 2 1= 44
Fem@ Xno 1" 21— 24
Fem ) Xng, s =2 (1 —21)
Therefore,
1P (14,1 -4, 1—-A4,1 -4 1—-4 >1-21)
(by the property of W), which is a contradiction. Hence {x, } is a Cauchy sequence. As ( X,F,
A) is a complete 2- menger space we have {x,} is convergent in X.
Let lim,,_,, x,=2 (2.10)
We show that T, = z, if possible,
Let0 < F, 1, P@®) < 1 for some t > 0.
By virtue of the property of @wecanchoose
&1&2,&3@4, &S,tl,tz, t3,t4t5 >0

suchthat@(t) = §&,, 8,8, & + 0 (t1 + Gt ta+tyts)

Againsince0< b < 1,0 (%2) >0 (t)

@(%) >0 (1)
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ty
) (E) >0 (t)
ts
] (;) >0 (t)

Then, we have F, r,,,(3()) > F,r,, (D(1)),
which is contradiction.
Hence F;, 1, ,(4(t)) = 1 for all t > 0 which implies that z = Tz.

For uniqueness, let z and u be two fixed points. Therefore, for all t > 0,
Fz,u,p(B(1) = Frz, 1u,p (B(1))

2y(Fz, 12,62, Fu 10, o@D, Fou o @), Fo, 1 o@D, iz, p(B())
=Y(F2,2.0B), Fuup@(D) , Frrup BE), Foup B, Frpup (BE))
For ty+to+ta+t,+ts = t. Vti> 0, wherei=1,2,3,4,5
=y (L1, Foup @), Frup B, Foup (B))

Now by using definition of y function we have

Fz,u.p(8(1) > Fz,u,p(B(1)
Which is contradiction hence z = u. So that T has a unique fixed point.
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