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1. Introduction
Fixed point theory is one of the most crucial and dynamic research subjects of nonlinear analysis. In the area of
fixed point theory, the first important and remarkable result was presented by Banach [3] for a contraction
mapping in a complete metric space. Since then, a number of generalizations have been made by many
researchers in their works. Matthews [9] introduced the concept of dislocated metric space with respect to
metric. Abramsky and Jung [2] presented some facts about dislocated metric in the context of domain theory.
Hitzler and Seda [6] generalized the celebrated Banach contraction principle in complete dislocated metric
space. The notion of dislocated quasi-metric space was first time introduced by Zeyada et al. [14]. It is a
generalization of the result due to Hitzler and Seda in dislocated metric space. Aage and Salunke [1] proved
some results in dislocated and dislocated quasi-metric spaces. The purpose of this paper is to obtain some newly
fixed point theorem for self-mapping in dislocated quasi-metric space using the concepts of expanding and
comparison mappings. Examples are given in the support of our established results.
2. Preliminaries

Definition 2.1 [5] Let X be a non-empty set and let d: X = X — [0.22} be a function satisfying following
conditions:

(i) dlxy)=dlyx)=02x=y

(i) dlr.v) =dlxz) =dz.y).vx.vzeX,
Then d is called a dislocated quasi-metric on X. If d satisfies d(x.y} = d{y.x},
then it is called dislocated metric.
Definition 2.2 [5] A sequence {x ] is dislocated quasi-metric space (X.d} is called
Cauchy sequence if for a given & = 0, there exists ny € N, such that for all m.n = ny = dlxpx,) <z or
dlxpxn) < zie., minld(rpx,) dle,x 0} < 2

Definition 2.3 [5] A sequence {x} dislocated quasi-convergence to x if
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lim dx,x) = limd{x,x,) =0

=== M=

In this case, x is called a dislocated quasi limit of {x,} and we write x,, —= x.
Lemma 2.1 [5] Dislocated quasi-limits in a dislocated quasi metric space are unique.
Definition 2.4 [5] A dislocated quasi-metric space (X.d] is called complete if every Cauchy sequence in it is a

dislocated quasi-convergent.
Definition 2.5 [5] Let {(X.d,} and (X.d5) be dislocated quasi-metric spaces and let f:X — ¥ be a function .

Then f is continuous to xy € X if for each sequence {x,] which is d;-quasi convergent to x, the sequence is
{f (x»)} is d2-quasi convergent to f(xp) in ¥,
Definition 2.6 [5] let (X.d}be a dislocated quasi-metric space. T: X — X contraction if there exists 0 = 4 < 1,
such that d(Tx, Ty) = d(x.y), forall x.v € X.

3. Main Results
Theorem 3.1 Let (X.d)) be a complete dislocated quasi metric space and let T: X — X be a mapping satisfying

the following condition.
[d(Tx, v} + dlx.v)1[1 + dly.Tv)] [d(Tx,y) + dx, Tx)d(y. Ty)

d(Tx,Ty) = a N
’ 1+d(x,y) " d(x, ) _
d(Tx,y) + d(Tx, Ty) — dTx, y}2d(Tx, Ty) — d(Tx, y)d (Tx, Ty)*
+y > ; + nd(x, ¥) (3.1)
1 —d(Tx,y)}d(Tx. Ty)
forallx.y eX; a.f.y.n=0; e + f + ¥ +n =1 Then T has a unique fixed point.
Proof: Let {x,} be a sequence in X, defined as follows
Let xpEX xy= Txpx, =Txginnnnxy, =Tx

Consider d{x,_y,x,) = d(Tx, Txy )
[d{rx -rr'+1.:]+ d{x ‘ri"+i:]] [1 + d{xrwi Txi"+1.:]] [d{rxr' xr'+1.:] + d{x Tx :]]d{xrwi Txi"+1:]

1+dlxp.x,,,) dlxp.xp,y)
dTx ) +d(Tx Ty, ) — d(Txﬂ,xﬂH_:l‘d(Txﬂ, Txpe)—dTx, xﬂﬂ]d{Txﬂ,Txﬂﬂ]‘

1-d(Txy %y, 0d(Tx,.Tx,. )

o

+v

??d{x xr'+1.:]
[d{:ri,. Lxr'+1:]+d{x xr.+1:]][1+d{xr.+,_x :]]+ [d{:ri,. Lxr'+1:]+d{x - ij]d':xr-n.-'r )

1 + d{xruxin.p]_:l d{xi‘""xi"'l-l:] -
d':x n—1: xi’!+1.:] + I5!3':-']‘:i'!—1.*3‘7?!:] - d{xn—l*xrwl}d{x n—1:% :] d{xﬂ—vxn+ljd{xn—rxn}

1—dlx,_yxn.0dlx, x,)

+v¥
+ ??d{xwxnﬂ.:]

= eldle,_yxp, 4+ dluxg, J14+ Bldle,_yxp, )+ dle e, 1 +9ldle o J +dlr_yx,)]
+ ??d':xwxrwl:]

= ad{xi’!—i-'xi‘!:] + 5d {xwxrwl:] + Td{xwxrwl:] +na{xpxn)
= ad{xﬂ_]_.lxﬂ:l + {IE + T + ??:]d{xﬂ.lxﬂ+]_:]
=(1- ct:]d':xr._j_,x )= F+r+ ??:]d{xrwxn+1:]

d{xr”xrwi:] —ﬁd{xﬂ 1:%n J

d{xi’!-'xi’!+l:] = Ld{xn—rxnj
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Where =L -1 0=l <1
(B+y+m)

Similarly, we have

d{xn_l,xﬂ:] = ld{xn_:,xn_lj.
Continuing this process, we conclude that
d(xpxp,,) < LPdxpx,)

For n = m, using triangular inequality we have

d{xﬂ.lxm:] :‘_:: d{xﬂ_]_.lxﬂ:] + d{xﬂ_:.lxﬂ_]_:] + e meE maw e wne + d{xm.lxm+]_:]
el A A o Sl NS Sy A - { S

m
= 1-1 d{xXp.x4]

For a natural number N, let € < 0 such thatl‘%d{xmxl] <c¥mz= N,

L

Thus d(xpxpy) < :d{xn,xlj < ¢ for n = m. Therefore {x,] is a Cauchy sequence in a complete dislocated

quasi-metric space (X.d), 3z € X such that x, = z" asn =2, As T is continuous, so Tlim,_.x, =Tz"
implies lim,, ... Tx,, = Tz" implies lim, .. x,,_; = Tz" implies Tz" = z”. Hence =" is a fixed point T,
For uniqueness of fixed point z*, let z**(z* # z™) be another fixed point of T. We have to prove that
diz*z*) =d(z".z**) =0
Consider d(z*,z*) = d(T'z",Tz"), then by (3.1} we have
d(7z",2) +dle 2 +d(ET2)) | dT2,2) +d (" T2 )ldE" T2
14 d(z*z*) i d(z*.z*)
d(Tz* z*) + d(Tz*.Tz*) — d(Tz* z* Pd(T=z*, Tz*) — d(Tz*, z*0d(Tz*. Tz P
1—d(Tz*,=z*)d(Tz*,Tz")

dlzz )z &

+y +nd(z*,z°)

diz*z ) = (e + f+ v +nldlz".z")
Which is a contradiction, hence d(z*.z*) = 0. Similarly we, can show that d{z*,z**) = 0.
Now consider d(z*,z*) = d(Tz".Tz")

ldlT=z",z"") + dl=z", 2" )1 4+ d=z"". T=z"")] |d{T=",2"") +diz", T=")d(z",T=z"")

1 + d{z',z”:] + 'r‘:i‘ d{z‘,z“‘:]
d(Tz* z") +d(Tz" Tz") = (Tz" z"Pd(Tz".Tz**) — d(Tz".z**)d(Tz"*, Tz )*

1—d(Tz* z*)d{Tz"Tz*")

7

+¥
+nd(z",z*)

ldizz") +diz" =z 01 +d(z*" =z ] 5 ldiz*z") + diz", 2" diz™.2"")
1+d(z*z*) T diz*, z*)

d{z‘,z":] + ri':z',z":] _ d{zt.lztt:]:d{zt‘lztt:] _ d{z',z":]d{z',z":]:

ty 1—dlz*, z*)d(z* z*)

ald(z*,z") + dz*. 2" )] + ¥[d(z*, 2**) + d(z", 2% )] + 5d(z",2™)

d(z',z":] = 2!:[1 +']-’:]d'::2‘_.2“:] +?’|ld':z',z":]

dlz*z") = [2(a + )+ 9]dlz".z")

7

+nd(z*,z")

Which is contradiction thus d({z*,z**) =0

Similarly, we can show that d(z*.z") = 0 which implies z* = z** is the unique fixed point of T.
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Remark 3.1. If we put # = ¥ = 0 in theorem (3.1} we will get result of [11].

Example 3.1. Let X = [0,1] with a complete dislocated-metric defined by
dx,y) = |x| forallxy € X,

and define the continuous self-mapping T by Tx = §with o= i g= ﬁ ¥ = ii . Then T satisfies all the

conditions of Theorem 3.1, and x = 0 is the unique fixed point of T in X.
Theorem 3. 2. Let (X.d)) be a complete dislocated quasi metric space and let T: X — X be a
mapping satisfying the following condition.
d(x,y) + dlx, Ty) dx.Tx) +dly.Ty) dix,Tx)dly, Ty)
2 ' 2 ' dlx,y)

d{Tx, Ty) < gmax . 2 3.2
=4 d(x,y)[d(x, Tx) + /d(Tx Ty)d(y. Ty) ] G2
[d(Tx. Ty) + dlx, ]2
Proof: For x5 € X we define a sequence {x, by x; = Tag. 2y = TXguean ewns Xy = T,

Consider dlx x40 =dTx,_. Tx,)
dlx,_yxpd+dle,_ . Tx,) d{xr. oTxg J+dla,Tr,) dlx,_ . Tay_ Jdlx, Tx,)
3 2 ! dlx,_q.x,)
d{xﬂ_l,xﬂ][d{.ﬁcﬂ_l,!’xﬂ_lj+.\,-"d{rxﬂ_l,Txﬂ:]d{xﬂ,Txﬂ:]]
[d(Txp_y.Txp) +dlx,_y.x, 012
dlxy_yxp)+dla,_ 1.-'3'-'r-+1J dlxy_pxp)+dlxgxn) dlay_yx)dlx,.x,,
2 2 ' d(xr. 1)

I'-7!3{3"i'w3"i'!+1.:] = q max

= g max .
0ty x)dCen_x0) + A T )T )]
[d{xﬂ.lxn+]_:] + d{xﬂ_]_.lxﬂ:]]:
d{xwxrwl:] d{xn—rxnﬂ.:]
I'-7!3{j‘-i'wj"i'!+1.:] = g max 2 ’ 2 '
dlx,_y.x,)

d{xi’!’xi’!+l:] =q d{xn—rxn]
In the similar fashion we can find
d{xi’!’xi’!+l:] = qﬂd{xn—vxn]

For n = m we have

d(xnxm) < dlxp . x ) +d 0o g2 ) + .o w0 F e X
= [qn—j._l_ qr!—: + qi’!-ﬂ + q”“‘ + it g "]"i':-'rnsxi:]

qi‘r.
= 1—q d{xg.xy)

For a natural number Ny let ¢ < 0 such that%d{xn,xlj <cvmz= N,.

Thus d (. x ) - d{xn x,) = ¢ for n =m. Therefore {x,} is a Cauchy sequence in a complete dislocated

quasi-metric space (X.d), 3 z° € X such that x, = =" asn — . je., lim,__x, — =" As T is continuous, so
Tlim,_ . x, =Tz implies lim,__ Tx, =Tz" implies lim,_ . x,,., = T=" implies Tz" = z°, Hence z" is a

fixed point T,
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For uniqueness of fixed point z*, let z**(z* = =z} be another fixed point of T. We have to prove that
diz* z*) = d(=z*,z**) = 0
Consider d(z*,z*) = d(T'z*,Tz"), then by (3.2} we have
diz".z") + dlz",Tz") dlz".Tz") + diz", Tz") dlz".Tz )d\z".Tz")
2 ! 2 ! dlz*, z*)
d(z*,z%) [d(z",Tz*) + /dTz" Tz )d (=", Tz':]]:
[d(Tz*,Tz*) + d(z*,2*)]?

d(z*,z*) < gmax

d(z*,z*) < qd(z",z*)
Which is a contradiction, hence d(z*.z*) = 0. Similarly we can show that d(z*,z**) = 0.
Now consider d(z*,z%) =d(Tz*.Tz*)

diz*,z") +diz",Tz™) diz",Tz") + diz*", Tz"") diz".Tz")diz",Tz")
2 ' 2 ’ diz*, z**)

dlz* z*) [d{z', T=*)+ «,,-"EE':TZ', Tz"]d(z",?'z"]]:

[d(Tz*.Tz*) +d(z*,z**)]?

dlz",z"") +diz",z™") diz”,z") + diz™,2"") diz".z"}dlz™,z"")
2 ' 2 ’ d(z*, z*)
i,z [a".2) + @l 2 )dG 2]

[diz*.z**) + d(z*.z**)]2

= g max

dl(z*,z") = qg max

d(z*,z") < qd(z*.z**)
This implies z° = 2™ is a unique fixed point of T'.

4. Conclusion
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