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ABSTRACT:

A semi-Markov model of a cold standby system is developed. The system consists of two dissimilar units and a
server. The working unit is taken as standard one whereas standby is taken as some duplicate unit. The standby
unit can fail after crossing the maximum redundancy time. After failure the duplicate unit is degraded and went
under inspection to check possibility of repair or replacement. The busy period of the server is analyzed using
regenerative point technique of renewal theory. A particular is discussed using Weibull distribution.
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1. INTRODUCTION

The cold standby redundancy technique is widely used by researchers to improve system performance [1-4].In
general various past studies considered two main proviso firstly the identical to operating units are used as
standby[5-7] and secondly it is assumed that the standby units always found operable when required.Though
some papers highlighted the issue of server failure[8-9]. But both ofthese provisions are unrealistic as the first
provision increase the system cost and the second need not be essentially true.In fact, housing an original unit as
cold standby raise the system cost. Furthermore, a cold standby unit can fail due to adverse environmental
effects, if not utilized for a long period of time [10-12].The current paper considered both of these two aspects
and investigated a two unit cold standby system model. The system consists of two units, one original as
working and a duplicate as standby. The unit in standby can fail after exceeding maximum redundancy time.
The duplicate unit becomes degraded after repair and went for inspection, if further fails, to check its suitability
for repair or replacement. The operation of original unit is given preference over the duplicate. The theory of
renewal processes [13] andsemi-Markov processes [14] are used to study the model at different regenerative
points [15].The general expressions are derived for server busy period and expected number of repairs,

replacements and inspections. A particular case is discussed using Weibull distribution and results are attained.
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2. NOTATIONS
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3. THE MODEL

: The set of regenerative/ Non-regenerative states

: Probability that repair/ replacement of degraded unit is feasible.
: pdf / cdf of failure time of i= 1, 2 unit.

: pdf / cdf of failure time of degraded unit 2.

. pdf / cdf of maximum redundancy time of duplicate unit 2.

: pdf / cdf of maximum redundancy time of degraded unit 2.

: pdf / cdf of repair time of i=1, 2 unit.

. pdf / cdf of repair time of degraded unit 2.

: pdf / cdf of replacement time of degraded unit 2.

: pdf / cdf of inspection time of degraded unit 2.

IJARSE
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. pdf/cdf of first passage time from regenerative state Si to regenerative State S,— or

failed state Sj without visiting any other regenerative state in (o,t].

. pdf/cdf of first passage time from regenerative state Si to regenerative state S,— or failed

state S visiting state S, , S, once in (0,t].

: Probability that the system up initially in state S, € E is up at time t without visiting to

any regenerative state

: Probability that server busy in the state Si up to time t without making any transition

to any other regenerative state or returning to the same state via one or more non-

regenerative states

: Symbol for Laplace-Stietjes convolution/Laplace convolution
: Symbol for Laplace- stietjes Transform (LST)/Laplace transform (LT)

: Symbol used to represent alternative result

Considering abovenotations, the following possible transition states diagram of the system model is drawn, as

Fig.1, showing various regenerative and non-regenerative states.
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Figure 1: The State Transition Diagram

4. TRANSITION PROBABILITIES AND MEAN SOJOURN TIMES

Simple probabilistic considerations yield the following expressions for the non-zero elements:-
P;=Qj (c0) = j;ai,- (t)ot (1)
o= [ 205,00, Py, = [ 5,0Z,00 b= [ 5,0Z,00 = [ 7,060
P 6,020 p,=[ 206,00 py=[ 208,01 p,=["s,OZ O,
Pis = |, 6,0Z3, 0t = [ 2, 08,00t pyy= [ £, 07,0t sy = [ 2, 0F,, O,
Ps2 = Jj 9, O, Pra = J.OTJZ (tydt, Pg10 = E;l(t)dt, Pgy = Lo?dz (O,

© d — o d — 00 _ 0
Pros = |, D Ny OZ O Py, = 2 iy, OZ, O Py =] 2, OF, O pyy, = g, 0)ct,
0 _ 0 _ oo d o d
Py = |, 9, (DZ, ), pml:J'O 2,0G,,Mdt, P, = L a h,,(t)dt, pmszjo b h,, (t)dt,

Prga = Lgdz(t)dt' Pisa = jofdz(t)dt' Pi26 = Pi6Pe2r P2a7 = P27P720 Par0s = PagPsior Psig = PsgPor

P101.1315 = P1013P1315P1s10 P1o41314 = Pro13P1314P1aar Pr2a11 = Pi211Piaa

For these Transition Probabilities, it can be verified that
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Por + Pgp = Pyg + Pig = Pog T Pp7 = Pgy + Pyig = Pyz T Pyg = Pgg + Pgg = Pgp = Pyy = Pgig = Pgy

= Pigs T Pro1o ¥ P1g1s = Piia T Pigg ¥ Pigis = Prgaa ¥ Piggs = Piga = Pisg = Pig + Pigg = Pog T Poyy

Ps3 T Py108 = Pso + Ps1g = Pigs * Pro1z ¥ Pig11s1s ¥ Pioa1aia = Pras ¥ Pigann =1

The Mean sojourn time ; in state S;are given by:
u =E(t)= LP(Ti > t)dt @)

i, :jo Z, S, @, ylzjo G,()Z, (1), 1, = L G,(1)Z,dt, u, =j0 S,0Zdt, = L G,(1)Z,,dt,

1= ZLOFL O o= [ ZOR, O m,=[ Z,0G,, 00t

5. BUSY PERIOD ANALYSIS FOR SERVER

Let Bi (t) be the probability that the server is busy at an instant ‘t> given that the system entered state Si at time

t=0. The recursive relations for B, (t) are as follows:

B, (t) = 0, (DICIB, (1) +a,, (DICIB, (1)
B, () =W1Rl (1) + 9, (OLc]B, (1) +a;, 6 (DIC]B, (1)

B,(t) = WZRZ (1) + 0,5 (D[CIB,4 (1) + a,,, (D[C]B, (1)

B, (t) = a,,(MIc]B, (1) +a;,,(OICc]B,, (1)
B,(t) = W4R1 (1) + 0,5 (OICIB, (1) + 0, 45 (DICIB,, (1)

B (1) = W5Rp2 (1) + 050 (DIC]B, (1) + a5,  (DIC]B, (1)

B]_O (t) = W1I02 (t) + q10,1.13,15 (t)[C] B]_ (t) + q10,4.13,14 (t)[C] B4 (t) + q10’5 (t)[C] Bs (t) + q10’12 (t)[C] B]_z (t)

B,,(0) =W, (0-+0,,5 OLCIB, 0+, OITB, © ®)

RIR, /1 IRD, IR, " . . . _ .
W, . (t) is the probability that the server is busy due to repair of unit one/ repair of unit two/

inspection of unit two/ replacement of degraded unit two/ repair of degraded unit two in the regenerative state

up to time ‘t” without making any transition to any other regenerative state or returning to the same state via one

or more non- regenerative states.
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WlRl ®=G,1Z,1)+(z,O[CHG, ). W, " (t) = Z, ()G, (t) + (z, )[cG, (1),

Ry = s = I =
W, ) =G,0Z,,[1 +(z,, OICHG, (1) ,WSRP 0 =2Z,OF, +(z,O[CHF,, O,

R, - _
Wlloz (©) =Z,OH,, + (z,OICH, ©, Wy, ©) =2Z,1)G,®) +(z,(OCIG,, ®)

Taking LT of relation (3), and solving for B (s) , the time for which server is busy is given by

B, (=) = limsB, (5) = - 4
o() = lims 0(s)_F1 (4)

*

R,
Nl =~ P34 p43][{ p10,5 + p1o,1.13,15}_ Po2Pso plo,s]Wl ©)+[1- Po1 plO][l_ p3,10 p10,12 p12,3 ~ Py p3,10

*
* * d

R R
{p10,5 + p10,1.13,15}w4 (O) + [1_ pOlplO][l_ p34 p43][{ plO,S + p10,1.13,15}\/\/2 2 (0) +W102 (O)

a* *

R, RPS
+ Py W, 0+ pysWs  (0)3
D, =[1= PyyPyallPygs + Prosagrsllég + Porty 1+ 1= PyuPygllPigs 1315 + ProsPsiollPosty = Prystto]
+ =Py Pyl = P3Py lP g5 + p10,1.13,15}/“’2 + plo,sﬂé-, + g+ p1o,12ﬂi2 +-pg, P K- Py,

Pyr0gtty +11= Pys p3,10}/“z’1] +[1= P4, P1]0P, 108k — p3,10'u4’1][p10,12 P13 = P23Piga1314
— Py p10,12]

6. EXPECTED NUMBER OF REPAIRS OF THE DUPLICATE UNIT

Let Riz(t) be the expected number of repairs of the failed duplicate unit by the server in (0, t] given that the
system entered regenerative state S. at time t=0. The recursive relations for Riz(t) are as follows:

Ry (1) = Q, OISIR, (1) +Qy, ISIR, (1

R, (1) = Q,y OISIR, (1) +Q,,; MIISIR, (1

R, (1) = Q3 (OISI[L+ R, (0] +Q, ., O[SIL+ R, ()]

R, (8) = Q;, (ISIR, (©)+Qy,,DISIR ()

R, (1) = Q, OISR, (0+Q, 05 OISR, (©)

Ry (1) = Qup DISIR, (V+ Qg OISIR, (1)

Rio(® = Q11315 OISTR, O+ Qu0, 1304 OSTR, (0+Q05 OISR, )+ Qy 0, OISR, ®
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R (1) = Qyp5 OISIR, 0+ Q1 OISIR, () (5)

~2
Taking LST of above relation (5) and solving for R (s). The expected number of repairs per unit time to failed

duplicate unit is given by
R,

R (o) = s () = N2
=limsR_ (s) =——

o () = limsR; (5) =~

! (6)

RZ
Nz =~ Po1 plO][l_ P34 p43][p10,5 + p10,1.13,15]

7. EXPECTED NUMBER OF REPLACEMENTS OF THE DEGRADED UNIT

C
Let R, ’ (t) be the expected number of replacements of the failed degraded unit by the server in (0, t] given that
C
the system entered regenerative state Si at time t=0. The recursive relations for Ri ? (t) are as follows:
d d d
C2 CZ CZ
R, 1)=Qy,M[sIR, (1) +Q,,M[sIR, (1)
d d d
C2 CZ CZ
R, (1) =Q,,MIsIR, (1)+Q,,MI[SIR, (1)

c, c, c,
R, )=Q,,MI[sIR; (1)+Q,,,(IsIR, (1)
N ! !
Ry (0 =0Q3,M[sIR, (+Q,,,(DISIR, (1)
CZ CZ Cs
R, 0=Q,M®I[sIR; 1)+Q,,,sMISIR, (1)

d

R, (1) = Qq, OIS+ R, * O]+ Qo OISR, * (O]

c c, c, c, c
Rig )= Q11 1315 OISIL+ R, 01+ Qpg 10,0 OISIILH R, 01+ Q05 OISR 0 +Q01, OISR, ()
G G c,

Ry, 1)=Qp,5 OISIR,* 1+Qy,,,, OISIR,” (1) )

~C
Taking LST of above relation (7) and solving for R ’ (t) . The expected number of replacements per unit time

to failed degraded unit is given by

d
CZ

c, =G, N,
R, (OO):!T(}SRO (s)= D, o

d

CZ
Ny =[Py Pyl - Py p43][p10,5 + p10,1.13,15]
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8. EXPECTED NUMBER OF INSPECTIONS OF THE DEGRADED UNIT

Let Iidz (t) be the expected number of inspections of the failed degraded unit by the server in (0, t] given that
the system entered regenerative state S, at time t=0. The recursive relations for Iidz (t) are as follows:
dZ d2 d2
Iy ) =QuMIsI, ©)+Qy,MIsIN, (1)
d2 d2 dZ
I () =Q, s, ®)+Q,sMIsI, (t)
d2 dZ dZ
I, ®)=Q,,M[s]l; (1)+Q,,, MIs], )
d2 d2 d2
Iy (1) =Qy, M, (1)+Q,,(MIsIL+1,, ()]
dZ d2 dZ
I, 1) =Q,,MIsl; 1)+Q, s MIsI+1,, (1]
d2 d2 d2
Iy (t) =QgoMIsIly (1) +Qg (s, (1)

dZ dZ dZ d2 dZ
g ©=Quo11515 OIST, " 1)+ Qg 4151, OIS, 0+ Q5 OISIH* 1)+ Qyq,, OS5 1)

dZ dZ dZ
I, 0 =Qp, ;OS] (+Q,,,, OB, ©) ©9)

~d
Taking LST of above relation (9) and solving for | , ’ (t) . The expected number of inspections per unit time to

failed degraded unit is given by
d
E

1 limsi Ns
=1ms S)=—
o ()= limsly” ()= —

! (10)
Where

d
l

Ny =[=Poy Pl PyyPysl
9. EXPECTED NUMBER OF REPAIRS OF THE DEGRADED UNIT
dZ
Let R (t) be the expected number of repairs of the failed degraded unit by the server in (0, t] given that the
d2
system entered regenerative state S, at time t=0. The recursive relations for R, (t) are as follows:
dZ dZ d2
Ry (1) =0Qy,(MISIR, (1) +Q,,MISIR, (1)

dZ dZ d2
R (0 =Q,,MIsIR, 1)+Q,;®ISIR, ()
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Ry’ () =Q,, OISR, (0+Q,,., OISIR,” (¥
Ry () = Qpy OISIR,” (0+Q; 5 OISR, (1)
R (1 = Qus OISIR; (0+Q, 05 OISTR,:
Re” (6= Quo OISIRy” (0 + Qo OISIR,* (1)

d2 d2 d2 d2 d2
Rig 0=Qu01 115 OISIR, (0 +Qpq 4151, OISIL+R,” ]+ Q05 OISRy (1) +Qy5,, ISR, (1)

dZ dZ d2
R, ©=Q,, OIS+ R, (0]+Q,,,,, OSIL+R, (V)] (11)

~d
Taking LST of above relation (11) and solving for I, ! (t) . The expected number of repairs per unit time to

failed degraded unit is given by
d
N
d ~d
R, ()=limsR ‘(s)=—2
s—0 D1 (12)

Where

d

RZ
N3 =[- p01p10][1_ P34 p43][p10,12 + p10,4.13,14]

10. SPECIAL CASE-WEIBULL DISTRIBUTION

In the following the values of different performance measures are obtained assuming all the random variables as

Weibull distributed with common shape parameter (r) and different scale parameters as follows:

n-1 n n-1 n d n-1 d 7

z,(O)=A4m  exp(-4t ), Z,(t)=2,m  exp(-4,t '), 2,O)=2,mt exp(-A,t"),
c n-1 cn d n-1 dn n-1 n

s,(t) =t exp(—u,t ), S, O =p,mt" exp(—p,t"), g, =8m exp(-pt),
n-1 n d n-1 d n d n-1 d n

gz(t) = ﬂzrlt exp(_ﬁzt ) ’ fd2 (t) = ?/2 77t eXp(—}/Zt ) ' hdz(t) = 0.’2 ﬁt eXp(—aZt ) ’

d 71 d n
gdz(t):ﬂ2ﬂt eXp(_ﬂZt )

d d d d d
where t>0and 7, Ay, Ay, Ay, t1y 1y By By ¥y » By 1ty > O Tespectively.

We can obtain the following result
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1

[4 /12 +ﬂ2 (,31+/1 b© (4 +ﬂ2)(/1 +72 N4 +a, ))- ﬂzaz 72 KB + 4,8,

E_l 1 E_l

1) Hb,asbars (s +/32)(/1 +ﬂ2 )Y {(ﬂl+/1 YA, + 7 )(z va )} o+
(2, + s (B, + A + g Yy + By KAy + 103 YAy + B,) —b' 1ty B k-2 ey

d d % d d %f d d d d %
1, 1

+a§)(ﬂl+ﬁ:)(ﬂl+ﬂ2)}" P, + s (B + 1)1 2+ﬂ2(ﬁ1+/1)](,31)

1, 1

{(ﬂ1+/12)(ﬁ1+12)} [{ﬁ2 72 (4 +ﬁ2 )4 +72 3 {b (4 +a )((ﬁz) + 4.8,

1_1 1 1, 1 1_1 1

)" )(0! ) (2, +a, )’ +{(0! )+ 44, + e, ) }{,52(1 + B, }+a 15,

1 1, 1 1 1

d n d n d d n
a, (A +B,)y (A +a,) {a {(B,) +/11(/7«1+ﬂ2) }{7 (4 +7’2)} +b’ {(72)

1, 1

d g d d g
LA +7,) HB, (4 +5,)} H

N = syt
=Ir(1+=).
1 7 1

d d d d d d d _n
BBy By 7y (B + 2, )(By + 2, ) Ay + B, ) Ay + 7, XA+, N4y + ;)]

c d
(A + 1, J(A + 11,)

® :bdwzﬂé(ﬁlm A/ +u2 (ﬂ1+/1 1
(), + 2,00+ 1y Ny + )

NC: _ bd[ﬁlﬂz +/1:(,B1 + A )][ﬂ, 12 +/u2 (ﬂl +ﬂ, )]
(A + 11, By + 7). +ﬂ2 )5, +,12)

N |§ _ [11/12 + luz (ﬂl + 12)][11/12 + lu: (ﬂl + /12 )]
B Ay XA )

d

8 Uy (B 2+ (B 2]
(A, + 1), + 20y + 11y B+ 2)
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d d d__ d d d d d g d d d
1 1 1, 1 1,
d _7n n d 7 n n
(A +B) A+ B,y H(B(B +4,)) +4, (A +u,) {8, +4,(B,+4,) }}HA,
d d d d c % %_l ¢ %_l %
Hy, A +a, )+ 4 (A +r, +a, {u, (B +4,(B+4,) A +u,)  —4,(B)
%‘1 c d d d d d d %
By +4,) H+[A A, +u, (B + A4, +py (B + A, e, 7, (A, +7, )}
1 1 1 1 1

]
T

d Tl d 7
(A +a,) [ {8, +4,(14, +5,)

1 1 1

d 5 P d 7. d d_ d g
F 2+ B HB, O+ B,) B, Oy + B,)Ay + By Y I ey ) + 4,
1 1 1 1 1 1
d?l d d_n d?l d d d_ g d?lddg
Ay Hay By Gyray) Ly fors) +2,y+ay)" [(Bery)
d d d d_ d % d % % c d
w(@ e 40 B Nan) T +73) OB Ay + B, + A )y + 123 B,
E—l l—l
S I LAA e B+ A KAy + 1 By + 2 )y + B,y + g YAy + Be )Y

1 1 1,

d d d d g d d d n d 7
B0, B, 7, (A +7, )} (A +a, XA, + B, N4 B+ (B, +2,)B,(B,) (B, +4,)
1 1 1 1 1

. d d d 7 d d d_ g
YA +a, 1B, (4, +B,)} +a a,{(5,)
1

1

d 7 d d ;_l c Tl d 7 d ;_1 d

1 1 1 1

; d d ;7 d ;71 d_ d d d
D —r(1+l B, +24,(B+4,) YA +u,) Ya {a,B, (A +B,)- B, +a, )4 +p,)}]
l_ N

n d d d c d d d d
(BB, By vy (A + 1, ) By + 2, ) (A + By ) Ay + iy WAy + B, N By + 2, ) A, +7,)
1

4, +a, K

11. CONCLUSION

A semi-Markov model of a dissimilar unit cold standby system is developed. The original unit is given
preference for operation and inspection over the duplicate. The regenerative point technique of renewal theory is
employed to derive expressions for the busy period of server and the frequencies of remedial actions. A special

case of Weibull distribution is debated to facilitate further numerical demonstration of the theoretical results.
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