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Introduction. Sessa [18] generalized notion of commutativity and defined
weak commutativity. Jungck [8] introduced more generalized commutativity so
called compatibility.

Zadeh [23] introduced the concept of fuzzy set as a new way to represent
vagueness in our everyday life. A fuzzy set 4 in X 1s a function whose domain
is X and which gives the values in the interval [0,1]. When the uncertainty
occur due to the fuzziness rather than randomness as in the measurement of an
ordinary length then the concept of fuzzy metric space 1z more suitable. The
concept of fuzzy metric space has become the area of interest for researcher due
to its vast applicability such as to achieve access optimization in information
system, history prediction, image filtering and product spaces.

George and Veeramani [5] modified the concept of fuzzy metric spaces in-
troduced by Kramosil and Michalek [12] and defined the Hausdorff topology of
tuzzy metric spaces and showed that every metric space induces a fuzzy metric
space.

Mishra, Sharma and Singh [15] introduced the concept of compatibility in
fuzzy metric spaces. Further compatible maps of type (o) introduced by Cho
2] and compatible maps of type () introduced by Cho et al. [3]. Grabiec [6].
Kramosil and Michalek [12]. Mishra et al [15] obtained the common fixed point
theorem for compatible maps on fuzzy metrie spaces.
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Alaca et al. [1] generalized fuzzy metric space due to Kramosil and Michalek
[12] and defined the notion of intuitionistic fuzzy metric space as Park [16]
with the help of continuous t-norms and continuous t-conorms. Turkoglu et
al. [21] introduced the concept of compatible maps of type (o) and type (3) in
intuitionistic fuzzy metric spaces.

Many authors studied fixed point theorems on intuitionistic tuzzy metric
space including Gregory et al. [7], Saadati and Park [17] and Turkoglu et al.
21]. Sharma and Deshpande [20] improved the result of Cho, Pathak, Kang
and Jung [3] and also generalized and fuzzified several fixed point theorems on
metric spaces.

In this paper, we prove a common fixed point theorem tor six mappings under
the compatibility of type (3) on complete intuitionistic fuzzy metric space by
using a different type of sequence Our result intuitionistically tuzzifies the result
of Sharma and Deshpande [20] and also generalizes several known results. We
also give an example to validate our main theorem.

Preliminaries

Definition 1. [19]. A binary operation % : [0. 1] x [0. 1] — [0, 1] 1s
continuous t-norm 1f 1t satisfies the following conditions:

(1) * 1s commutative and associative.

(2)# 15 continuous.

(3)ax*1=a forall ac|0.1]

(4) axb < c+d whenevera <cand b<d forall ab.ecdel0, 1]

Definition 2. [19]. A binary operation { - [0, 1] x [0, 1] — [0, 1] 1s
continuous t-conorm 1f 1t satisfies the following conditions:

(1) ¢ 18 commutative and associative.

(2) ¢ 1s continuous.

(3)aQ0=a forall acl0,1].

(4)a O b<ed whenevera <cand b<d forall ab,ecdel0, 1]
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Remark 1. The concept of triangular norms (t- norm) and triangular
conorms (t-conorm) are known as the axiomatic skeletons that we use for char-
acterizing fuzzy intersections and unions respectively. These concepts were orig-
inally introduced by Menger [14] in his study of statistical metric spaces. Several
examples for these concepts were purposed by many authors [4. 10. 11, 22].

Definition 3. [1] A 5-tuple (X. M. N. %. () is said to be an intuitionistic
fuzzy metric space if X 1s an arbitrary set, * 1s a continuous t-norm, { 1s a
continuous t-conorm and M and N are fuzzy sets on X2 x [0, 00} satistying the
tollowing conditions:

(1) M(z, y.t) + Nz, y.t) <1 forall =, ye X and t > 0.

(2) M(z2,y,0)=0 forall z,ye X.

(3) M(z,y.t)=1 tforall z,ye€ X and ¢t > 01ff z =y.

(4) M(z.y. t) = M(y. z. t) forall z, y€ X and t > 0.

(5) M(z, y. t)* M(y, z, s) < M(z, z,t+s) forall z.y, € X and s,
t > 0.

(6) forall z,ye X. M(z. y. -):[0, 00) — [0, 1] is left continuous.
(7T) limp—ocM (2, y, t) =1 forall =, ye X.
(8) N(z,y.0)=1 forallz, ye X.

(9) N(z, y, t) = forall z, ye X and ¢ > 0.

(10)\(:1 t)=-( t) forallz,ye X and ¢ > o.

(11) N t) O N(y, =, s) > N(z, 2,t+s) forall z vy, z€ X and ¢,
s> 0.

(12) for all =,y € X. N(z. y, -) : [0, 00) — [0, 1] is right continuous.

(13) limi—ooN(2, y.t) =0 forall =, ye X.

Then (M, N) 1s called an intuitionistic fuzzy metric on X. The function
Mz, y. t) and N(z. y. t) denote the degree of nearness and the degree of non
nearness between x and y with respect to £ respectively.

Remark 2. Every fuzzy metric space (X. M. %) 1s an intuitiomstic fuzzy
metric space of the form (X, M. N, %, () such that t-norm * and t-conorm ¢

are associated [13]1e. 2 Qy=1—(1—2)%x(1—y) forall =, ye X.

Example 1. Let (X. d) be a metric space. Define t-norm a*b = min{a. b}
and t-conorm a { b = max{a. b} and forall 2.y € X and ¢t >0
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Then (X. M, N, *, {) 13 an intuitionistic fuzzy metric space. We call this
intuitionistic tuzzy metric (M. N) introduced by the metric d the standard
intuitionistic fuzzy metric.

Remark 3. In intwitionistic fuzzy metric space (X. M, N, %, §). M(xz, y. -)
1s non decreasing and N(x, y. -} 1s non increasing for all z, y € X.

Definition 4. [1] Let (X, M, N, %, {) be an intuitionistic fuzzy metric
space. Then

(1) A sequence {z,} in X is said to be Cauchy sequence if for all ¢ > 0
and p >0

limp oo M(Znyp, Tn, t) =1 and limy_.oo N(Zpyp, Tn, t) = 0.

(2) A sequence {z,,} iIn X 1s said to be convergent to a point z € X if for
all £ >0

Imy oo M(2zp, 2. t) =1 and limy—oo N(zp. 2, t) =0.

* and () are continuous, the limit 15 uniquely determined from (5) and (11)
respectively.

Definition 5. [1] An intuitionistic fuzzy metric space (X. M. N, %, () is
sald to be complete iff every Cauchy sequence in X 1s convergent.

Lemma 1. Let (X, M, N, ) be an intuitionistic fuzzy metric space and
{yn} be a sequence in X if there exist a number & € (0. 1) such that

[-H ﬂ/—ﬂ:yn—l—Q- Yns1. Kt) = +n'ir(yn+1- Yn: t)

[21 ‘:‘\T(yﬂ—l—?' Yn+1- kt) < 47\7(3}11—1—1 - Un- t}

forall t=0and n=1.2,......... then {yn} 1s a Cauchy sequence in X.

Lemma 2. Let (X, M, N, #, {) be an intwitionistic fuzzy metric space and
for all z, y € X and t > 0 and for a number %k € (0, 1)
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M(z, y. kt) > M(z, y. t) and N(z, y, kt) < N(z, y, t) then x=y.

Definition 6. [21]. Let 4 and B be maps from intuitionistic fuzzy metric
space (X, M, N, %, ) into itself. The maps A and B are said to be compatible
if forall ¢ >0

limp—ooM(ABzy, BAz,, t) =1 and limp_—ooN(ABxy, BAxz,, t) =0,

whenever {,} 1s a sequence in X such that

limp—ocAx, =limp—ooBry, = > for some =z € X.

Definition 7. [21]. Let A and B be maps from an intuitionistic fuzzy metric
space (X, M, N, #, ¢) into itself. The maps A and B are said to be compatible
maps of type (a) 1if for all ¢ >0

hmy_.oo M(ABxy,, BBz, t) =1, my,_.ooc N(ABz,, BBz, t) =0.

and

hmp oo M(BAz,, Adz,. t) =1, my_oo N(BAz,, AAz,. t)=0,

whenever {z, } 1s a sequence in X such that

Imp—ne Az = limpy—ne Boy = z  for some z € X.

Definition 8. [21] Let A and B be maps from an intuitionistic fuzzy metric
space (X, M. N, *, {) into itself. The maps A and B are said to be compatible
maps of type (3} if forall ¢ >0

hmp oo M(AA2,, BBry, t) =1 and limp,_.oo N(AAx,, BBx,, t) =0,

whenever {x,} is a sequence in X such that

Imp—oe Ay = limp—oe Bxy = 2z  for some z € X.

Remark 4. Turkoglu et al [21] introduced the concept of compatible maps
and compatible maps of type (a) and () in intuitionistic fuzzy metric space. In
our theorems and corollaries (X, M, N, %, ) will denote an intuitionistic fuzzy
metric space with continuous t-norm * and continuous t-conorm { respectively

defined by t ¢t > tand (1 —¢) ¢ (1 —¢) < (1—1¢) for all ¢ [0, 1].

Main result
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Theorem 1 Let (X, M, N, *, {) be a complete intuitionistic fuzzy metric
space. Let A, B. 5. T. P and @ be s1x mappings from X 1nto 1tself such that
(1.1) P(ST)(X) U Q(AB)(X) Cc AB(ST)(X).
(1.2) there exist a constant & (0, 1) such that
M(Pz, Qy, kt) > M(ABzx, STy, t)* M(Px, ABx, t)* M(Qy, STy, t)
*M(Px, STy, at) * M(Qy, ABx, (2 — a)t)
and
N(Pz, Qy, kt) < N(ABz, STy. t) ) N(Px, ABz. t) O N(Qy, STy, t)
¢ N(Pz, STy, at) O N(Qy, ABz. (2 —a)t)
forall z,y € X.a € (0.2)andt > 0.
(1.3) AB=BA PB=BP,TQ=QT. ST =TS, (AB)(ST) = (5T)(AB).
(1.4) A. B, S and T are continuous.
(1.5) the pairs {P. AB} and {@Q. ST} are compatible of type (3).

Then A,B.S.T.P and @ have a unique common fixed point in X.
Proof Let xy be an arbitrary point of X. Then by (1.1). we can construct
a sequence
{ zn} in X as follows
Yon = P(ST)xen, = AB(ST)xon4 } —0.1.2
_ i n=012......
Yont1 = Q(AB)xont1 = AB(ST)xonso
Put =z = STwxopt1, vy = ABxopeo in (1.2) witha=1—-g¢q. g € (0,1) and
t =0, we get
M(yon+1. y2nt2. kt) = M(yon. yon+1.t) % M (yon+1. Yon. t)* M(Yyont2. Yon+1.1)
* M (Yon41-Yong1. (1 — @)t) * M(Yyonia. Yon. (1 + q)t)
and
N(yont1.Yant2. kt) < N(yon. y2n+1. 1) O N(v2n41. v2n. 1) O N(yon+2, Yons1. t)
O N(yan+1,Y2n+1, (1 — ¢)t) O N(y2n+2,yan(l +g)t).
= M(yon+t1.yont2. kt) = M(yon. yons1.t) M (yon. yont1. 1) xM(yont1. Yonia, t)
*1 % M(yoni2. vont1.t) * M(y2ni1. Yon. qt)

and
Ni{yan+1, y2ns2, kt) < N(yon, yan+1,t) O N{y2n, ¥on+1.1) & N(y2n+t1y2n+2.1)
&0 O N(yan+2,y2n+1,t) O N(y2n+1, y2n, gt).
— JM(yQ'n—l S YIn+2. kt) = JM{QQn?y2n+l 5 t}*ﬂ-{(yﬁn—l s YW2n+2. t)*;W{'an? Y2rn+1, qt}____ 1 (aj

and

N(y2n+1, Y2n+2, kt) = N(Y2n, Y2ns1,t) O N(¥Y2nt1, Y2n+2,8) O N(¥y2n, Y2n+1, gt).
____1®

Since t-norm #* and t-conorm ¢ are continuous, M (z, y, -) is left continuous
and N(z, y, -) is right continuous. Letting ¢ — 1 in 1{a) and 1(b), we get

M(yant1, Yon+2, kt) = M (yon, Yont1,t) * M(yani1, Yonio, t)

and

N(Yon+1, Y2nt2, kt) < N(Yan, Yons1,t) O N(¥2nt1, Y2nta, t)-

Similarly

M(y2n+2, Yon+3, kt) = M(yone1, y2n+2,t) * M(yon+2, y2n-3.1)
and
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N(y2n+2. Y2n+3. kt) < N(yont1.yon+2.t) O N(yani2, Yonts t).
In general, we have for m=1.2.......
M(Yma1Ymao. kt) = M(Ym. Yma1-1) * M(Yma1. Ymaa. t)
and
ﬂ'“r(ym+1 s YUm+2. kﬂ = P'"'T{_ym- Y41 f) ‘0 —“"'T(ym+1 - YUm42. f)-
Consequently, 1t follows that m.p=1.2.......
M(yma1.yms2. kt) Z M(Ym. yms1.1) * M(Yma1. Ym+2. %)
and
i“f(ym+1-. Ym+2. kﬂ = P'"'T{_ym- Y41 f) 0 —“"'T{.ym+1- Ym+2. %]
M (Yma1s Yms2s k—i} — 1 and N(ym+1, Ym=2- k%) — 0 as p — o0.
So, we have for m=1.2,......

4M(ym+1~, Ym+2, kt) Z -“M(y""w Ym+1, t)

and
N(Ym+1,Ym+2,kt) < N(Ym,Ym+1,%)-

= {y,} is a Cauchy sequence in X.

(X, M, N, . {) is complete and so {y, } converges to a point z € X. Since
{P(ST)zon}, {Q(AB)xs,-1} are subsequences of {y,} and so

P(ST)x9, — z and Q(AB)xop+1 — z as n — o0.

Let

U = STZy; Vo =ABzxn for m=1,2. ......

Then we have

Pugy, — z, ABugy, — 2z, STvont1 — 2z, QUony+1 — 2 @as n — oC.

*." the pairs {P, AB} and {@, ST} are compatible of type (3)

.M (PPus,, ABABus,. t) — 1. N(PPusy, ABABus,, t) — 0

and

M(QQuvon+1, STSTvont1, ) — 1, N(QQvan+1, STSTvont+1, t) — 0 as
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Moreover by the continuity of A, B. S and T' and by (2), we have

ABPuy, — ABz and PPuy, — ABz,

STQuap+1 — STz and QQuan+1 — STz as n — oo.

Put x = uon, ¥y = Quan+1 in (1.2) with @ = 1 and taking limit as n — oo,

we get
M(z, STz, kt) > M(z, STz, t) and N(z, STz, kt) < N(z, STz, t).
—.8T 'z = 2. ___3(a)
Put = = Pu,, y = vop+1 1in (1.2) with a = 1 and taking limit as n — oc,
we get
M(ABz, z, kt) > M(ABz, z, t) and N(ABz, z, kt) < N(ABz, z, t).
—> ABz==z.
___30)

Put = = u9,, y =2z in (1.2) with @ = 1 and taking limit as n — oc, we get
M(z, Qz, kt) > M(z, Qz, t) and N(z, Qz, kt) < N(z, Qz, t).
== QQz=z.
. 3(ec)
Put = = z, y = van+1 in (1.2) with @ = 1 and taking limit as n — oo, we
get
, £)-
—> Pz =2z ___3(d)
Putzx =2 y=T2z in (1.2) with a =1, we get
M(z, Tz, kt) > M(=z, Tz, t) and N(z, Tz, kt) < N(=z, Tz, t)
= Tz=2: ___3(e)
Putx =Bz, y=2z in (1.2) with a =1, we get
M(Bz, z, kt) > M(Bz, z, t) and N(Bz, z, kt) < N(Bz, z, t)

?

— Bz = z. ___3(5)
By 3(a) and 3(e), we have
Sz == ___3(g9)
By 3(b) and 3(f), we have
Az=:z: ____3(R)

Thus by 3(e), 3(d), 3(e), 3(f), 3(g) and 3(k), we have
Az=Bz=8z=—Tz=—Pz—=Qz==%.
=— A B. S T, P and @ have a common fixed point.

Uniqueness of fixed point
Let z and z; be two common fixed point of 4 B, S, T, P and . Then
Az=Bz=8z2=Tz2=Pz=Qz==
and
Az =Bz = 8z1 =Tz =Pz = Q21 = 21
z and y = 21 in (1.2) with o« = 1, we get
Mz, z1, kt) = M(z, =1, t) and Nz, z1, kt) < Nz, =1, t).
_— = 2Z1.
— z 13 unique.
Then A B, S T, P and ( have a common fixed point.
If we put B =T = I in theorem, we have the following:
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Corollary 1. Let (X, M. N, %, () be a complete IFM space and A, S, P
and @ be mappings from X into itself such that
(1.1) PS(X)UQA(X) C AS(X).
(1.2) there exist a constant k£ € (0, 1) such that
M(Pz, Qy, kt) > M(Az, Sy, t) « M(Pz, Az, t) * M(Qy, Sy, t)
*M(Pzx, Sy, at) * M(Qy, Az, (2 — a)t)
and
N(Pz, Qy, kt) < N(Az, Sy, t) 0 N(Pz, Az, t) 0 N(Qy, Sy, t)
O N(Pz, Sy, at) ¢ N(Qy, Az, (2 — a)t)
forall 2z, y€ X, a€(0,2)and t>0.
(1.3) AS = SA.
(1.4) A and S are continuous.
(1.5) the pairs {P, A}and {Q, S} are compatible maps of type (3).
Then A, S, P and @ have a unique common fixed point in X.
If weput A=S, B=T and P = @ in the theorem, we have the following:

Corollary 2. Let (X, M, N. %, ) be a complete IFM space and A, B
and P be mappings from X into itself such that

(1.1) P(X) C AB(X).

(1.2) there exist a constant k € (0. 1) such that

M(Pzx, Py, kt) > M(ABx, ABy, t) * M(Pz, ABz, t) x M(Py, ABy, t)
*M(Pxz, ABy, at) + M(Py, ABz, (2 — a)t)

and

N(Pz, Py, kt) < N(ABz, ABy, t) Q N(Pz, ABz,t) ) N(Py, ABy, t)

O N(Pz, ABy, at) 0 N(Py, ABz, (2— a)t)

forall z, y€ X, a€(0,2)and t>0.

(1.3) AB= BA, BP = PB.

(1.4) A and B are continuous.

(1.5) the pair {P. AB} are compatible of type (3).

Then A, B and P have a unique common fixed point in X

Example 2. Let X = [0, 1] with the metric d defined by

dz,y)=|xz—y| forall z,y€ X.
Define
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Mz, y, t) = t_H;—_y[ DN,y 8) = tlz};Elyl forall z, y€ X and ¢ > 0.
M(xz,y,0)=0 and N(z,y, 0)=1.
Clearly (X, M, N, #, () is a complete intuitionistic fuzzy metric space where
* and ¢ are defined by
axb=ab and a QO b=min {1, a+ b}.
let A, B. S, T, P and @ be defined as

Arx =z, Bz =%, Sx=§

3
T — z , zF#1
LI
z <l
Px:{i_z x:f
23— 2 > - 3
X
_ ) B, z#1
@=={ i 7%

for all = = Y )
Then PST(X)UQAB(X) = [0 L] U i_0: 21_4]

= [0, %]
c [0, Z]
= ABST(X).

Clearly AB =BA PBE=BPTQ=QQT,5T =T5, (AB)(ST) = (ST)(AB).

and A B, S5 and T are continuous. Alsc the condition (1. 2) of Main result
iz satisfied and the pair {P, AB} is compatible of type (3) if liMmp—oe Tn = 0
where {x, } is a sequence in X such that

iy —ne Pxy = limy, e ABx, =0 for some 0= X

Similarly the pair {@Q, ST} is also compatible of type (J)

Thus all the conditions of main theorem are satisfied and also 0 £ X 1s the
unique common fixed point of 4 B, S5 T P and Q.
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