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ABSTRACT

In this paper we find the zero-free regions and the number of zeros of a polynomial with restricted coefficients
in a region. Our results generalize many already known results in this direction.
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I. INTRODUCTION
Recently Gulzar et al [2] proved the following results regarding the upper bounds for the zeros of a polynomial

with restricted coefficients.

n
Theorem A. Let P(2) = Zaj Z' be a polynomial of degree n such that for some positive numbers
j=0

k,,K,, pand some integer 4 with k; 21k, 21,0< p<10<A<n-1,

vV
=~
N
QD
NS
vV
QD
NS
vV

28, > Ry

Then all the zeros of P(z) lie in the closed disk

1
lz+k 1< m{klan +2(k, —Dla, |- p(a, +[ap|) + 2Ja, [}

n i -
Theorem B. Let P(2) = Zajz‘ be a polynomial of degree n with a; = &; +1f3;,
j=0

j =01,...,n, where a; and ﬂj are real numbers, such that for some positive numbers kl, kz,p and some

integer 4 with k, 21k, 210< p<10<A<n-1,
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Then all the zeros of P(z) lie in the closed disk

{k a, +2(k, —D|a,| - ple + |a0|)+2|a'0|+22‘ﬂ ‘}

n

Theorem C. Let P(z) = Zaj z? be a polynomial of degree n with complex coefficients such that for some
j=0

positive numbers K;,K,, p and some integer 4 with kK, 21k, >21,0< p<10<A<n-1,

Kijan|>[a, | = ... > k,[a, [ =]a, > ... > [a)| > play|

and for some real numbers ¢, f3,

Then all the zeros of P(z) lie in the closed disk

lz+k -1 < {k la,|(cos & +sin @) + 2(k, —D|a,| + 2k,|a,|sin «

+2Ja,| - plag|(cos—sinar +1) |.

I1. MAIN RESULTS

The aim of this paper is to find zero-free regions of the polynomials in theorems A,B,C and also to find bounds

for the number of their zeros in specified regions. In fact, we prove the following results.

n
Theorem 1. Let P(2) = Zaj Z' be a polynomial of degree n such that for some positive numbers
j=0

k,,K,, pand some integer 4 with k;, 21k, 21,0< p<10<A<n-1,

ka,za,, >...2ka, >a,, >....2a > pa,.
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a|

Then for any R>0,P(z) does not vanish in |Z| < V where

M :|an|R”+1+R"[ k1(|05n|+05n)—|05n|+2(k2 —1)|al|+|a0|—p(|a0|+ao)+22‘,81.‘ ]
=0

for R>1

and
M =|an|R”+1+R[ k1(|05n|Jrocn)—|an|+2(k2 —1)|a/1|+|a0|—p(|a0|+ao)+22‘ﬂj‘ ]
j=0
for R<1.

n
Theorem 2. Let P(2) = Zaj Z' be a polynomial of degree n such that for some positive numbers
j=0

k,,K,, pand some integer 4 with k, 21k, >10< p<10<A<n-1,

R
Then for any R>0, the number of zeros of P(z) in |Z| < —, ¢ >1 does not exceed
C

B
logc g|P(0)|'

where

K = [a,[R™ +[ag| + R"[ Ky (a,| +ay) —|ea| + 2k, —1)|0(l|+|a0|—p(|a0|+a0)+2§‘ﬂj‘ ]
for R >1 and

K =[a,[R™ +[ag| + R[ K, (a,|+ ) —|a,| +2(k, —1)|al|+|a0|—p(|a0|+a0)+2jz:;“ﬂj‘ ]
for R<1.
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Combining Theorem 1 and Theorem 2, we get the following result.

n
Theorem 3. Let P(z) = Zaj Z' be a polynomial of degree n such that for some positive numbers
j=0

k,,K,, pand some integer 4 with k, 21k, >10< p<10<A<n-1,

ka,>a,,>...2k,a,>a,,>...2a = pa,.

a R
Then for any R>0,the number of zeros of P(z) in |I\/|_0| < |Z| < —,C >1 does not exceed
C

1 K

logc od IPO)|’

where

K :|an|R”*l+|a0|+R“[ k1(|05n|+05n)—|05n|+2(k2 —1)|al|+|a0|—p(|a0|+a0)+ZZ‘,BJ‘ ] ,
=0

M =|an|Rr1+1 + R"[ k1(|an|+an)—|an|+2(k2 —1)|al|+|a0|—p(|a0|+a0)+22‘,81-‘ ]
j=0

for R>1 and

K =|an|Rn+l +|a0|+ R[ k1(|an|+an)—|05n|+2(k2 —1)|al|+|a0|—p(|a0|+a0)+22‘,Bj‘ ]
j=0

M :|an|R”*1+R[ kl(|0{n|+ocn)—|05n|+2(k2 —1)|a/1|+|a0|—p(|a0|+a0)+22‘ﬁj‘ ]
=0

for R<1.

For different values of the parameters, we get different results generalizing many known results already

available in the literature. For example, for p =1, we get the following result from Theorem 3.

n
Corollary 1. Let P(2) = Zaj z’ be a polynomial of degree n such that for some positive numbers K, , k, and
=0

some integer 4 with kK, >1,k, >1,0<A<n-1,
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ka,=za,, >....2k,a, 2a, , >....2a, >a,.

a R
Then for any R>0,the number of zeros of P(z) in |I\/|_0| < |Z| < —,C >1 does not exceed
C

1 K

logc 09 IPO)
where

K = a,[R™ +|ag|+ R"[ k(| +at,) = ot + 2(k, D], |-t +2°|8)| ]
j=0

M =[a,[R™ +R"[ ky(a,|+a,)~|a,|+ 2k, ~Dler, | -, + 23" | 3| ]
j=0

for R>1 and

K = a,[R™ +|ag|+ R Ky (a,|+ ) =, + 2(k, ~D]er; |-t + 2 °| 8| |,
j=0

M =[a,|R"* +R[ K, (et, |+ @,) = |et, | + 2(k, — D], |~ et +2)"| 3] ]
j=0

for R <1.

For k, =1, we get the following result due to Gulzar [4] from Theorem 3.

n .
Corollary 2. Let P(2) = Zaj ' be a polynomial of degree n such that for some positive numbers kl, L and
j=0

some integer 4 with K, 21,0< p<10<A<n-1,

ka,>2a,,>....2a,>2a,,>....23 = pa,.

a R
Then for any R>0,the number of zeros of P(z) in |I\/I_O| < |Z| < —,C >1 does not exceed
C
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1o K
logc g|P(0)|’
where K =|a,|R™ +|a,| + R"[ k1(|an|+an)—|an|+|a0|—p(|a0|+a0)+22‘ﬂj‘ ]
j=0

M :|an|R”+1+R”[ kl(|an|+an)—|an|+|a0|—p(|a0|+a0)+22‘ﬂj‘ ]
=0
for R>1 and

K =la,[R™ +|a,|+R[ kl(|an|+an)—|an|+|a0|—p(|a0|+a0)+ZZ‘,BJ‘ 1.
j=0

M :|an|R”*1+R[ kl(|an|+an)—|an|+|a0|—p(|a0|+a0)+22‘,81.‘ ]
=0

for R<1.

For R=1 in Theorem 3, we get the following result.
n -
Corollary 3. Let P(z) = Zaj Z' be a polynomial of degree n such that for some positive numbers

j=0

k,,K,, pand some integer 4 with k;, 21k, >1,0< p<10<A<n-1,
- a] 1
Then the number of zeros of P(z) in V < |Z| < E does not exceed

BN S
logc g|P(0)|’

where

K :|an|+|a0|+kl(|0(n|+0¢n)—|ozn|+2(k2 —1)|al|+|a0|—p(|a0|+a0)+ZZ‘,BJ‘ ] ,
=0
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n

M :|an|+kl(|05n|+ocn)—|0¢n|+2(k2 —1)|aﬂ|+|a0|—p(|a0|+a0)+22‘ﬂj‘ ]
=0

If @, isreal i.e. ﬁj =0,V] =0,1,....,n, we get the following result from Theorem 3.

n .
Corollary 4. Let P(2) = Zaj ' be a polynomial of degree n such that for some positive numbers
=0

k,,K,, pand some integer 4 with k;, 21k, 21,0< p<10<A<n-1,

~2k,a, za, , >....2a = pa,.

a,|

R
Then for any R>0,the number of zeros of P(z) in V < |Z| < —,C >1 does not exceed
C

S S
logc g|P(0)|'

where

K =a,|R™ +[a,|+ R"[ k;(a,|+a,) —|a,|+2(k, ~D|a,| +|ay| — pac| +a,) ],

M =[a,[R™ +R"[ k,(a,| +a,) —[a,| +2(k, —Dla, | +[a,| — p(a,| +a,) ]
for R>1 and

K =a,|R™ +a,|+ R[ k;(a,| +a,) —[a,| +2(k, —Dla, | +[a,| — p(a,| +a,) ],

M =|a,[R™ +R[ k,(|a,| +a,) —|a,| + 2(k, —Dfa, | +[a,| - p(ay| +a,) ]
for R<1.
IHILLEMMA
Lemma. If f(z) is analytic, f (0) # 0 and | f (z)| < M for |z| < R, then the number of zeros of f(z) in

R 1 M
|Z| < —,C > 1does not exceed ——log———
C

logc " |f(0)|
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(For reference see [1]).
IV.PROOFS OF THEOREMS
Proof of Theorem 1.Consider the polynomial
F(z) =1-2)P(2)

=-a,2" +(@, —-a,,)2" +...+(a,,, —3,)2"" +(a, —a,,)2" +....+(a, —3,)Z +4,

=-a, 2" +(ka, —a, )" — (K -De, 2" +(a,, —a, ,)2"" +.+(a,,, —Ka,)2"

+(k, _1)05,12/H1 +(ka, — 0‘,171)2/JL - (k, _1)05/12/1 +(a,, _0‘/172)2/171 +

(o~ )2 + (a — pag)2+ (0 -Daoz + K> (B, — )2} + 2,

j=1
=a, +G(z)
where

G(2) =-a, 2" +(ka, —a,,)2" — (K, - D, 2" +(a,, — 0, ,)2" "+t (a,,, — Ky, ) 2™

+(k, _l)azzhl +(ka, — 0‘,171)2/JL - (k, _1)05/12/1 +(a,, _05/172)2/171 +

n .
+(a, — )7 + (o —pay)2+(p—Doyz + |{Z(ﬂ, _ﬁj—l)zj}'
=
For |Z| < R, we have by using the hypothesis
G(2)] <[an|R™ +|(k, ~Der,|R" +[kyr, — 4 |R" +|eryy — o[ R™™ +.c |y — Ky, | R*

+|(k, =D, |R* +|kya, — e, | R* +]|(k, —Der, |R*

tHa,, —a, | R+ o, — g |[R? + |y — pag| R +|(p — Dy R

WAL

<|a,|R™ + R"[ (k, Ve, |+ ke, —apy + o,y —an, + ot o, — Ko,

84 |Page




International Journal of Advance Research in Science and Engineering j@
Volume No.07, Issue No.03, March 2018 IJARSE

www.ljarse.com ISSN: 2319-8354

+(k, —D|er, |+ koo, —a,y + (K =Dla, |+, —a, , +.n.

+a, —a, +a, - pa, +(1—p)|a0|+22‘ﬂj‘ ]
j=0

:|an|R“*1+R"[ k1(|05n|+ozn)—|0(n|+2(k2 —1)|al|+|a0|—p(|a0|+ao)+22‘ﬂj‘ ]
j=0
=M
for R>1.

For R<1,
G(@)] < [a,|R™ +R[ Ky (e, |+, ) = ety |+ 2(k; =Dler, |+ |ete|— plleto |+ e5) + 2|8y ]
j=0
=M".
Since G(z) is analytic for |Z| < R and G(0)=0, it follows by Schwarz lemma that

|G(Z)| < M|Z| for R >1and |G(Z)| <

<lin |z <R.
Hence for R>1,

IF(2)|=|a, +G(z)|

> [ay|-[6(2)
>|a,| - M|z
>0
it |z <M .
M

And for R<1, |F(Z)|>0 if |Z| | 0| :

In other words, all the zeros of F(z) lie in |Z| >

[a]
M

for R>1 and in |Z|2M for R<1.
M'
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a
Since the zeros of P(z) are also the zeros of F(z), it follows that all the zeros of P(z) lie in |Z| > |I\/I_O| for R>1

and in |Z| ZM for R<1.
M

!

That completes the proof of Theorem 1.

Proof of Theorem 2. For the polynomial

F(2)=Q1-2)P(2)

=-a,z" +(a,-a,,)2"+...+(a,,—a,)2"" +(a, —a,,)z"* +....+(a, —a,)z +a,

=-a, 2" +(ka, —a,,)2" - (K -De, 2" +(a,, —a, )" +.+(a,,, —Ka,)2"

+(K, - Da, 2" +(ka, —a, )2" = (K, D, 2" +(a, , —a, ,)2" " +.....

+(a, —,)2% + (o — pay)2+ (P~ Dy +i{zn:(ﬂj _ﬂj—l)zj}+a0'
=

We have , for |Z| <R,

IF(2)| <|a,|R™ +|ag| +|(k, ~Dx,|R" +|kyr, — 4 |R" +|ery =y o R™™ +. 4 |, — Koo, | R

+|(k, =D, |R* +|k,a, —a, | R* +]|(k, —Der, |R*

+|0‘/1—1 —05/1_2|.R’1_1 + . +|052 —0{1|.R2 +|cz1 —pa0|.R +|(p—1)a0|.R

#3208+ 18, PR

<a,|R™ +a|+ R"[ (k, —Djer, |+ ker, —ety + s —

+ (k, —1)|al|+k2al -a, ,+(k, —1)|0¢ﬂ|+05H —0, oyt

+a,—a, +a, - pa, +(1—p)|a0|+22‘ﬂj‘ ]
=0

86 |Page




International Journal of Advance Research in Science and Engineering jé

Volume No.07, Issue No.03, March 2018 IJARSE

www.ijarse.com ISSN: 2319-8354

:|an|Rn+l +|a0|+ R"[ k1(|05n|+05n)—|05n|+2(k2 —l)|al|+|a0|—p(|a0|+a0)+ZZ‘,BJ‘ ]
=0

for R>1.

And for R<1,

F(2) <[a,|R™ +[ay| + R[ K, (ot, | + @) =y | + 2(k, = D], | +|exg| — oo + 20) + 23| By ]
j=0

Hence, by using the Lemma, it follows that the number of zeros of F(z) and therefore P(z) in |Z| <—,c>1
C

does not exceed
1 K
e Iog _
logc " |P(0)

where

K =]a,[R™ +[ag| + R"[ Ky (aa|+ @) ~[ea| + 20k, =Dler, | + |eto| - o o] + @) + 2" | B ]
j=0

for R>1 and

K =|an|Rn+1 +|a0|+ R[ kl(|an|+an)—|an|+2(k2 —1)|al|+|a0|—p(|a0|+a0)+22‘ﬂj‘ ]
j=0

for R<1.

That completes the proof of Theorem 2.
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