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Abstract

In this paper main concern is to study the multi-norm and a dual multi-norm with bi-
complex scalars. In particular we will define D-valued lattice multi-norm based on a Banach
lattice. Also some results of hyperbolic valued multi-norms including dual multi-norms are

investigated in the theoryv of Banach lattices.
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1 Introduction

Hyperbolic number system has widely been studied for various reasons, one among which is its
commutative property. Infact along with the set of complex numbers, the set of hyperbolic num-
ber were foumd to be the only real commmutative Clifford algebra. The importance of hyperbolic
numbers lies in the fact that the Minkowski geometry were developed solely using this system
of numbers see[1], [9], [16], [24]. During the past several years research in this area has been
to develop hyperbolic numbers as an affordable replacement for the real number system. Many
papers has appeared studying hyperbolic munbers from various peoints of view. However in recent
paper [9] studied this system of numbers as the only (natural) generalization of real numbers, into
Archimedean falgebra of dimension two. They have also generalized the fundamental properties
of real munbers to this munber system. The set of bicomplex mumbers and the hyperbolic munber
system seemmns to have originated independently. Recently, a lots of work is being done on bicomplex
numbers and bicomplex functional analysis. Howewver later it was found that hyperbolic numbers
is a subset of the set of bicomplex numbers and it plays the same role for bicomplex numbers as
real munbers plays for the set of complex munbers.

Bicomplex munbers are being studied for quite a long time now. The book of G. B. Price [20] con-
tains a comprehensive study of bicomplex numbers. A study of functional analysis with bicomplex
scalars was initiated by Rochan . Recently several papers have been written on this subject | see
[1], [2], [10], [14], [18], [16], [17], and references therein .

The theory of multi-normed spaces was introduced by Dales and Polyakov [5]. In this survey several
properties of multi-norms and of dual multi-norms were discussed. Further details on multi-norms
and dual multi-norms can be seen in [5], [6], [7], [8], [18], [19] and references therein.

The main interest of the present work lies in the study of D-valued multi-normed space in the

theory of Banach lattices.
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The Paper is organized as follows. In section 2, we recall the basic notions and properties of bi-
complex and hyperbolic munbers. Section 3 contains axiomatic definition of multi-normed spaces
with bicomplex scalars and also discuss some inumediate consequences and characterization in this
section. In section 4 main topic of the paper is discussed by defining hyperbolic valued lattice
multi-norm based on a Banach lattice and also defined its dual and investigated results which
shows that each is the dual of the other.

2 A review of bicomplex and hyperbolic numbers

The set BC of bicomplex numbers is defined as
BC=1{Z =z + 2|z, 22 € Cli)}

where i and j are commuting imaginary units such that ij = i, i* = 52 = -1 and C(i) is the set
of complex munbers with imaginary unit ¢ . The set BC of bicomplex munbers forms a ring under
usual addition and multiplication of bicomplex munbers . Moreover, BT is a module over itself.
The product of imaginary units ¢ and j defines a hyperbolic unit & such that &2 =1 . The product

of all units is commutative and satisfies
ij = k, ik = —j, jk = —i.
The set of bicomplex numbers can also be defined as
BC=1{Z=umxo+ir +jra+ijrs: wo, 21, 20,03 € R},

If we put z; =z and zo =iy with x,y € B, then the set of hyperbolic mumbers denoted by I is a
ring of all munbers of the form Z = & + yk , with k satisfying &2 = 1, i.e.,

D={z+yk|r,y eR A =1,k¢R}.

The set {r +yij o,y e R,i2 =342 = —l} iz a subset of the set of bicomplex numbers which is

imomaorphic to [ as a real algebra.

Since BC contains two imaginary units which squares to -1 and one hyperbolic unit which squares
to 1 ,the following three conjugations are considered for bicomplex munbers. With

Z =z, + zo4, we define

(i) Z=7z1+72j i the bar-conjugation)

(i) Zt = 2y — 227 (thef-conjugation)

(iii) Z* = (Z)! =@ =%] —%zj (the #-conjugation),

where Z7, Z7 denote the usual complex conjugates of =, zo € C(d).

With each kind of conjugation, one can define a specific bicomplex modulus as;

(i) |2} = 22t = 2 4 23, € C(i)

(i0)|2[; = 2Z = (| [ - Je2f*) + 2Re (172) 4, € ()

(ii6)|21 = 22" = (Jarf +|z2f*) = 20m (217 b, €D

Since none of the moduli above is real valued, we can consider also the Euclidean norm on BC,

that is, for any £ = xg + iz + jre + ijos = 21 + 227 € BT, define

12| = \fag + af + a3 +2f = \/|aaf + |zl =\ Re(1Z ;).
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And it can be easily check that for any Z, W € BC, we have |Z.W| < /2 |Z| |W|.
As we know that for any bicomplex munber Z = z; + 207, we have
z1
Z—s =1,
Z1;
then the inverse of Z is given by
o2t
|Z];

If both z, and 2, are non zero but the sum 27 + 22 = 0,then the corresponding bicomplex number
7 is a zero divisor . From this we find the set AC of zero divisors of BC called the null cone is

given by

NC={Z =21 4+225: 2 #0,2.2" =z} + 2} =0}.

b

This introduces the two very special zero divisors defined as

e; = 18 and e, = 121

Infact, e, and e; are hyperbolic numbers. It is easy to see e, and e, are zero divisors and are
mutually complementary idempotent elements, such that
(1) =er, (ex)®=es, e1+e=1

(61)“261: (63)'283: LS5 =] = .

The two principal ideals in BC are generated by ey and ez are denoted by BC,., and BC,., where,
BC., = BC, BC., =eBC

with
BC., NnBC,., = {0}

and
BC = e BC + e; BC (1.1).

The representation (1.1) is called the idempotent decomposition of BC.
The two hyperbolic numbers e; and e; has sunplified the bicomplex algebra by allowing us to a
unique idempotent representation of BC in the following form ;
every bicomplex number
Z =21+ 22§ € CHi)
can be written as
Z = _.'?lel + _.'?Be-‘,"-,
where
A1 =21 —dize and fJo =z 4+ iz € Tl (1.2}

The hyperbolic-valued or D-valued norm |Z|;, of a bicomplex munber Z = f1e; + fes is defined
as
|Z|}.~. = |_.'?1 | 2] + |.'?_3 | Ea,

where [31| and [3z| are the usual modulns of complex numbers 3, and J.. Further |Z.W|, =
|Z |, |[W ], and Euclidean norm and hyperbolic norm of a bicomplex munber is related by ||Z],] =

1Z].
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For more details on Euclidean norm and hyperbolic norm one can refer to [1].

We can also decompose the set [ of hyperbolic mumbers as
D =De; + Des I:l:gjl

The representation (1.3) is called the idempotent decormposition of . Thus the idemmpotent rep-

resentation of a hyperbolic number o = x 4 yk i=s
0= €] + kpEa

with
v =r+y and op=1x—yc R

We say that e is positive if oy = 0 and ap = 0 . Thus we have the set
D = {er + azeziar, an = 0},

which shows that positive hyperbolic numbers are those whose both idempotent components are
non negative .

In [1] and [9] a partial order relation , supremum and infimum in I are defined as follows ;

Given for =,y € [, define a relation = on [ by = < y whenever y — x € . This relation is
reflexive transitive and antisymmetric and therefore it defines a partial order on . 1f we take a, &
e B,then a < bif and only if @ < b, and s0 a = b is an extension of the total order < on E.

The following are the properties of order = which will be useful in subsequent results. Let x, y, z, w
e

(1) fx<yand z € D" | then zx = 2y

(2N =yand z =w , then @ 4+ 2 =y + w.

(3) Uz =y, then —y = —x.

Let A < [ . If there exists M & [ such that |:1:|j._ = M ¥r € A, we say that A is a [D-bounded
set. If A < Iis a -bounded from above , then the D-supremum of A is defined as

sup A =sup Aye; + sup Azes,
D
where
Ai={zeR|3 yeR, ze, +ye, € A},
Ay ={yeR|3 zecR e +yes € A}.
Similarly, [-infimum of a D-bounded below set A is defined as

i%fA =inf Aye +inf Aze;,

where A; and A; are as defined above.

The algebra of hyperbolic munbers is endowed with a partial order structure. Under a well defined
order the hyperbolic numbers is the only generalization of real numbers into Archimedean f-
algebra of dimension two. As a consequence fundamental order properties |, including Dedekind
completness, can be obtained. For more details see, [9]. it is also proved that II is a Banach lattice.

Since X., and X., are E-, C(i)- and C{j)- linear spaces as well as BC-modules, we have that

.Y = JYF_-L & J:F.'g 1
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where the direct sum @ can be understood in the sense of B-, C{i)- or C(j)- linear spaces, as well
as BC-modules.
Definitionl.1. Let X be a BC-module. Then X can be written as

X = 81,Y1 -+ 83,‘(3,

where X'y = ey X and X3 = ex X are two C(i)-linear spaces. Thus each ¢ € X can be mniquely

written as @ = @e + xez = 1121 + x2ep with ;€ Xy and e € Xo. A real-valued norm on
BC-module X i= defined as

lell = Zzy/ =l + llzzllz

for any = € X, where ||.||; and |.||, are real-valued norm on X, and X,. However, for any scalar

Ae BC and v € X norm satisfies the inequality
Il < V3 A ]l

The BC-module X can be endowed canonically with the hyperbolic-valued, or D-valued, norm
denoted by ||.||, as follows :

lzllp = llexzr + eaxallp = [[21l; €2 + [Jz2|l; ez (1.4)

such that for any A € BCand x,y € X, we have

IAzllp = |Al |2l and ||z + yllp = llzllp + lullg (1.5)

where = i= a partial order relation on .

The comparison of real valued norm [|z|| and I! valued norm |z[, of x € X gives

Mzlls| = ll=l-

For details on real-valued norm and hyperbolic-valued norm see, [1,sections 4.1, 4.2].

3  Hyperbolic-valued multi-norms

In this section our aim is to extend the multinorms in the ring of bicommplex mumbers from its
complex version.

Let (X, ||.[[5) be a D-valued normed space, and for m € M, X™ denotes the linear space X @...0 X
consisting of m-tuples (1,1 €1 +T12€2, .., Tma €1 + T,z ez2), where 111 + 1,22, .0, Tma el +
T,z ez © X. The linear operations on '™ are defined coordinate-wise. We write I for the set of
natural numbers ; and for n € M, M., denotes the set {1,2, ...m}.

We begin with the definition of a hyperbolic{or D-valued ) muti-norm.

Definition 3.1. Let (X,||.|) be a D-valued normed space and take n € M. A hyperbolic {or

D-valued ) multi-nomm of level n on {X™ :m & My} is a sequence (||.||p.m) = (|| lp.m : m € Hy)

such that |||, m is a norm on X™ for each m € M, with ||.]|, 1 = ||.||p on X = X!, and such
that the following axioms hold for each m € M, with m = 2 and © = (xy, ..., 2y ) X7
(M1 ”fr,.,._fn, ....,Jc,,._fmﬂ”D o = ||[{®1y ory @ )|y m» for each permutation o of My,

“ﬂ?‘) ||(1”'1T11“‘|.|”J:rmj||[j i = (?na:riENm |lr'tt'|j_-:] ||(:1"1, neey ‘rm)“D R}l for each Fipsees fim € BC
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(M4) (21, ooy Ty Ty omtr =1 ey T )|y e

Inthis case ((X™,||.|lg.m) :m € M) is a D-valued multi-normed space of level n. We can also say
that (||| .m :m € M) is a D-valued multi-norm based on X

Since X is of the form X = Xje1+4 Xgex and X contains the n-tuples (x...., 2, ) where xq, ..., 1, €
X. Thus each = = (21, ....,2n ) € X™ |, can be written as r, = Tn,1 €1 + Tn,ze2.

Also note that Axdoms (M1) and ({M4) together say precisely that , for each n € |, the value of
|1, ey Tl . depends on only the set {xq, ..., x,}. Next we will define D-valued dual multi-
norm, which follows from [5]. .
Definition 3.2. Let (X, ||.||p) be a D-valued normed space and let (||.]ly ) = (|| |lg ,m : m € F)
be a sequence such that ||.||, ., = a norm on X™ for each m € M, such that |||, ;=|z||, for each
x € X. Then the sequence (||.||y m:m € M) s a D-valued dual multinorm on {X™ :m € M} if
the Axioms (M1).(M2).(M3) and the modified form of axiom (M4) which is (D4), are satisfied for
eachm € M withm > 2and ¢ = (x1,...., 2 ) €X™

(DY) (215 oo Toms Tam) | p mar = (T 2oy T 22) || p o

In this case we say that ((X™ ||y, m) : m € H) is a D-valued dual multi normed space.

In the above situation (|||, .m : m € M) is known as hyperbolic (or D-valued) dual multi-norm
based on X.

Suppose that ((X™ |||y ) : m € M) is a D-valued multi-normed space and take m € M. It = easy
to show that

(1) [[((xeq + wea), ..., (wep + xea))|ln, m = ||zer + zes

(2)

T
¥

!lgfgx ”:rhl €1+ Tz 82”]:1 = ”((:rhl €1+ Tl!?.ez:l! ==y (:rm.il €1+ Tmaz BJJJHD T
LY

m
= E |zi1 €1+ ziz ez p < mmax T e+ g .
[ =
!_1 = m

It follows from (2) that if (X, [.||,) is a Banach space then, (X™ |||, m ) is a Banach space for
each m € M ; in this case ((X™,|.|lg m) : n € M) is a D-valued multi-Banach space or D-valued
dual multi-Banach space respectively.

Theorem 3.3. Let X7 be a bicomplex multi-normed space.Then X™ = X_ e, + X ,0e, s a

bicomplex multi-Banach space if and only if X1 and X, 2 are complex multi-Banach spaces.

Proof. Firstly suppose that X™ = X, e; + X, 2es is a bicomplex multi-Banach space. Let

" o ] = A [ mo 0T m
{an? i}, _ be a Canchy sequence in X,,,; for i = 1,2, where Ym € M, 2 ; = e;ay. Thus {27}

i= a Cauchy sequence in X™ But X™ is a Banach space, so for given ¢ = () and x,, € X™ there
exists p € M such that||z — x|, < e:¥m = p.

IT

Now llesz — esznllp = lles (@ — 2)llp = leily 122 — aully = 25 7 — wully <€, ¥m = p.
This means that e; )" — ez, for @ = 1,2,

Hence X,,;, for i = 1,2 12 a complex banach space.
mo e —

m T m }‘3'\-
et fm=0

n = Thel+rieny g

Conversely suppose that {z be a Cauchy sequence in X™ then {r
le;e™ )70 is a Canchy sequence inX, ,; for i = 1,2, By using completeness of X, it is easy to
show that X" is complete. Hence X™ is a bicorplex Banach space.

Many properties of D-valued multi-norms and of D-valued dual multi-norms are described in [25] .
Duality It will be convenient to designate elements of the dual space X* of X by #* = %) + x'es
and to write {x, 2"} in place of #*(x). This notation is well adapted to the symmetry (or duality)
that exizsts between the action of X* on X on the one hand and the action of X on X'*.

Let ||.||y » be a D-valued norm on BC-module X™. Then |.||; , i& the D-valued dual norm on
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(X™)* Le, the dual space of a D-valued normed space (X, ||.||,) is denoted by X* and the action
of #%ey + x%ez € X* on xey + xex € X gives the munber (J:cl +xeg,xte; +xvea).

The following results establish duality and which are proved in [25] .

Theorem 3.4. Let ((X™, |||, m);m € H) be a D-valued multinormed space. Then

(X)L ) 2 € H)

is a D-valued dual multi-Banach space.
Theorem 3.5. Let (Y™, .|l ) m € H) be a D-valued dual multi-normed space. Then

()™ 1l m) :m € N)

is a D-valued multi-Banach space.

4  DD-valued Multi-norms on Banach lattices

Definition 4.1. A norm |||, on Riesz space D is called Riesz norm or (lattice norm) if
llullg = llvllp whenever |u[, < [v|, in I A Reisz space equipped by a Riesz norm is called
normed Riesz space. A complete normed Riesz space is called Banach lattice.

Banach lattice structire for hyperbolic mumbers is well-defined in [9].

The ordering on Riesz space [ is determined by D, For x, y € [ the operations

(wey 4 weq, yey +yeq) = xep +xeg Vyey + yes and (xey 4 weg, yey + yea ) > xe) + res Ayey + yeo
are the lattice operations, and are defined pointwise, i.e.,

(zey + xeq V oye) + yeq) = max{re, + reg, ye + yea)

(zey + xes A yey + yeg) = minfzey + e, yey + yeo)

The supremum and infimum of a non-empty subset L of a lattice I are denoted by \/ L and A L
respectively.

Definition 4.2. Let [ be a Banach lattice. Then for z € [I, we have z = x 4 yk, where x,y € E,
the modulus |z[, € D of 2 is defined by

|z],, = V {(zcost + ysinfey + (zeost + ysind)es : 0 < 0 < 2} (1.6)

We see that for o € BC and =, w € [, we have following properties:

(1)]z], = 0 if and only if z =0 ;

(Dlazl, = la] |4l ;

(3)|z +w|, =2z|, + |wl,.

Definition 4.3. Let [} be a Banach lattice, with dual space . Then D* is or-
dered by the requirement that w € D* belongs to (D*)* if and only if for » € D¥,
{r,u} = 0, and then D* becomes a Banach lattice with respect to the following definitions

of uV v and wA v for wov € D' Infact w Vv and w A v are defined for & € DY by
{req + weg, (uey + ues )V (vey + ven) = sup {{yer + yeo, uey + ueg) + {zeg + zea, vey + vea) s uw, v € Dy 4 2 = x}
{ {zer + zez, (uey + uez) A (vey +ves)) =inf {{ye1 +yes, uer +uez) + (ze1 + zeg,vey + vez) tu,w €Dy + 2 = a}
(1.7)
and then w v v and w A v are extended to . The dual of a Banach lattice Il is also a Banach
lattice; and this is the dual Banach lattice of [,
Let I! be a Banach lattice, and take = € I and let w € I*, Then we have

(wey + weg, ub e+ utes) = sup {{ye) + peg, uey +ue) : 0 <y < a}.
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Also if [ is a Banach lattice, then for 2 € I and u € [I* we have
[(ze) + zeq, uey + ue)|, = {|ze; + zeq|, , [uey + ueg|,) . (1.8)

Proposition 4.4. Let Il be a Banach lattice, and take = € D" and let w € I* and € = 0. Then
there exists z € [ such that
|ze) + zeg|, = zeg 4 zeg and |{ze) + zeg, uey 4+ ue)|, = (ve) + ey, |uey + ueg| ) =€ . (1.9)

Proof : Sinece uw € I*, therefore for o, § € B, we have u = a+ Sk and by definition 4.2., we have
ey + uey|, = V{(amsﬂ + fAsint)e, + (acost + Fsinle, 1 0 < 0 < 2},

and so there exists &y, ....n € [0, 2] such that,

(we) + weq, ((acost + Fsind))e; + (acosby + Bsinty)es) V...V (acost, + Fsind e, + ((acosb, + Fsinb, )es))
= {rey + wea, [uey + uezl, ) — .

By extending the definition in (1.7}, there exists 41, .... 4 € " such that y; + ... + yn = = and
{yey + yes, ((acosf) + Bsind)e) + (acosty + Ssindy)eq) i+t (yaer + Yo, ((ncost) + Fsind, )e; + (acost) + Ssindy)es)

= {rey + xeg, [uey +ueg|, ) — €.

That is,

T T

Z ((cosbie, + cosBey)(yie, + yiea), ae; + r.*zeg:]-}-z {(sinfhe, + sinebieq)(ye, + weq), fey + Aes)
=i [=i

= (rey + zea, [uer +uea|, ) — €. (1.10)

Let t € I be such that
i = Z[[msﬂgel + cosbes ) — (sinfie) + sinefies ) (wer + yes ).

I=i

From equation (1.10), we have (teq + teq, ueq + ueq) = {we) + weg, |ue 4 ueql,) — € and so

|{te1 +ten, uer + uen)|, = (ve; + ey, |uey + ueal,) — e

For each 6 € [0,27], we have

m
Z((msﬂel + cosbes)(costie) + cosbies) — (sinfe) + sinfleg){ sinde) + sinfieq) (e, + wes))

I=1

= 2505((991 +teg) + (Bre) + teg))(yer + wea),

I=i

and hence

|tF:1 + tes

I=i

L = sup {z cos((fey + Bea) + (Bley + Fealllyier +mea) 1 0 =8 = 2:'7}

i
= Z(yael + yes) = wey + weq.

I=i
Now, et (ze) + zeq) = (e + £eq) (te) + tey), where (&) + £ey) € Dige is chosen such that
(Ger + Eea) (ter +tea, uey +uea) = [{fey + tex, uey + ues)|,.
Then
|ze) + zeq|, = [te) + tey|, < (we) + wey)
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and

{zey + zea,uey +ue)|, = (xey + zes, [uey +ue|, ) — €.

Definition 4.5. Let (X, ||.|5) be a D-valued Banach lattice. For each (x1,1 €1 4212 €2, .., 70,1 €1+

T €a) € X set

(1,1 €1 + 21,2 €2,y Tyt €1 4 Ty Ps)”é a= e +zaes V.. V |20 €1 4 Doy e |;“||3
and
(z1ae1 4+ x12e2, 0 mna el + 20 ﬂz)”:?;: =||lzraer + zioesy + o + |Eng el +an €2|;,-,||D-

Then (X", |.|l5..) is & D-valued multi-Banach space. It is the D-valued Banach lattice multi-norm,
Also (X7, ””I?i) is a D-valued dual multi-Banach space. It i the D-valued dual Banach lattice
multi-norm.

And each is the dual of the other.

Theorem 4.6. Let (X, ||.||;) be a Banach lattice. Then the dual of D-valued lattice multi-norm
on {X™:ne N} is the dual D-valued lattice multinorm on {{X*)" :n € M} .

Proof : Let (|| ) be the D-valued lattice multi-norm on the family {X ™ :n € N}. Then ||}, is
the dual D-v&lueﬁ norm to ||||§‘,1 for n € M. Now, for (wy,0e) + w2 en, tig,g €1 + iy 2 €3 € ;‘("j
we have to prove that

(11,1 €1+ ursz€0, iy €1 + Unsz€a) || = [[Jursner + upoeal, + ot [unger + unzeafyll,

Let wey 4 uey = |ur,1 €1 + w2 82|k + o+ [tny1 €1+ Unya 8:;|;.._ .

Suppose that (z1,0 61 + 31,062, . Tna el + Tnoes) € X with

I
(210 €1 + 21,200, 1 €1 + 22y, < land let
xep faxes =T e+ rzealy Vool Ve e + g zealy

so that||ze; + rea||p < 1.
Using equation (1.8),we have

i

|{l::1‘21:181 4+ g €2, €1 F Taas 8;;:]: [‘LL1:1 1 4 U2 €0l €1 F Uy o eEjHj.-. = Z Hm!:l €1 + Tiy2 €2, Ul €1 + U2 e'ﬂhlj.-,
=1

"
= Z {lrraer +xpzea,ua en +upzenly [urger +unzen, ain g er +ug,zeal, ) < (zeq + vez,uer + uez)
=1

which shows that
[[(151 €1 + w12 €0, sy €1 + Unsa€a) [y, = [luey + ueg|| .

Given € = O,there exits = € DF with |lve; + weg||, = 1 and
(wey 4+ weg, uer + ueg) = |luer + ues||y, = €

Now using Proposition 4.4we see that for each | € M, there exists y;,1e1 4+ y,0e2 € [ with

[yr.1e1 + yrz ez, = wey + rey and

(1.1 €1 + Y12 €2, uey + ues) = {vey + reg, |uey + uesl,) — €.

Also, |y e1 +yr2€al, Voo V| Unor €1 + Y2 €25, and so

[lnaer +yeez, o bng €1+ ynoz 92)”;“ =lmaer Fumaezly Voo Ve er +ynz ezl 2 [lzer + zeally = 1.
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Also,
Tl
[{(yi1er+ yiaeo o Yn €1+ Yniz€a), (U1 €1 + Uryg €2y Uny €1 + Unyp o)), = Z (Ui e + Yoz eayup €1 + g €2)
=1 k

=3 {wer +aeq, e + u 2 ez, ) —ne
=1

= (rey + weg, |uey + ueq|,)—ne
= [luey + ueg||p=(n41)e,

and 5o (11,1 €1+ Uy, €0, sy €1 + ool = [lueq + ues|y = (2 + 1)e. This holds true for
each € = 0, and so [|[(u1,1 €1 4 w1, €2, 0 tngr €14 Unsz e2) ||, = Juer 4+ ve .

This proves the result. .

Theorem 4.7. Let (X, .|y} be a Banach lattice. Then the dual of the dual D-valued lattice
multi-norm on { X7 :n € M} is the D-valued lattice multi-norm on {{X*)" :n € N} .

Proof : The proof for this is similar to 4.6.

Example 4.8, Let iy be a [-valned measure space.and take p = 1. Then for each g = p, the
standard g - hyperbolic valued multi-norm based on LP(Qp) is the hyperbolic-valued ([-valued )
multi-norm (”‘”E;.]n ine M)

We denote the hyperbolic norm as |(fiaer + fiz ez, fas1 €1+ fas F’g:l”[:;ﬂn for flae +
frzea o faner + fooes € LP(Cp)

Let fey + fea = |finer + fioea], VooV | fa e + fayoeal,. Then for the case p = g,we define
[(frer+ frmea o faner + farn ‘32)”[[1;,]“ = || fer + feqlly

4

i)
- (/ (frer+ haeale VoV ifaner+ foaely ) (122)
o
. Nextlet X be the Banach lattice on L¥{{lg). Then using equation (1.12) the corresponding
D-valued lattice multi-norm {(X”, g, :m€ N)} is obtained as

1

P
I(froaer + friz ez, fuaer + faze2)llg, = (/ (Ifraer+ freeal, Vo V] faaer + fa 82|AJ’°)
i

= |[(fier+ fizes o faner + fage2) [3]’].”

Thus the lattice hyperbolic multi-norm and the standard p-hyperbolic multi-norm based on X
coincide.

For dual of p . which is denoted by ¢ i.e., # = p* and also for w; . eq 4wy €2, g0 €1 4 Un.g €2
e L) and n € M the dual of the standard p - hyperbolic valued multi-norm hased on LP(p

is given by

(a1 €1 + wyn€a, sty € + Hmzﬁz)”gﬁ = [l[uy ey +upgesly + ot g € + i 52|;;||L:,_§-m]-
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