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ABSTRACT 

We prove a new approach for some common random fixed point results in partially ordered complete separable 

metric spaces for weakly increasing self-mappings satisfying -contractions via the concept of 𝐶-class 

functions. 
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I.INTRODUCTION 

The existence of fixed points for self-mappings in partially ordered sets has been consideredin [1,2], where 

some applications to matrix equations are presented. This resultwas extended byNieto et al.[3] and Nieto and 

Rodriguez-Lopez [4, 5] in partially orderedsets and applied to study ordinary differential equations. 

The problem of fixed points for random mappings was initiated by the Prague school of probability research. 

The first results were studied in 1955-1956by pa ek and Han  in the context of Fredholm integral equations 

with random kernel. In a separable metric space, random fixed point theorems for contraction mappings were 

proved by Han   [8, 9], Han  and pa ek [10] and Mukherjee [11, 12]. Then random fixed point theorems of 

Schauder or Krasnosel’skii type were given by Mukherjea (cf. Bharucha-Reid [6], p. 110), Bharucha-Reid [13] 

and Itoh [14]. Now it has become a full-fledged research area and a vast amount of mathematical activities have 

been carried out in this direction (see, for examples, [15–18]). The existence of a random fixed point for 

mappings in partially ordered metric spaces and partially ordered probabilistic metric spaces was studied, for 

example, in [19, 20].In 2014, Ansari [1] introduced the concept of C-classfunctions and proved the unique fixed 

point theorems for certain contractive mappings with respect to the -class functions. 
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The goal of this paper is to establish a common random fixed point results in partially ordered complete 

separable metric spaces for weakly increasing self mappings satisfying -contractions via the concept of 𝐶-

class functions. Some corollaries are also presented for particular cases of the 𝐶-function.  

 

II. MATHEMATICAL PRELIMINARIES 

The triple is called a partially ordered metric space if is a partially ordered set and is a 

metric space. Further, if is complete metric space, and then the triple is called a partially ordered 

complete metric space. 

Definition 2.1Let  be a metric space endowed witha partial order . Let and be in . is 

said tobe regular if  and is non-decreasing; then for all . 

Let  be a separable Banach space, where is a -algebra of Borel subsets of , and let  denote 

a complete probability measure space with measure and be a -algebra of subsets of .  

Definition 2.2A measurable mapping is said to be an -valued random variable if the inverse image 

under the mapping of every Borel set of belongs to , that is, for all . 

Definition 2.3A measurable mapping  is said to be a finitely-valued random variable if it is constant 

on each finite number of disjoint sets and is equal to  on . is called a simple random 

variable if it is finitely valued and  . 

Definition 2.4A measurable mapping is said to be a strong random variable if there exists a sequence  

of simple random variables which converges to  almost surely, that is, there exists a set 

with  such that 

 

Definition 2.5A measurable mapping is said to be a weak random variable if the function  is 

a real-valued random variable for each  the space  denoting the first normed dual space of . 

Definition 2.6Let  be another Banach space. A measurable mapping is said to be a random 

mapping if  is a -valued random variable for every . 

Definition 2.7A measurable mapping is said to be a continuous random mapping if the set of all 

for which  is a continuous function of has measure one. 

Definition 2.8A mapping measurable is said to be demi-continuous at the  if 

 implies  

almost surely. 

Definition 2.9An equation of the type , where is a random mapping, is 

called a random fixed point equation.  

Definition 2.10Anymeasurable mapping which satisfies the random fixed point equation 

 almost surely is said to be a wide sense solution of the fixed point equation.  
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Definition 2.11Any -valued random variable  which satisfies 

 

is said to be a random solution of the fixed point equation or a random fixed point of .  

Definition 2.12A measurable mapping  is called a random fixed point of a random operator 

 if  for every . 

Definition 2.13A measurable mapping  is called a random coincidence of random operators 

 if 

 for every .  

Definition 2.14A measurable mapping  is called a random common fixed point of random operators  

 if  

 for every . 

Example 2.15Let be the set of all real numbers and let be a non-measurable subset of . Let 

be a random mapping defined as 

 

for all . In this case, the real-valued function , defined as  for all , is a random fixed 

point of . However, the real-valued function  defined as 

 

is a wide sense solution of the fixed point equation without being a random fixed point of . 

Definition 2.16Let  is a partially ordered separable metric space.  

(1) A random operator is said to be monotone non-decreasing if for all  

.  

(2) Two random operators  is said to be weakly increasing if for all and ,  

and . 

Ansari [21] introduced the class of -functions whichcovers a large class of contractive conditions. 

Definition 2.17[21] A mapping  is called -class function if it is continuous and satisfies 

following axioms: 

(1) for all  

(2)  implies that either  or  for all . 

Mention that any -function verifies . We denote by �the set of -class functions. 

Example 2.18[21] The following functions  are elements of . For all  consider  

(1)  

(2)  

(3)  where  

(4)  
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(5)  

(6)  

(7)  

(8)  

(9) where  is continuous; 

(10)  

(11) where  is a continuous function such that  

(12)  where  is a continuous function such that  

for all  

(13)  

(14)  

(15)  where  is a is a upper semi-continuous function such that 

 and  for  

(16)  

(17)  where is a generalized Mizoguchi-Takahashi type function; 

(18) where is the Euler Gamma function. 

 

III. MAIN RESULT 

First, we introduce an auxiliary lemma as follows. 

Lemma 3.1Let is a complete probability measure space,  be a separable metric 

space,and be asequence ofmeasurable mappings from  to  such that is 

decreasing and 

  (3.1) 

If  is not a Cauchy sequence, then there exist an  and , of positive integers such that 

the four sequences  and 

 tend to  when . 

Proof:Assume that is not a Cauchy sequence, it is sufficient to prove that  is a Cauchy 

sequence. So there exist  for which we can find two subsequences of positive integers  and  

for positive integer  we  

  (3.2) 

Further, we can choose to be smallest integer with  for which (3.2) holds. Then 



 

202 | P a g e  

 

    (3.3) 

Using (3.2), (3.3) and the triangle inequality, we obtain 

 

 

 

  (3.4)      

On letting the limit as  in the above inequality and using (3.1), we get 

  (3.5) 

addition, by the triangle inequality, we have 

 

 

   (3.6) 

 

 

   (3.7) 

Letting the limit as  in the above two inequality, using (3.1) and (3.5), we get 

  (3.8) 

Also 

  (3.9) 

  (3.10) 

On letting the limit as  in (3.9) and (3.10), using (3.1) and (3.5), we get 

, 

. 

Hence 

,   (3.11) 

  (3.12) 

We denote  

and  

Now, we state and prove our main result in the following way. 
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Theorem 3.2Let is a complete probability measure space,  be a separable complete partially 

ordered metric space. Let  be two mappings such that 

(a).  and  are continuous for all  

(b).  and  are measurable mapping for all  

(c). The pair  is weakly increasing such thatthere exist and  such that for all 

comparable  and for all we have 

  (3.13) 

where 

 

Suppose that one of the following two cases is satisfied: 

(i). or is continuous; 

(ii). is regular. 

Then the maps  and  have a common random fixed point.  

Proof:Assume that is a fixed point of . Taking in (3.13), we have 

(3.14)              where     

 

 

 

  (3.15) 

Hence, from (3.14), we get 

 

 

  (3.16) 

We deduce 

. By the property of 

, we have 

or .  
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The functions and are in , so ; that is, ; that is, is a 

common fixed point of and . Now, if is a fixed point of , similarly, we get that is also fixed point 

of .  

Let the function be an arbitrary measurable mapping. We can define a sequence ofmeasurable 

mappings from  to as following: 

 

  (3.17) 

Since the pair  is weakly increasing mappings, we have 

 

 

 

 

Continuing this process, we get 

 

 

 

 

Thus for all  we have 

.  (3.18) 

Without loss of the generality, we can assume that  and since  and  are 

comparable, applying (3.13), we have 

 

  (3.19) 

where  
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  (3.20) 

If  for some  then  

. 

Using (3.19), we have 

 

 

 

Hence 

 

By the property of , this implies that or , 

which is a contradiction. Therefore, for all , . Similarly, 

we may show that ,for all . We deduce that  

.                    (3.21) 

Hence, the sequence given by isa decreasing sequence of non-

negative real numbers, there exists , such that 

.   (3.22) 

We claim that . We have 

  (3.23) 

Recall that 

  (3.24) 

As  by continuity of and , we get 

 

Using the properties of  we have  or  that is, . We conclude that 

.  (3.25) 

Now, we will show that is a Cauchy sequence, it is sufficient to prove that  is a Cauchy 

sequence. We proceed by negation, suppose that  is not a Cauchy sequence. Since and 

 and  are comparable, then by (3.13), we get 
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  (3.26)               

where 

 

 

 

 

 

By taking the limit as , from Lemma 18, we have 

  (3.27) 

Hence, from (3.26), we have 

 

That is,  

 

We conclude that  or   that is a contradiction, we deduce that 

is a Cauchy sequence in and so is  then there exists   such that 

.                                       (3.28) 

Now, we will distinguish the cases (i) and (ii) of Theorem 3.1. 

(i). Without loss of generality, suppose that  is continuous.  then 

 

 

 

. 

From the beginning of the proof, we get .The case that �is 

continuous is treated similarly. 

(ii). Now, if the condition (ii) is satisfied. We know that sequence  is non-decreasing and 

 in then by regularity of . By (3.13) 
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where  

 

 

 

 

            By taking the limit as  we have 

.  (3.29) 

Thus 

 

 

 

 

Hence 

 

We conclude that  or  that is, 

 and so . From the beginning of the proof, we get 

.  

The proof of the theorem is completed. 
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