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ABSTRACT

Aim of this paper is to derive the transient term of velocity profile for pulsatile flow of blood. This term has not
been given proper attention in available literature. It is assumed to be negligible compared to other terms. The
effects of initial conditions on the analytic solution of the pulsatile flow of blood are investigated. The governing
equation of motion is solved using two different initial and boundary conditions given by Lightfoot [1] and Sud
and Sekhon [2] The change in velocity expression is observed only in transient term. Comparative values of the
transient term for two different initial conditions are given in Table-1. Comparison of the magnitudes of
transient, steady state and oscillatory forms in the velocity expression when body force G = 0.0 and 1.0g are
made through Tables-2 and 3, respectively. Variation of velocity transient term with viscosity is shown through
Fig. 1 and variation of its magnitude with time when body force G = 0.0 and 1.0g are presented through Fig. 2
to 5.
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I.INTRODUCTION

In the literature of pulsatile flow of blood, two mathematical methods have been used to study the flow
characteristics. The first one is method of separation of variables, used by Womersley[3], Lightfoot [1], Verma
and Sharma [4], Milnor[5], Sharma, Ariel and Chaturani [6] and Sharma and Mishra [7] etc. In this method,
flow velocity was considered of the form:

u,(r,t)=e""u,(r). (1)
The other method is namely integral transform technique, which has been used by Chaturani and Rathod [8] and
Sud and Sekhon [2] etc. It is noticed that the solutions obtained by above mentioned methods are exactly same
with only one major difference. The second method (integral transform technique) gives transition term, which
is many a time quite important. Where as, in the first method, it has been assumed that steady state pulsatile
flow is of the form of the total force.
It appears that some researchers (Sud and Sekhon [2], Chaturani and Palanisamy [9 and 10] etc.) had a feeling

that the duration of the transient time and the magnitude of the flow variables in transient time is small in
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comparison to oscillatory period and the magnitude of the amplitude of the steady state oscillatory part of the
flow variables, hence the transient quantities have not been computed, in literature.
In this paper, aim is to derive transient term of velocity profile for pulsatile flow of blood through a circular

tube. Then the effects of initial conditions on the analytic solution of the pulsatile flow of blood are investigated.

I1. GOVERNING EQUATIONS OF MOTION

Assuming blood to be viscous, incompressible and Newtonian fluid, and the tube wall to be rigid and very long
compared to its diameter, flow to be symmetric about tube axis, the variation of velocity along the tube length to
be small in comparison to the rate of change of velocity with respect to time and radial distance, and the
frequency of body acceleration be small so that the wave effect can be neglected. Under these assumptions, the
governing equation of motion for the flow of blood in the presence of body force through a circular tube in a

cylindrical polar coordinate system is given by:

ou, op o%u, 1au,
— O(;_ + + —— s .2
Pat oz ﬂf(arz rar] @

where p and M are the density and viscosity of blood respectively, U, is the axial component of velocity, z

z
is axial distance and t is time and r is the radial coordinate. G is the body force in axial direction in terms of

Fourier series (Kreyszig [11]) given by:

G=a, + i[am cos(ma,t + ¢, )+ b, sin(ma,t+4, )], e

m=1
w, =24, , f, isits frequency with op/0z, @,, is its phase difference, a,, a, and by, are Fourier coefficients

and p is the pressure which is a function of t and z:

—% =A + i[An cos(nNw,t) + B, sin(na)pt)] : t>o (4
n=1

W, = 27pr , fp is heart pulse frequency and Ao, A, and B, are Fourier coefficients.

The governing equation of motion is solved by using two different initial and boundary conditions as mentioned

below

(i) Initial and boundary conditions considered by Lightfoot [1] are:

Whent=o; u,(r,0)=u, (const),

Whent>0;r=0: uZ(O,t) is finite, r = R: UZ(R,t) =0. ...(5
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(ii) Initial and boundary conditions considered by Sud and Sekhon [2]) are:
(R?- rZIAO +ZAnj
Whent=0; u,(r,0)= = ,
4y
Whent>0; r=0: u,(0,t) is finite, r =R: u,(R,t) =0. ..(6)

I1.METHOD OF SOLUTION

Applying Laplace transformation (Sneddon [12] and Kreyszig [11]), the solution of the equation (2) is obtained
of the form given by:

u(r0)=(oa, + ) =),

A
3, r [T
i ap Siﬂ(mwbt+¢m)_bm Cos(ma)bt+¢m)_(am_ibm) Hi ei(ma)bt+¢m)
v me 2imw i
1 b b 3R ipmao,
Hy
] Ipma)b
(a, +ib,) 0 i) +i Ansin(na)pt)— Bn(na)pt)
2imeo, [ ipmao, =i Mo,
Jo| R

] / ipno, ionw,
~ _|B ’ |nazt A +|B Hy —|nwpt
2lnpa)b ZInpa)b ionaw,
Jo R

+ Transient term (U, ). (7

where i =+/—1, J; is the Bessel function of zeroth order with complex argument.

For first initial and boundary conditions (5), the transient term U,, is obtained and given by:

g nj.:]k ) (%ikj[(—mo—%ﬂouo?ﬁﬁ)—

i [am (nz/iﬁ Cos @,, +Maw,nA: sing, )+ b, (— Ma,nA: Cos @, +n°A, sing, )_
pm:l (772/1;1 +m2w§)
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where 77 = g4, /,oR2 and A, Ay,...... A, are the zeros of the Bessel function J, given by:

=2
3| R[22 |0
Hs

When the equation (2) is solved under initial and boundary conditions (6), then steady pulsatile part of

the solution remains same but the expression for transient term changes and the changed form of transient term
Uy, is given by:

© e -nAgt

zpnﬂ (/”t) [glkj{(_paﬁg&]_

e [am (ryzﬂ‘k‘ cos @, +Ma,nA: sing, )+ b, (— Ma,nAZ cos g, +n°a; sin ¢m)

pmzz‘{ (22f +m?w?) -
- nzﬂ’ﬁAn _na)pnﬁ“iBn
nzi 27+ el . .9

Now both transient terms U, and U,, can be written as given below:

u, = ZZ[Dk (_ PRy — Ay + Py )+ Ck] ' ---(10)
k=1

o0

:ZZ[Dk(—pa0+gAnJ+Ck], (1)

k=1
where
e r
=— 3=, (12
pnigdy(4) O(R kj 12
and
C, =2 ﬂ ( j[ pZ[a ( 22t cos . +Ma,nAZ sing, )+
k1,077/11<J( ) ‘ " v "

b, (— Mo, A cosg, +n°A:sing, )]/(772/1;‘ +m’w} )—

i(n%:An —nw,niB,)
o nzlﬁ +n2a)§ '

..(13)
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It is observed that both the transient terms Ug,and U, are different to each other. For the first initial

condition uz(r,O)z U, , the difference of term in U, is (— A, +pu077/1ﬁ). While for the second initial

(Rz—rz{AwiAnj

conditionu, (r,0)= n=1

, the difference of term in U,, is (z An] .

n=1

4p,

IV. RESULTS AND DISCUSSION

It is very interesting to note that the steady state and oscillatory part of the solution are unaffected by the initial
conditions, only transient term is influenced by initial conditions. It is further noticed that the analysis (variable
separable) used by Womersley [3] gives only steady state oscillatory part of the flow; it does not give transient
part of the solution. The transient part of the flow can be obtained by transform techniques (Sud and Sekhon [2])
A comparison of two transient terms [Equations (10) and (11)] for the two different initial conditions is given in
Table -1. The only change is in the transient term and the steady pulsatile part of the solution remains
unaffected. This appears reasonable from physical viewpoint, since the driving force will force the flow to be
steady pulsatile of a form similar to driving force in due course, irrespective of the initial conditions.

It is observed that the magnitude and duration of transition in the two cases are quite different. Because with the
change of state (sitting to walking or during play, the fast changes instate can occur), this term could be
important while determining performance or work done on arterial walls. The oscillation in wall shear at higher
wall shear could be more injurious to the wall muscle. This term has not been given the desire attention in
literature.

It is also observed from Fig. 1 that the transient time for velocity decreases as the blood viscosity increases. A
comparison of magnitudes of transient, steady state and oscillatory terms in the velocity expression is shown in
Table- 2 and 3. It is observed that magnitude of the transient term is comparable with magnitude of the steady
state term. Hence it is not insignificant to be left out.

Fig. 2 to 5 show variation of magnitude of transient term (velocity) with time for the flow with and without body
force. It can be seen that the transient time is more than the time period of the flow. Again, it is noticed that

transient time and the magnitude of flow variables in transient time are significant for flow with and without

body force.
Table-1. Comparison of the transient term for two different initial conditions
k Transient term U, Transient term U,,
1 5416.6 D, + C, 11972.32D, +C,
2 18218.99D, +C, 11972.32 D, +C,
3 32330.31 D, +C, 11972.32 D, +C,
4 43992.68 D, +C, 11972.32D, +C,
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Table-2. Comparison of the magnitudes of transient, steady state and oscillatory terms in the velocity expression

when G = 0.0g.
t Magnitude of the | Magnitude of the Maximum amplitude of the
(sec.) | transient term steady state term oscillatory term over steady
(m/sec.) (average) (m/sec.) state term (m/sec.)
0 3.61 0.46 0.7
0.89 3.05 0.46 0.7
45.0 1.98 x107* 0.46 0.7

Table-3. Comparison of the magnitudes of transient, steady state and oscillatory terms in the velocity expression

when G = 1.0g.
t Magnitude of the | Magnitude of the Maximum amplitude of the
(sec.) | transient term steady state term oscillatory term over steady
(m/sec.) (average) (m/sec.) state term (m/sec.)

0 60.43 56.36 2.0
0.89 52.14 56.36 2.0
45.0 352 x10° 56.36 2.0
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Fig. 1. Variation of velocity transient term with viscosity ££; when fp =1.2 Hz.

6|Page




International Journal of Advance Research in Science and Engineering QQ
Volume No.07, Issue No.04, April 2018 DARSE

www.ijarse.com ISSN: 2319-8354

o
(3]
2
E
=
f
|
|
2.6 1 1 1 ! 1 L Lo ! |
= 2 3% % & 3 8 & =3 8
e ~ o™ © < 7] © ~ o
S o o o o o o o
o
Time (sec)
Fig. 2. Variation of magnitude of transient term (velocity) with time when G = 0.0g.
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Fig. 3. Variation of magnitude of transient term (velocity) with time when G = 0.0g.
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Fig. 4. Variation of magnitude of transient term (velocity) with time when G =1.0g.

V.CONCLUSION

It is observed that the flow expression consists of two parts, the basic steady pulsatile part (steady part and
oscillatory part) and the transient part. In this paper, mathematical model with transient term is discussed for
pulsatile flow of blood through a circular tube. By applying two different initial conditions (Lightfoot [1] and
Sud and Sekhon [2]), it is shown that a change in the initial condition leads to a change only in the transient
term, the basic steady pulsatile term remains unaffected. It is observed that the effects of transient term are
significant, in comparison to steady pulsatile term, before the transient time approximately 60 sec.

Many researchers [Sud and Sekhon [2] etc.] argued that the transient time is very small in comparison to the
period of the system. Other researchers (Chaturani and Palanisamy [9 and 10]) found the transient time is quite
large for pulsatile flow with and without body forces. Further, it is observed that the magnitude of the velocity in
transient time is not small compared to amplitude of the oscillatory part (Table- 2 and 3) in some situations.

It is observed from Fig. 1 that the effects of the blood viscosity on the transition time of all the flow variables
are quite significant and the blood viscosity appears to be an important factor in this study. The quantitative
details of transient flow are provided in this paper. Hence, the inputs for the mathematical models are improved

and efforts are made to make the models more realistic.
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