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ABSTRACT: 

In this paper a stochastic model of a cold standby system is investigated. The system has two dissimilar units 

and a service facility. An original unit is in working mode and another duplicate unit is in cold standby mode. 

The working unit fails after a pre specified time limit. The duplicate unit becomes degraded after post failure 

repair. The degraded unit went under inspection to check feasibility of repair or replacement, after failure. The 

semi-Markov processes are used to investigate the model at different regenerative points. A special case of 

Weibull distribution is discussed to derive the results.  

Keywords-Cold Standby, Degradation, Dissimilar Unit, Inspectionand Stochastic Processes. 

1. INTRODUCTION 

The performance of a working system can be outlined in terms of its reliability and availability [1]. The 

reliability of a system is the measure of probability that the system performs its intended function without any 

failure for a stated period of time [2]. The reliability can be estimated with the idea of average time to system 

failure. Similarly the availability is also the measure of probability that the system is available for use [3]. There 

are various ways to amplify these two characteristics of the system. The use of cold standby redundancy is one 

such mean to improve system performance. The cold standby system models are debated by various researchers 

in the literature [4-7]. Some researchers raised the issue of server failure [8-12]. In these studies identical units 

are taken as standby irrespective of its impact on system costs. Some studies considered the concept of failure of 

unit in cold standby mode [13-15]. Therefore keeping the behavioral aspect in view in this paper a cold standby 

system is considered with a duplicate unit, having low price, as cold standby. Furthermore, the worth of original 

unit is utilized by giving it priority for operation as well repairas advocated in some studies [16]. The system 

starts its operation with the original unit in working and duplicate unit in standby mode. The standbyduplicate 

unit fails after crossing maximum redundancy time and goes under repair and become degraded after repair. If it 

further fails then goes under inspection for checking the feasibility of repair orreplacement.The original unit 

works as new after each repair. All the random variables follow general distribution. The switch is perfect and 

prompt.The expressions are derived using semi-Markov processes [17] and regenerative point technique [18] of 
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stochastic processes. A special case is discussed by considering Weibull distribution for all the random variables 

and results are obtained to facilitate further numerical analysis of results if desired.  

 

2. NOTATIONS 

EE /  The set of regenerative/ Non-regenerative states 

221
DoNoNo  Original unit/ Duplicate unit/ Degraded unit in operation. 

22
DCsCs  Duplicate unit/ Degraded unit in cold-standby mode. 

ii
URur

FF  Failed unit i= 1, 2 under repair /under repair continuously from previous state.     

ii
WRwr

FF  Failed unit i= 1, 2 waiting for repair / waiting for repair continuously from previous state. 

22
UIui

DFDF  Degraded failed unit under inspection / under inspection continuously from previous 

state. 

22
WIwi

DFDF  Degraded failed waiting for inspection / waiting for inspection continuously from 

previous state. 

22
URur

DFDF  Degraded failed unit under repair / under repair continuously from previous state. 

22
URpurp

DFDF  Degraded failed unit under replacement / under replacement continuously from previous 

state. 

dd

ba /  
Probability that repair/ replacement of degraded unit is feasible. 

)(/)( tZtz
ii

 pdf / cdf of failure time of i= 1, 2 unit. 

)(/)(
22

tZtz
dd

 pdf / cdf of failure time of degraded unit 2. 

)(/)(
22

tSts  pdf / cdf of maximum redundancy time of duplicate unit 2. 

)(/)(
22

tSts
dd

 pdf / cdf of maximum redundancy time of degraded unit 2. 

)(/)( tGtg
ii

 pdf / cdf of repair time of i=1, 2 unit. 

)(/)(
22

tGtg
dd

 pdf / cdf of repair time of degraded unit 2. 

)(/)(
22

tFtf
dd

 pdf / cdf of replacement time of degraded unit 2. 

)(/)(
22

tHth
dd

 pdf / cdf of inspection time of degraded unit 2. 

)()( tQtq
ijij

 pdf/cdf of first passage time from regenerative state 
i

S  to regenerative State 
j

S  or failed 

state 
j

S  without visiting any other regenerative state in  t,0 . 

)()(
..

tQtq
krijkrij

 pdf/cdf of first passage time from regenerative state 
i

S  to regenerative state 
j

S  or failed 

state 
j

S  visiting state
k

S ,
r

S  once in  t,0 . 

)(t
i

  Probability that the system up initially in state ES
i
 is up at time t without visiting to 
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any  regenerative state 

]/[][ cs  Symbol for Laplace-Stietjes convolution/Laplace convolution 

pdf/cdf Probability density/distribution function 

Considering these symbols, the following are possible transition states of the system model 

The regenerative states: 

),,(
21

0 SO
CNS  ),,(

21
1 Our

NFS  ),,(
21

2 urO
FNS  ),,(

21
3 SO

DCNS  ),,(
21

4 Our
DFS  ),,(

21
5 urpO

DFNS 

),,(
21

10 uiO
DFNS  ),(

21
12 urO

DFNS   

The non-regenerative states: 

),,(
21

6 wrUR
FFS  ),,(

21
7 URwr

FFS  ),,(
21

8 wiUR
DFFS  ),,(

21
9 URpwr

DFFS  ),,(
21

11 URwr
DFFS 

),,(
21

13 UIwr
DFFS  ),,(

21
14 urWR

DFFS  ),(
21

15 urpWR
DFFS     

 

3. TRANSITION PROBABILITIES AND MEAN SOJOURN TIMES 

Simple probabilistic considerations yield the following expressions for the non-zero elements 

   



0

dttqQp ijijij
      (1)

 

 
 


0

1216
0

2110
0 0

12022101
,)()(           ,)()(          ,)()(       ,)()( dttGtzpdttZtgpdttZtspdttStzp

 ,)()(             ,)()(           ,)()(
0

2134
0 0

21271223  
 

 dttStzpdttGtzpdttZtgp
d

 ,)()(
0

1210,3 


 dttZtsp
d

 
 


0 0

12482143
,)()(        ,)()( dttGtzpdttZtgp

dd
 ,)()(     ,)()(

0
2159

0
1250 



 dttFtzpdttZtfp
dd

 

           ,)(                ,)(
0 0

274162  
 

 dttgpdttgp    ,)(               ,)(              
0

291
0

110,8 


 dttfpdttgp
d

 

 ,)()(
0

125,10 


 dttZthbp
d

d

 ,)()(
0

1212,10 


 dttZthap
d

d

 ,)()(
0

2113,10 


 dttHtzp
d

 ,)(
0 24,11 


 dttgp
d

 ,)()(
0

123,12 


 dttZtgp
d

 ,)()(
0 2111,12 


 dttGtzp
d

 ,)(
0

214,13 


 dtthap
d

d

 ,)(
0 215,13 


 dtthbp
d

d

 ,)(
0 24,14 


 dttgp
d

,)(
0 21,15 


 dttfp
d

 ,
62166.12

ppp   ,
74277.24

ppp   ,
10,8488.10,4

ppp 

 ,
91599.51

ppp   ,
1,1515,1313,1015,13.1,10

pppp   ,
4,1414,1313,1014,13.4,10

pppp 
4,1111,1211.4,12

ppp   

For these Transition Probabilities, it can be verified that  

 1
11.4,123,1214,13.4,1015,13.1,1012,105,109.51508.10,443

7.24236.12101,154,1415,1314,1311,123,124,1113,1012,105,10

9110,874625950484310,334272316100201







pppppppppp

pppppppppppppp

pppppppppppppppp

 

The Mean sojourn time µi in state Si are given by: 





0

                             )()( dttTPtE
ii

     (2) 
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 ,)()(
0

210 


 dttStZ 



0

211
),()( tZtG 




0

122
,)( dtZtG      ,)(

0
123 



 dtZtS
d

  

 ,)(
0

214 


 dtZtG
d

 



0

215
)()( dttFtZ

d
 ,       ,)()(

0
2110 



 dttHtZ
d

  )()(
0

2112 


 dttGtZ
d

  

4. RELIABILITY AND MEAN TIME TO SYSTEM FAILURE (MTSF) 

Let )(t
i

  be the cdf of first passage time from regenerative state 
i

S to a failed state. Regarding the failed state as 

absorbing state, we have the following recursive relations for )(t
i

 : 

)(])[()(])[()(
2021010

tstQtstQt  
 

)()(])[()(
160101

tQtstQt  
 

)()(])[()(
273232

tQtstQt  
 

)(])[()(])[()(
1010,34343

tstQtstQt  
 

)()(])[()(
483434

tQtstQt    

)()(])[()(
590505

tQtstQt    

)()(])[()(])[()(
13,101212,1055,1010

tQtstQtstQt    

)()(])[()(
11,1233,1212

tQtstQt                         (3) 

Taking LST of above relation (3) and solving for )(
~
0

s  we have 

s

s
sR

)(
~

1
)( 0

* 
                                                     (4) 

The reliability of system model can be obtained by taking Laplace inverse transform of (4). The mean time to 

system failure (MTSF) is given by 

1

10

0

)(
~

1
lim

D

N

s

s
MTSF

s








(5) 

Where 

][       

][])1][([

1010,343432302

1212,1055,1010,323023,1212,1010,3433420210101





pppp

ppppppppppppN




 

5,105010,30223023,1212,1010,3433410011
]1][1[ pppppppppppppD 

 

    

5. STEADY STATE AVAILABILITY 

Let )(tA
i

 be the probability that the system is in upstate at instant ‘t’ given that the system entered regenerative 

state  
i

S at t=0. The recursive relations for )(tA
i

  are as follows: 
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)(])[()(])[()()(
20210100

tActqtActqtMtA   

)(])[()(])[()()(
26.1201011

tActqtActqtMtA   

)(])[()(])[()()(
47.2432322

tActqtActqtMtA   

)(])[()(])[()()(
1010,343433

tActqtActqtMtA   

)(])[()(])[()()(
18.10,434344

tActqtActqtMtA   

)(])[()(])[()()(
19.5105055

tActqtActqtMtA   

)(])[()(])[()(])[()(])[()()(
1212,1055,10414,13.4,10115,13.1,101010

tActqtActqtActqtActqtMtA   

)(])[()(])[()()(
411.4,1233,121212

tActqtActqtMtA                                                (6) 

)(tM
i

be the probability that system is up initially in state ES
i
  is up at time t without visiting any other 

regenerative state, we have 

)()()(
210

tStZtM  ,         )()()(
211

tZtGtM  ,         ),()()(
212

tGtZtM  ),()()(
213

tStZtM
d



),()()(
214

tZtGtM
d

 ),()()(
215

tFtZtM
d

 ),()()(
2110

tHtZtM
d

 )()()(
2112

tGtZtM
d

  

Taking LST of above relation (6) and solving for )(
*

0
sA the steady state availability is given by 

2

2
*

000
)(lim)(

D

N
ssAA

s



                              (7) 

Where 

]         

][][1[]}{1}           

1]{{1[}][{1][1[      

]][][1[]][][1[

12,1023

14,13.4,10233,1212,10410,338.10,41001410,32338.10,4

7.2410011212,101055,10215,13.1,105,1043341001

06.121029.515,1015,13.1,104334101015,13.1,105,1043342

pp

ppppppppppp

ppppppppppp

ppppppppppppN















]         

][][1[]}{1}           

1]{{1[}][{1][1[      

]][][1[]][][1[

12,1023

14,13.4,10233,1212,10

,

410,338.10,41001

,

410,32338.10,4

7.241001

,

1212,10

,

10

,

55,10

,

215,13.1,105,1043341001

06.12

,

1029.515,1015,13.1,104334

,

101015,13.1,105,1043342

pp

ppppppppppp

ppppppppppp

ppppppppppppD















 

6. SPECIAL CASE-WEIBULL DISTRIBUTION 

In the following the values of different performance measures are obtained assuming all the random variables as 

Weibull distributed with common shape parameter )( and different scale parameters as follows: 

)exp()(
1

1

11


 tttz 



, )exp()(
2

1

22


 tttz 



, ),exp()(
2

1

22


 tttz

dd

d




)exp()(
2

1

22


 ttts

cc




, )exp()(
2

1

22


 ttts

dd

d




, )exp()(
1

1

11


 tttg 



,  
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)exp()(
2

1

22


 tttg 


, )exp()(

2

1

22


 tttf

dd

d




, )exp()(
2

1

22


 ttth

dd

d




,    

)exp()(
2

1

22


 tttg

dd

d




 

ly.respective  0,,,,,,,,, , and 0  t
2222122221


ddddcd

where   

We can obtain the following result 

MTSF

1

1

D

N
 ,           Availability

2

2

0
)(

D

N
A   


























1

2121212121212121

1

2121

1

212

1

211

1
1

21

1

21

21

1

21

1
1

212121

1

212

2

1

21

1
1

212122

1

21

1
1

2121

2121212222122121

21

1

212

1

211

1
1

21

1

2121

1

)])()()()()()()([(

)})()}{()()(()())(

){(()()})()}{(()({

[)()})({()()})((

))()]{(()}(){(

)}][()()({)()})([{(

).
1

1(

dddddc

ddddddd

dddddddd

dccddd

ddddddddddd

dcc

ab

a

N























 

))()()()()()()(

))()(())()]((

)}(){)()][(([

).
1

1(

2121212121212121

21212122222212121

22221221212121221

1 dddddc

ddddcdddd

dddddddddc

b

a

D
















  








































1

2121212121212121

212122122

1
1

212

1
1

212

2121

1
1

2121121

1
1

21221

11

1

21

1
1

212121212121

221

1
1

21212121

1

21

1

21

1

21

1
1

212

1

21

1

21

1

212

12122121221

1
1

2121

1
1

2

12

1
1

21222112121

1
1

211

1

21

1

2121

1
1

212121221

2

)])()()()()()()([(

)}])(()({})()({

))(())}(({)}()(

[[{)()})()()()()]{((

[)})()()(}]{()()(

{)()(})()({)})(

)][{(()][([)})(}]{()

()(){()})(}{()(

)[{()})({()})({()]([

).
1

1(

dddddc

ddddddddd

dddddd

dddc

cddcddd

ddddddd

dddcddd

ccddddc

ddddddd

a

a

bb

b

N




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7. CONCLUSION 

A stochastic model of a dissimilar unit cold standby system is developed by using the theory of semi-Markov 

regenerative processes. The idea of assigning priority to the main unit is explored. The expressions are derived 

for system reliability and availability using the tools of mathematical transforms.Assuming the general 

probability distribution initially for all the random variables, the results are also given for Weibull distribution. 

Which in turns, allowedfor the scope of further numerical illustration of the study.  
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