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ABSTRACT:  

A semi-Markov model of a cold standby system is developed. The system consists of two dissimilar units and a 

server. The working unit is taken as standard one whereas standby is taken as some duplicate unit. The standby 

unit can fail after crossing the maximum redundancy time. After failure the duplicate unit is degraded and went 

under inspection to check possibility of repair or replacement. The busy period of the server is analyzed using 

regenerative point technique of renewal theory. A particular is discussed using Weibull distribution.  

Keywords-Busy Period, Cold standby System, Dissimilar Unit, Inspection, Semi-Markov Processes. 

1. INTRODUCTION 

The cold standby redundancy technique is widely used by researchers to improve system performance [1-4].In 

general various past studies considered two main proviso firstly the identical to operating units are used as 

standby[5-7] and secondly it is assumed that the standby units always found operable when required.Though 

some papers highlighted the issue of server failure[8-9]. But both ofthese provisions are unrealistic as the first 

provision increase the system cost and the second need not be essentially true.In fact, housing an original unit as 

cold standby raise the system cost. Furthermore, a cold standby unit can fail due to adverse environmental 

effects, if not utilized for a long period of time [10-12].The current paper considered both of these two aspects 

and investigated a two unit cold standby system model. The system consists of two units, one original as 

working and a duplicate as standby. The unit in standby can fail after exceeding maximum redundancy time. 

The duplicate unit becomes degraded after repair and went for inspection, if further fails, to check its suitability 

for repair or replacement. The operation of original unit is given preference over the duplicate. The theory of 

renewal processes [13] andsemi-Markov processes [14] are used to study the model at different regenerative 

points [15].The general expressions are derived for server busy period and expected number of repairs, 

replacements and inspections. A particular case is discussed using Weibull distribution and results are attained.   
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2. NOTATIONS 

EE /  : The set of regenerative/ Non-regenerative states 

dd

ba /  
: Probability that repair/ replacement of degraded unit is feasible. 

)(/)( tZtz
ii

 : pdf / cdf of failure time of i= 1, 2 unit. 

)(/)(
22

tZtz
dd

 : pdf / cdf of failure time of degraded unit 2. 

)(/)(
22

tSts  : pdf / cdf of maximum redundancy time of duplicate unit 2. 

)(/)(
22

tSts
dd

 : pdf / cdf of maximum redundancy time of degraded unit 2. 

)(/)( tGtg
ii

 : pdf / cdf of repair time of i=1, 2 unit. 

)(/)(
22

tGtg
dd

 : pdf / cdf of repair time of degraded unit 2. 

)(/)(
22

tFtf
dd

 : pdf / cdf of replacement time of degraded unit 2. 

)(/)(
22

tHth
dd

 : pdf / cdf of inspection time of degraded unit 2. 

)()( tQtq
ijij

 : pdf/cdf of first passage time from regenerative state 
i

S  to regenerative State 
j

S  or 

failed state 
j

S  without visiting any other regenerative state in  t,0 . 

)()(
..

tQtq
krijkrij

 : pdf/cdf of first passage time from regenerative state 
i

S  to regenerative state 
j

S  or failed 

state 
j

S  visiting state
k

S ,
r

S  once in  t,0 . 

)(t
i

  : Probability that the system up initially in state ES
i
 is up at time t without visiting to 

any  regenerative state 

)(tW
i

 : Probability that server busy in the state 
i

S  up to time t without making any   transition 

to any other regenerative state or returning to the same state via one or more non-

regenerative states 

]/[][ cs  : Symbol for Laplace-Stietjes convolution/Laplace convolution 

/*~  : Symbol for Laplace- stietjes Transform (LST)/Laplace transform (LT) 

)(' desh  : Symbol used to represent alternative result 

  

3. THE MODEL 

Considering abovenotations, the following possible transition states diagram of the system model is drawn, as 

Fig.1, showing various regenerative and non-regenerative states. 
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Figure 1: The State Transition Diagram 

 

4. TRANSITION PROBABILITIES AND MEAN SOJOURN TIMES 

Simple probabilistic considerations yield the following expressions for the non-zero elements:- 

   



0

dttqQp ijijij
    (1)

 

 
 


0

1216
0

2110
0 0

12022101
,)()(     ,)()(       ,)()(    ,)()( dttGtzpdttZtgpdttZtspdttStzp  

 ,)()(    ,)()(    ,)()(
0

2134
0 0

21271223  
 

 dttStzpdttGtzpdttZtgp
d

 ,)()(
0 1210,3 


 dttZtsp
d

 

 
 


0 0

12482143
,)()(    ,)()( dttGtzpdttZtgp

dd
 ,)()(     ,)()(

0
2159

0
1250 



 dttFtzpdttZtfp
dd

 

           ,)(               ,)(
0 0

274162  
 

 dttgpdttgp    ,)(            ,)(
0

291
0

110,8 


 dttfpdttgp
d

 

 ,)()(
0

125,10 


 dttZthbp
d

d

 ,)()(
0

1212,10 


 dttZthap
d

d

 ,)()(
0

2113,10 


 dttHtzp
d

 ,)(
0

24,11 


 dttgp
d

 ,)()(
0 123,12 


 dttZtgp
d

 ,)()(
0

2111,12 


 dttGtzp
d

 ,)(
0

214,13 


 dtthap
d

d

 ,)(
0

215,13 


 dtthbp
d

d

 ,)(
0

24,14 


 dttgp
d

,)(
0

21,15 


 dttfp
d

 ,
62166.12

ppp   ,
74277.24

ppp   ,
10,8488.10,4

ppp   ,
91599.51

ppp 

 ,
1,1515,1313,1015,13.1,10

pppp   ,
4,1414,1313,1014,13.4,10

pppp 
4,1111,1211.4,12

ppp   

For these Transition Probabilities, it can be verified that  
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 1
11.4,123,1214,13.4,1015,13.1,1012,105,109.51508.10,443

7.24236.12101,154,1415,1314,1311,123,124,1113,1012,105,10

9110,874625950484310,334272316100201







pppppppppp

pppppppppppppp

pppppppppppppppp

 

The Mean sojourn time µi in state Si are given by: 





0

                         )()( dttTPtE
ii

                                                             (2) 

 ,)()(
0

210 


 dttStZ 



0

211
),()( tZtG 




0

122
,)( dtZtG      ,)(

0
123 



 dtZtS
d

  ,)(
0

214 


 dtZtG
d







0

215
)()( dttFtZ

d
 ,   ,)()(

0
2110 



 dttHtZ
d

  )()(
0

2112 


 dttGtZ
d

  

5. BUSY PERIOD ANALYSIS FOR SERVER 

Let )(tB
i

 be the probability that the server is busy at an instant ‘t’ given that the system entered state 
i

S  at time 

t=0. The recursive relations for )(tB
i

 are as follows: 

)(])[()(])[()(
2021010

tBctqtBctqtB   

)(])][()(])[()()(
26.1201011

1

tBctqtBctqtWtB
R

  

)(])[()(])[()()(
47.2432322

2

tBctqtBctqtWtB
R

  

)(])[()(])[()(
1010,34343

tBctqtBctqtB   

)(])[()(])[()()(
108.10,434344

1

tBctqtBctqtWtB
R

  

)(])[()(])[()()(
19.5105055

2

tBctqtBctqtWtB

d
Rp

  

)(])[()(])[()(])[()(])[()()(
1212,1055,10414,13.4,10115,13.1,101010

2

tBctqtBctqtBctqtBctqtWtB

d
I

  

)(])[()(])[()()(
411.4,1233,121212

2

tBctqtBctqtWtB

d
R

           (3) 

)(
22221

////

tW

ddd
RRpIRR

Ei
 is the probability that the server is busy due to repair of unit one/ repair of unit two/ 

inspection of unit two/ replacement of degraded unit two/ repair of degraded unit two in the regenerative state 

up to time ‘t’ without making any  transition to any other regenerative state or returning to the same state via one 

or more  non- regenerative states. 
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)()1])[(()()()(
12211

1

tGctztZtGtW
R

 , ),()1])[(()()()(
21212

2

tGctztGtZtW
R



)()1])[(()()()(
12214

1

tGctztZtGtW
dd

R

 , ),()1])[(()()(
21215

2

tFctzFtZtW
dd

Rp
d



),()1])[(()()(
212110

2

tHctzHtZtW
dd

I
d

 )()1])[(()()()(
212112

2

tGctztGtZtW
dd

R
d

  

Taking LT of relation (3), and solving for )(
*

0
sB , the time for which server is busy is given by 

1

1
*

000
)(lim)(

D

N
ssBB

s



                        (4) 

)}]0()0(        

)0()0(}][{1][1[)0(}]{        

1][1[)0(]}][{1[

*

55,10

*

1212,10

*

10

*

215,13.1,105,1043341001

*

415,13.1,105,10

10,3233,1212,1010,31001

*

15,10500215,13.1,105,1043341

22

221

1

dd

d

RpR

IRR

R

WpWp

WWppppppWpp

pppppppWpppppppN







]         

][][1[]}{1}           

1]{{1[}][{1][1[      

]][][1[]][][1[

12,1023

14,13.4,10233,1212,10

,

410,338.10,41001

,

410,32338.10,4

7.241001

,

1212,10

,

10

,

55,10

,

215,13.1,105,1043341001

06.12

,

1029.515,1015,13.1,104334

,

101015,13.1,105,1043341

pp

ppppppppppp

ppppppppppp

ppppppppppppD















 

6. EXPECTED NUMBER OF REPAIRS OF THE DUPLICATE UNIT 

Let )(
2

tR
i

 be the expected number of repairs of the failed duplicate unit by the server in (0, t] given that the  

system entered regenerative state 
i

S  at time t=0. The recursive relations for )(
2

tR
i

  are as follows: 

)(])[()(])[()(
2

202

2

101

2

0
tRstQtRstQtR   

)(])][()(])[()(
2

26.12

2

010

2

1
tRstQtRstQtR   

)](1][)[()](1][)[()(
2

47.24

2

323

2

2
tRstQtRstQtR   

)(])[()(])[()(
2

1010,3

2

434

2

3
tRstQtRstQtR   

)(])[()(])[()(
2

108.10,4

2

343

2

4
tRstQtRstQtR   

)(])[()(])[()(
2

19.51

2

050

2

5
tRstQtRstQtR   

)(])[()(])[()(])[()(])[()(
2

1212,10

2

55,10

2

414,13.4,10

2

115,13.1,10

2

10
tRstQtRstQtRstQtRstQtR   
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)(])[()(])[()(
2

411.4,12

2

33,12

2

12
tRstQtRstQtR                                              (5)       

Taking LST of above relation (5) and solving for )(
~ 2

0
sR . The expected number of repairs per unit time to failed 

duplicate unit is given by 

1

2
2

00

2

0

2

)(
~

lim)(
D

N
sRsR

R

s



                             (6)

 

]][1][1[
15,13.1,105,10433410012

2

ppppppN
R

  

7. EXPECTED NUMBER OF REPLACEMENTS OF THE DEGRADED UNIT    

Let )(
2

tR

d
C

i
 be the expected number of replacements of the failed degraded unit by the server in (0, t] given that 

the system entered regenerative state 
i

S  at time t=0. The recursive relations for )(
2

tR

d
C

i
  are as follows: 

)(])[()(])[()(
222

2021010
tRstQtRstQtR

ddd
CCC

  

)(])][()(])[()(
222

26.120101
tRstQtRstQtR

ddd
CCC

  

)(])[()(])[()(
222

47.243232
tRstQtRstQtR

ddd
CCC

  

)(])[()(])[()(
222

1010,34343
tRstQtRstQtR

ddd
CCC

  

)(])[()(])[()(
222

108.10,43434
tRstQtRstQtR

ddd
CCC

  

)](1][)[()](1][)[()(
222

19.510505
tRstQtRstQtR

ddd
CCC

  

)(])[()(])[()](1][)[()](1][)[()(
22222

1212,1055,10414,13.4,10115,13.1,1010
tRstQtRstQtRstQtRstQtR

ddddd
CCCCC



)(])[()(])[()(
222

411.4,1233,1212
tRstQtRstQtR

ddd
CCC

     (7) 

Taking LST of above relation (7) and solving for )(
~ 2

0
tR

d
C

. The expected number of replacements per unit time 

to failed degraded unit is given by 

1

3

000

2

22

)(
~

lim)(
D

N
sRsR

d

dd
C

C

s

C




                             (8)

 

]][1][1[
15,13.1,105,10433410013

2

ppppppN

d
C

  
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8. EXPECTED NUMBER OF INSPECTIONS OF THE DEGRADED UNIT     

Let )(
2

tI
d

i
 be the expected number of inspections of the failed degraded unit by the server in (0, t] given that 

the system entered regenerative state 
i

S  at time t=0. The recursive relations for )(
2

tI
d

i
  are as follows: 

)(])[()(])[()(
222

2021010
tIstQtIstQtI

ddd

  

)(])][()(])[()(
222

26.120101
tIstQtIstQtI

ddd

  

)(])[()(])[()(
222

47.243232
tIstQtIstQtI

ddd

  

)](1][)[()(])[()(
222

1010,34343
tIstQtIstQtI

ddd

  

)](1][)[()(])[()(
222

108.10,43434
tIstQtIstQtI

ddd

  

)(])[()(])[()(
222

19.510505
tIstQtIstQtI

ddd

  

)(])[()(])[()(])[()(])[()(
22222

1212,1055,10414,13.4,10115,13.1,1010
tIstQtIstQtIstQtIstQtI

ddddd



)(])[()(])[()(
222

411.4,1233,1212
tIstQtIstQtI

ddd

     (9) 

Taking LST of above relation (9) and solving for )(
~ 2

0
tI

d

. The expected number of inspections per unit time to 

failed degraded unit is given by 

1

3

000

2

22

)(
~

lim)(
D

N
sIsI

d
I

d

s

d




                             (10)

 

Where  

]1][1[
433410013

2

ppppN

d
I

  

9. EXPECTED NUMBER OF REPAIRS OF THE DEGRADED UNIT     

Let )(
2

tR
d

i
 be the expected number of repairs of the failed degraded unit by the server in (0, t] given that the 

system entered regenerative state 
i

S  at time t=0. The recursive relations for )(
2

tR
d

i
  are as follows: 

)(])[()(])[()(
222

2021010
tRstQtRstQtR

ddd

  

)(])][()(])[()(
222

26.120101
tRstQtRstQtR

ddd

  
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)(])[()(])[()(
222

47.243232
tRstQtRstQtR

ddd

  

)(])[()(])[()(
222

1010,34343
tRstQtRstQtR

ddd

  

)(])[()(])[()(
222

108.10,43434
tRstQtRstQtR

ddd

  

)(])[()(])[()(
222

19.510505
tRstQtRstQtR

ddd

  

)(])[()(])[()](1][)[()(])[()(
22222

1212,1055,10414,13.4,10115,13.1,1010
tRstQtRstQtRstQtRstQtR

ddddd



)](1][)[()](1][)[()(
222

411.4,1233,1212
tRstQtRstQtR

ddd

     (11) 

Taking LST of above relation (11) and solving for )(
~ 2

0
tI

d

. The expected number of repairs per unit time to 

failed degraded unit is given by 

1

3

000

2

22

)(
~

lim)(
D

N
sRsR

d
R

d

s

d




                                              (12)

 

Where   

]][1][1[
14,13.4,1012,10433410013

2

ppppppN

d
R

  

10. SPECIAL CASE-WEIBULL DISTRIBUTION 

In the following the values of different performance measures are obtained assuming all the random variables as 

Weibull distributed with common shape parameter )( and different scale parameters as follows: 

)exp()(
1

1

11


 tttz 


, )exp()(

2

1

22


 tttz 


, ),exp()(

2

1

22


 tttz

dd

d




)exp()(
2

1

22


 ttts

cc




, )exp()(
2

1

22


 ttts

dd

d



, )exp()(

1

1

11


 tttg 


,  

)exp()(
2

1

22


 tttg 


,    )exp()(

2

1

22


 tttf

dd

d



, )exp()(

2

1

22


 ttth

dd

d



,    

)exp()(
2

1

22


 tttg

dd

d



 

ly.respective  0,,,,,,,,, , and 0  t
2222122221


ddddcd

where   

We can obtain the following result 
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))((

)])()()()()(([

}])}(}{)(

){()}(}{)(){({)()}(

{})}(}{)(){()())()

())((({)})(([{)})({(

))](()][([)})()(

)({()}(}{)())]{((

}))(){()()][(([

)})()({()})((}{)

()]{())()([()]([

).
1

1(

2121

1

21212121212122221

1

212

1
1

211

1

2

1

212

1
1

211

1

2

1
1

21

1

212

22

1

212

1
1

211

1

2

1
1

21

1

2

1
1

1

21

1

221

1

212122

1
1

2121

1

12122121221

1
1

21212

121

1

212222

1
1

212

1

12122

2222121212121221

1
1

212121

1

21212222

1
1

2

12

1

122221212121221

1

dc

ddddddd

ddd

ddddddddd

ddddd

ddddddd

dddcdd

dddddddd
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11. CONCLUSION 

A semi-Markov model of a dissimilar unit cold standby system is developed. The original unit is given 

preference for operation and inspection over the duplicate. The regenerative point technique of renewal theory is 

employed to derive expressions for the busy period of server and the frequencies of remedial actions. A special 

case of Weibull distribution is debated to facilitate further numerical demonstration of the theoretical results.   
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