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ABSTRACT:

In this paper a stochastic model of a cold standby system is investigated. The system has two dissimilar units
and a service facility. An original unit is in working mode and another duplicate unit is in cold standby mode.
The working unit fails after a pre specified time limit. The duplicate unit becomes degraded after post failure
repair. The degraded unit went under inspection to check feasibility of repair or replacement, after failure. The
semi-Markov processes are used to investigate the model at different regenerative points. A special case of
Weibull distribution is discussed to derive the results.
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1. INTRODUCTION

The performance of a working system can be outlined in terms of its reliability and availability [1]. The
reliability of a system is the measure of probability that the system performs its intended function without any
failure for a stated period of time [2]. The reliability can be estimated with the idea of average time to system
failure. Similarly the availability is also the measure of probability that the system is available for use [3]. There
are various ways to amplify these two characteristics of the system. The use of cold standby redundancy is one
such mean to improve system performance. The cold standby system models are debated by various researchers
in the literature [4-7]. Some researchers raised the issue of server failure [8-12]. In these studies identical units
are taken as standby irrespective of its impact on system costs. Some studies considered the concept of failure of
unit in cold standby mode [13-15]. Therefore keeping the behavioral aspect in view in this paper a cold standby
system is considered with a duplicate unit, having low price, as cold standby. Furthermore, the worth of original
unit is utilized by giving it priority for operation as well repairas advocated in some studies [16]. The system
starts its operation with the original unit in working and duplicate unit in standby mode. The standbyduplicate
unit fails after crossing maximum redundancy time and goes under repair and become degraded after repair. If it
further fails then goes under inspection for checking the feasibility of repair orreplacement.The original unit
works as new after each repair. All the random variables follow general distribution. The switch is perfect and

prompt.The expressions are derived using semi-Markov processes [17] and regenerative point technique [18] of
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stochastic processes. A special case is discussed by considering Weibull distribution for all the random variables

and results are obtained to facilitate further numerical analysis of results if desired.

2. NOTATIONS

E/E
No, / No, / Do,
Cs, / DCs,

I:uri I:URi

FW"i / FWRi

DF,, /DFy,
DF, /DR,

DF,, /DFq

2

DF,, /DFirp,

ad /bd
z,(t)/Z, ()
2,,®/Z ()
s,(1)/S, (1)
S4, () /Sy, (1)
9, /G, ()
94, O/Gy, (V)
f, 0/ F,, ()
hy,®/H,, ()

6, (1/Q;
qij.kr (t)/Qij_kr (t)

(1)

The set of regenerative/ Non-regenerative states

Original unit/ Duplicate unit/ Degraded unit in operation.
Duplicate unit/ Degraded unit in cold-standby mode.

Failed unit i= 1, 2 under repair /under repair continuously from previous state.

Failed unit i= 1, 2 waiting for repair / waiting for repair continuously from previous state.

Degraded failed unit under inspection / under inspection continuously from previous
state.

Degraded failed waiting for inspection / waiting for inspection continuously from
previous state.

Degraded failed unit under repair / under repair continuously from previous state.

Degraded failed unit under replacement / under replacement continuously from previous
state.

Probability that repair/ replacement of degraded unit is feasible.
pdf / cdf of failure time of i= 1, 2 unit.

pdf / cdf of failure time of degraded unit 2.

pdf / cdf of maximum redundancy time of duplicate unit 2.

pdf / cdf of maximum redundancy time of degraded unit 2.

pdf / cdf of repair time of i=1, 2 unit.

pdf / cdf of repair time of degraded unit 2.

pdf / cdf of replacement time of degraded unit 2.

pdf / cdf of inspection time of degraded unit 2.

pdficdf of first passage time from regenerative state Si to regenerative State SJ. or failed
state Sj without visiting any other regenerative state in (0,t].

pdf/cdf of first passage time from regenerative state Si to regenerative state SJ. or failed

state S, visiting state S, , S, once in (0,t].

Probability that the system up initially in state S, € Eis up at time t without visiting to
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any regenerative state
[s1/[c] Symbol for Laplace-Stietjes convolution/Laplace convolution
pdf/cdf Probability density/distribution function
Considering these symbols, the following are possible transition states of the system model
The regenerative states:
S, :(NOI,CSZ), S, :(Furl,
Sio =(N01,DFui2 ) S, = (NOl , DFurz)

),

Noz)' S :(Nol' Fur2 ). S; :(Nol’ DCSZ ). S, =(F p,

)
un

Do, ): S5 =(Ng, . DF,

The non-regenerative states:
Se =(FUR1, Fsz ) S, =(er1,FUR2 ), Sg =(FUR1, DFWi2 ) Sq =(FW'1’ DFUsz ), Snz(erl’ DFURZ ),
S..=(F DFU|2)’ 814=(FWR1,DFM2), 815=(FWR1,DFurp2)

13 wr,’

3. TRANSITION PROBABILITIES AND MEAN SOJOURN TIMES

Simple probabilistic considerations yield the following expressions for the non-zero elements
P=Qij (o) = J:aij (t)dt @)
Py, = jo 2,05, p,y,= j: s,0Z, (O, pyy = j: 0,0Z,0dt,  p, = I: 2, ()G, (O,
P = J, .0ZO® = [ 20G,00 by = [ 405,00 b= s, 0Z, 00,

p43=fo 9,(0Z,,Odt,  p,,= IO z,,®G, t)dt, p,, = jo f,OZ,Odt,  pgy= jo 2, ()F,, (t)dt,
Pez =, 0,0t Py = [[9. 0ck Poso = |, 0100, Por = [ Tap Ot

00 d — o d _ 0 — o0
Pros = L b h,,(®OZ,M)dt, Py, = jo a hy,(OZ,Mdt, py,= IO 2, OH, O, p,, = [ g,0Od,
00 _ 0 — o d o d
Prps = jo 9,,OZ, (Mdt, pml=jo z,(1)G,, (t)dt, Py, = jo a h,,tdt, pmS:jO b h,(t)dt,

p14|4 :J.o gdz(t)dt’ p15,1 :Io fdz(t)dt’ p12.6 - p16 p62’ p24.7 = p27 p74’ p4,10.8 = p48 ps,lo’
Ps1g = PygPgy» p1o,1.13,15 - p10,13 p13,15 p15,1’ p10,4.13,14 - p1o,13 p13,14 p14,4’ p12,4.11 - 12,11p114
For these Transition Probabilities, it can be verified that

Po1 ¥ Pgp = Pig + Pig = Pog T Pyg = Pgy + Pgig = Pyg T Pyg = Pgg + Pgg = Pgp = P7y = Pgg = Pgy

= Pigs T Pigao T Pigas = Piia = Pigs T Pig11 = Pigaa + Pigis = Prgg = Pisy = Pig T Pigg = Pog + Poyy
1

=Pz Pyi108 = Pso T Psig = Pigs + Pigaz + Pig1131s T Proaiazia = Pizs T Piga1n =

The Mean sojourn time ; in state S; are given by:

. =E(t) = j:ﬁv(Ti > t)dt @)
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uo=[ 2,085,000t 1 =[ 6,0Z,0). 1, = [ G,0Zdt 4 =jo°° 5, (Z,dt,

y4=f§1(t)2d2dt, fe = j:z‘l(t)ﬁdz(t)dt, = j:zl(t)ﬁdz(t)dt, u, = fz‘l(t)ﬁdz(t)dt

4. RELIABILITY AND MEAN TIME TO SYSTEM FAILURE (MTSF)

Let 4. (t) be the cdf of first passage time from regenerative state S, to a failed state. Regarding the failed state as
absorbing state, we have the following recursive relations for ¢, (t) :

#, (1) = Qu, (DIs]4, (1) +Qy, DIs]4, (t)

¢, (1) = Q,, (O[s]4, (1) +Qy4 (1)

¢,(1) = Q,5(O[s]4, (1) +Q,, (1)

¢5(t) = Q,, (VIs1g, (1) +Q, , (DIS], (1)

¢, (1) = Q5 (D[S]#; (1) + Q5 (1)

¢ (1) = Qg (D[S, (1) + Qsq (1)

10(t) = Q5 D815 (1) +Qy 1, D[S]A, (1) + Q1 5(1)

¢, (1) =Qp, (O[Sl ) +Q,,, (1) @)

Taking LST of above relation (3) and solving for (/;O(s) we have

R (s) =

1-4,(s)
- @)

The reliability of system model can be obtained by taking Laplace inverse transform of (4). The mean time to

system failure (MTSF) is given by

1-¢ N
&) N o
S D,

MTSF = lim
s—0 )

Where

Ny =[atg + Pogtty + ooty I = Py Py3) = P310P1012 p12,3] + Po2Pos p3,10[p10,5”5 + p10,12/“’12]
+ Py Poslity + Pyt + p3,10”10]

D1 =[1- Po1 plO][l_ P3sPy3— p3,10 p1o,12 p12,3:I = Po2P23P02 p3,10 Pso p10.5
5. STEADY STATE AVAILABILITY

Let A| (t) be the probability that the system is in upstate at instant ‘t’ given that the system entered regenerative

state Si at t=0. The recursive relations for AI (t) are as follows:
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Ay (1) = M (1) + G, OIC]A (1) + 0, (DICIA, (1)

A (1) =M, () + g, (DIC]A, (1) + 0y, (DIC]A, (1)

A, (1) = M, (1) + 0,5 (OICIA (1) +a,, , (D[C]A, (1)

A1) = M, (1) + a5, (OICIA, (1) + 05, ,(DICIA 4 (1)

A1) =M, [®)+a,,OICIA; () +0, 05 OCIA (1)

A (1) = Mg (1) + a5, (D[] A, (1) + a5  (DICTA (D)

Ap®) =M () + 0y 1515 OICIA () + 0y 4 1574 OICTA, ©) + 0y o s OICIA (1) + Gy, (DICTA, (1)

AL ) =M, (1) +a,, ;OICIA (1) +ay, ,,,(OICIA, (1) (6)

M, (t) be the probability that system is up initially in state S, € E is up at time t without visiting any other
regenerative state, we have

M, (®) =Z,®S, (). M, (1) =G, (1)Z, (1), M, (1) =Z, )G, 1) M, (1) = Z, ©S,, ),

M, () =G, (1)Z,,1), M (1) =Z,(©)F,, 1), M, t)=Z,OH,, 1), M_,{1)=Z,1)G,, )

Taking LST of above relation (6) and solving for Ao(s) the steady state availability is given by

. N
Ao(w):LTgsAo(s):Fz ()

2

Where
N, =[1-pgp,,ll Pros + p10,1.13,15][/”0 + Pyt 1+ L= Pgy Pyl P1o11315 T Pros P50l Poatty = Pyl
+ =Py Pyl = Py Pusll{Pygs + Prosazisttly + Prgshs + Mg+ Prgaattyy T11= Poi Prg KL= P,y
Pazogttts T11= PoaPsiodty 1+ 1= Py PiolIP, 10845 = P310#a]IP1g12P125 = PasPioai31a
~ Py plO,lZ]
D, =[1- P3Pyl Pios + p10,1.13,15][fu0 + p01ﬂi] +[1-pg, p43][p10,1.13,15 + Pigs Psyoll pozlui = Pyagto]
+[1= Py Pyolll = P3y P3Py o5 + p10,1.13,15}”é + plO,S’Ué + f“io + plO,lZ'“iZ +[1= Py P H{L = Pyy;
Pai0gtty T11= Py, p3,1o}ﬂ;1] +[1= Py PyollP, 108245 — p3,10'uz’l][p10,12 Pi23 = P23Pigai314

— Py p10,12]

6. SPECIAL CASE-WEIBULL DISTRIBUTION
In the following the values of different performance measures are obtained assuming all the random variables as

Weibull distributed with common shape parameter (r) and different scale parameters as follows:
n-1 n n-1 n —/1d n-1 /,Ld n
z,(t)=a4m  exp(-4t ), Z,(t)=2,m  exp(-4,t '), z,O)=24,mt  exp(-4,t),

c n-1 cn d n»-1 d n n-1 n
52 (t) = ,U277t exp(_luzt ) ’ Sd2 (t) = /'12 ﬂt exp(_/uzt ) ) gl(t) = ﬂlﬂt eXp(—,Blt ) ’
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n-1 n d n»-1 d 7 d n-1 d n
92 (t) = /ant exp(_ﬂzt ) ’ fdz (t) = }/2 Ut exP(—72t ) ' hd2 (t) = az 77t exp(_azt ) ’
d n1 d g
gdz(t)zﬂz 77t exp(_ﬂzt )
d ¢ d d d d .
where t>0andn, A, 4,, 4, , 1y, ty . By, B, 75 B, v, >0 respectively.
We can obtain the following result
MTSF N, Availability (A ) N,
=—, vailabili =—=
D, At D,
1 1, 1 1
n c.n 7 ¢ n d
KB, + )4 + B,y + (A +p,) {44 +B,) +p, (B +4,) (A +a,)
d d d d d d d d d d d
(A + By WA A+, (B + A} —a a, w, By (B + 2, (A + 1, (B + 4,)
1 1 1 1
;| = —1 —
d d _n d 7 c c n n_d
(A +a, A4+ 8,y (A +7r,) +u, B4 + )4 + B} (B +4,) la,
1 1, 1
d _d d_n d d d d 7 n d
{0 (A +8,) +a (A +7, ) HA + 1, )4 +a,)} (B +4,) +{(B,+4,)
1 1 1 1 1

21

d_ 7 d 7 d 7 d d 7 d d g
N —r(1+1) A +a,) +(4 +u,) G +a,) +u, (A4 +8,) A +7,)A +8,)}
1- n" 1

[y + 1 )(B, + Ay + By + 1 Yy + By Yy + )y + 73y + g )]

c d d d d d d d d d
B 1. (B + A3y + )2y + 79 ) —b" g 11y Bty va (B, + 2By, + A9 YAy + By )

D, =7 @1+-) c d a d d d
n ﬂ‘l + ﬂZ)(ﬂl +]’2)(ﬂ':|_ + ﬂz)(/ll + #2 )(j‘l + ﬂz )(ﬁl + /12 )(ﬂ’l + 72 )(/11 +az )

1, 1 1
d

d d__ d d d 7 d 7 7
44, +u, (B + A0 LA+, )(B + 4,0 {4 + B4 + B, (B, +4,)

i,l i,]_

c.n d d d d c c.n

A A +ay) HOA +7,)) A+, 3+ A (A +y, +a, iy, (A + 1) —A,(8)
1 1

n

-1
d_7 d
+4,)

1 =
YO, +70)(Ay +ag ¥ DA, + ms (B, + A A Ay + a1y (By + ADIH(A,
1 1 1 1

d d__n _d d P
+7, A4+ 5, b (4 +a,)

SEI

n d d 7 n  d
+(4 +5,) Yo, (A +a,) 4, +5,) {b

1 1 1

= = )
A+ )" +a" (4 +7e) T, + 1o)X By + 204y + 103 Y B, + A0 + AR, + sy

(B, + 2 KOy + 1) By + 2A,)( Ay + By Ay + s YAy + Bt (A +75) IHAS, +

1, 1

By + 2B} By + 25) A0 Py + 2y Ay + a1y YAy + p13)
d d %_l d d %_1 d_d d d d
Nty T B )y Gy )" 3 e By Gy )~ By O+ ) N
n 1

! d d
(/11 +a, )(/11 + 5, )

[, + 190 By + 2, )(Ay + B0 Ay + 112 YAy + B Y By + 29 )2y + 7 YAy + g
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d d d__d d d d d %_l d d d
(44, +py (B + 2,10 {4 + 1, JBy+ A, (A +7, WA +a,)y AB,a, 8,7,

L ! i, 1 1,

(A + B + B BB+ 20 + 4G+ ) A8 + 4,8, +2)" B

1 1 1 1

d d d d__c g P ¢ "
1

%71 ¢ d d d d d d__n
(B, +4,)  HN+AA, + 1, (B + A, + 1y (B + ), 7, (A, +7, )}
1 1 1 1 1

d Tl d_ 7 7[1 d d d _n d d d 7
A +a,) b AB, +4 (A4 +B,) Y4 +a, {8, (4, +B,)} +a a,{(B,)
d %71 % d % d d d%
+ 4, (4 +B,) HB, (A +B,) B, (4 +B,) A4 +B,)} b o, {(r,) +4
1

1
1 1 1 1 1

d?l d d_n d?l d d d g d?l d d g
4 +7,) He,B,} A+a,) +{a,B,7,) +4 (A +a,) [(B,7,)
dd d d_ d % d % % c d
+@ y, +b B, Na,) IBHA +7,) 1B {4+ 1, (B + 2,04 + w1, )B,

1, 1,

LI, + iy (B, A KO+ B, + 2,)(Ay + B, )y + g YAy + )}

1 1 1,

d d d d 7 d d d n d 7
{Bya, By vy (A +7, )} (A +a, ) (A + B,))NA B + (B, +2,)8,(B) (B, +4,)
1 1 1 1

d
+4,)}

d 7 d d %_l c 71 d 7 d Z_l d
+{ﬂ'1 +ﬂ2 +,Ll2 }ﬂ’l{ﬂl +ﬂ“2 (ﬁl +/12) }(ﬂl +;u2) ]+{A’2ﬂl (ﬁl +ﬂ“2) _:uz
% d d %_l d %_l d_d d d
B 1. {8, +24,(B,+4,) YA +u,) }aAia,B, (A4 +B,)-B,(4 +a,) 4 +5,)}
D, =1Q+=). d dd c d d d d

T BB, By vy (A 1)) B+ Ay Ay + B Ay + 1y YAy + By By + Ay WA +7,)
1

*, +a:)];

7. CONCLUSION

A stochastic model of a dissimilar unit cold standby system is developed by using the theory of semi-Markov
regenerative processes. The idea of assigning priority to the main unit is explored. The expressions are derived
for system reliability and availability using the tools of mathematical transforms.Assuming the general
probability distribution initially for all the random variables, the results are also given for Weibull distribution.
Which in turns, allowedfor the scope of further numerical illustration of the study.
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