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ABSTRACT
An alternative proof of the generalized Leibnitz rule is attempted; A slightly generalized form of this rule is
applied in deriving a certain series summation believed to be new, involving the product of two I-functions given
by Saxena V.P. in 1982 [11] and its corresponding integral analogue obtained, the results yield various series
summation and their corresponding integral analogues as given by Osler in (1971) [4].
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I.INTRODUCTION
The Leibnitz rule of the elementary calculus given in the following form,
oo
Dluv=> "cC .Di"u.D)v

n=0
(1.2)

has its generalization given by Osler[4] in (1972),
[e o]
Diu.v=> “C,D%"u.D}v
n=0
(1.2)
Da . . L . . L
where 2 denotes the fractional derivative operator which is an extension of the familiar derivative operator
d n
(24 —
D = dz"

feature, in the sense that if the functions u and v are interchanged, L.H.S. remains unchanged, the R.H.S. is not

to arbitrary (real or complex) order. As pointed out by Osler equation (1.2) has distributing
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S0, this is clear for the fact that whole ‘u’ is differentiated fractionally and ‘v’ is differentiated in the usual

elementary sense.

Osler (1972) has further generalized the Leibnitz rule (1.2). Various forms in which the interchanging of the

functions ‘u’ and ‘v’ appears to permissible. One of his generalizations is:

D;’u(z).v(z):i rfy D=7 u(z).D 7 v(2),

(1.3)
valid for all o and y.

In this paper, we attempt to prove (1.3) in such a manner which is different from that given by Osler in 1971. A
slightly generalized form of (1.3) is, then used to derive a series by Osler [4]. A slightly generalized form of (1.3)
is then used to derive a series summation involving the product of I-function of one variable given by
Saxena, V.P. in 1982 [11]. Lastly the concluding section gives the integral analogue of the results derived in

section 3.

The I-function occurring in this paper are the well known I-function of Saxena, V.P. (1981)[11] and its
generalization to two variables, these functions are contour integrals of double Mellin-Barnes type given by

Shanta Kumari,K. et.al.[12].

For the notation, definition, condition of existence and other important properties of these function, given in the

papers of Saxena, V.P.[11], Agarwal et.al.[1].and Shanta Kumari,K. et.al. 2013 [12] are reference too.

1. Generalized Leibnitz rule :
Let R be a simple connected open region containing = = 0, and let p be the largest real number such that
domain |z| = P is entirely contained in R.
Let u@2) =(2)" f(2)

and v(z) = (b2)" g(2)
(2.1)
Re(p)>-1, Re(q)>-1,
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(04 . . aC
Then for all a and y such that is defined by y+r Wherea =y + 1.

y+r

The left hand member L (say) of (2.1) then lead to,

LZDZ i i A}n BnZ p+gq+m+n

m=0 n=0

:i i An Bn DZaZ p+g+m-+n

m=0 n=0
(2.2)
The interchanging of the fractional derivative operator and the summation is justifiable in view of the condition
mentioned with (2.2).

a’T(p+1)

since, D; (az)” =
e (a2) I'p+a+l)

,Re(p) >-1,

(2.3)
Which held for all values of a, then L reduces to

o ~— F(p+q+ m+n+1) p+m g+n Qe MN—c
L= A.B b 7 P+d ,
mzz(;nzz(): ”1“(p+q+m+n—oz+1)<a> (b)

(2.4)
Turning now to the right hand member R (say), we now applying (2.3), see research paper of Raina [7],

rR=Y[ ¢ |perr (i A (az)"™ jD;” (i B (b z)q+“j

S\r+y

=3[ C IS A (&) ()

r=—oo r+ 7/ m=0 n=0

I'(p+m+1D)Ir(g+n+1)zPamne
C(p+m+r+y—a+)C@Q+n—r—y+1)’

(2.5)
Assuming that the order of the summations can be changed, we can write,

D* (u(2).v(2)) :i r f_‘y D u(z).DI 7 v(Z),

(2.6)
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Where Re(p +q) = —1,and 0 < |z| < p.

Proof: As the functions f(z) and g(z) are analytic in the circuler domain |z| < p, let their power series

expansions about origin will be given by,

f(2) = 2 A@2)" wmq 9(2)= B (b2) o
respectively.
'S (@)™ (b)*" A,B, x
=0 n=0

i C(p+m+)r(g+n+DH (e +1) 2>+ ™ "
r+y ) T(p+m+r+y—a+)r(@+n-r—y+Yrl+ o - 7/)1“(1+;/)

R

3

r=

Ho[y—ay—a—nl+y—a—p+m,1+y1],

(2.8)

where the function , H2 denoted a bilateral series using the generalized Gauss theorem (1966) viz.

H, [a’ bc: d;l] _ reyrdra-ar@a-b)r(c+d-a—b-13

I'(c—a)I'(d—a)I'(c—b)I"(d—b) (29

The right hand member of (2.8) after a little simplification yields the left hand member L given in (2.2). This
proves (2.2).

I1.SUMMATION

In this section we evaluate summation of series involving product of I-function of one and two variables, for that
we derive the following results:

Z 3 st h‘(_’l;h)'(aj'“i (@i D Py y

S ardy ) P oy )i g (- 2ra-aryih)
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IM N+1 I:dzk‘(ﬂ?k)’(aj w2y N @ i Ina P i|

RHLQ L ;85 w05\ Bji Wnq s (-utar+y k)

h |(CA-h kL) (agiap Ay g 3(€5,CyUy hp, (8 B iPy hp,
—101m,n;M N CZ

C L 6RLQ dzk ’
(—/1—#+05§h,k;1)’(bj ;ﬁlej iﬂj)l,q (d]’ j’V )1q ’f]’ i Qj)lq

whereh >0, k> 00<a<1 Re [,1+h(§¢)] > 1, Re [p,+ k(%)] -1 (31

J J

(i=1,2,....m), (j=1,2,......., M) and for I-function of two variables[12],

[,1+h( 5 )-l—h(FJ )]:;—1.
< Sa-SaSa-Solk

j=n+l j=m+1

larg d|<— Za —Za +Z,B Zﬂj, 7,

j=1 j=N+1 j=1 j=M+1

(3.3)

Proof of (3.1):  Aslightly generalized form (2.2) given by Osler (1972) is,

a-ar-1 ar+y
D¢, u(z).v(z)= Z[ar +7/j D5 u@).Dj v(@), .,

where the fractional derivative occurs with respect to the arbitrary function ¢(z)and the sum taken over a

timesr,(0<a<l).

Setting
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u(z) =z*17" [czh

(3.5)

(@j,)n (@i @i dnsa
0.8 h,m:bji.Bji )m+1,qi ’

v(z) =z“13 [dzk

(aj.aj)ini(@i i dnaR :|
]

©;.Bihmibji . Bii )M+1,Qi (3.6)
Then
D“ Z/Hﬂlm'n h 1@ )10 (@i i dnaa M.N K 1@ )N (@i @i v
: Pi. it 5B hm O Fiidmg, RL.Qiir

s (04
— a-ar-y o, A fm,n h
=> a[ j.DZ z* 1 [cz

(@j.aj)n;(@jiaj )n+1,pi :|
x
—— ar +y

®;.8i)1.m:®Oji. Bji dma,

B.Q;r

Djr+;/z,u|M,N |:de

(aj 1 NN ?(aji X ji )N+1,P|
©;.8i)m: 05 Biidma g, ’

(3.7)

Using the known results giving the fractional derivatives of I-function due to Sharma (2018) [10]

DIz 1N [czh e }
z

Pin;r (ijﬂj )1,M;(bji ,ﬂji )M+1,Qi

:Zl_q I M, N+1 h ‘(—i,h)i(aj (@i i )N
RALQi+Lr ©;.8i ) m:®ji Biidmg, (-4+a.h)

Provided Re [,1 + h(%‘i)] =—1,(i=12,....r)and (j = 1.2,.......,M)and h = 0, and
i

L

679 |Page

(bj 1ﬂj )1,M ;(bji yﬂji )M+1’Qi




International Journal of Advance Research in Science and Engineering Q
Volume No.07, Special Issue No.03, February 2018 IJARSE
www.ijarse.com ISSN: 2319-8354

Dq 2| 0nsim; nzimg ng az" | @jie A8 p 3 (€.CUpp,) 5 (€1EPyp,
P1.01:P2.02;P3.03 | bzX | (bj: Bj.Bj:m; )1,q1 ; (dj.Dj3V; )1,q2 5 (F;.F:Q; )1,q3

(-4;h,k;1), (aj;aj,Aj;éj)l,pl;(Cj,Cj;Uj)l,pz ; (ej,Ej;Pj)1'p3

Zl q IO n,+1:m,,n,;mg,Ng
;5 Bj:Bymjg, sCATashksD); (d).DiVy g 5(F).F5Qj g,

Py +1,0; +1:p;,,05:P3,03

valid for all values of q provided that

Re [}L + h( < )—l— k( = )] =—-1(i=12,....m,) and (G=12...... M) and

h=0k=0

(3.8)

It being assumed that the I-function of one variable [11] in (1982) and two variables [12] in (2013) satisfied the
condition of existence mentioned in Shantha Kumari,K, Vasudevan Nambisan T.M., and Rathi, A.K.(2013) [12]
and Mathai, A.M., Saxena R.K. and Haubold, H.J. in (2009)[6], respectively.

The standard results can be easily arrived from particular cases of (3.1).

For instance if all the exponents

51(1 =1.... ' pl)!nj(j =1... 7q1)1Uj(j=11 ------ ' pz)lvj(j:L ------ ,0),
P(j=1......; P5), Q;(J =1......,d;) are equal to unity the (3.1) reduces to the H-function of two variables

defined by Mittal and Gupta [3] and reduced result given by Raina, R.K. in (1978) [7].
Similarly other relations may be obtained.

IHHT1.INTEGRAL ANALOGUE
Osler (1972) in another paper has given the integral analogue of the generalized Leibnitz rule (2.6) as follows:

0

a a a—a)r 0+
D¢(Z)u(z).v(z)=j w+y Djy u(z)-Dyy v(z)deo, @)

—00
Where o and vy are arbitrary (real or complex).

Application of (4.1) for the specified function u(z) and v(z)in terms of I-function of one variable (3.5) and

(3.6) automatic yield the following integral analogue of (3.1),
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T a Im'n+1 h ‘(—ﬂ,h)y(aj @ )10 (@i s i D py
o+ Yy pi+La; +Lr ;.8 im0 vﬂji)m+1,qi (—A+a-w,h)
M, N+1 Kk |(—a.K) (@0 )1 N5 (@i Inaa R
X B+1,Q;+Lr ‘ da)

;.8 )1mi0ji . Biidmug, (—ut+y+o.K)

—_1oLmmMN | ¢z | CAhkD)i@ji0A558)05 (€5.C3 Ui, 5 (€1EjPyp,
1,05pi,0i P ,Q; | dzX (-l—‘u+a;h,k,1);(bj; Bj-Bjjios (dj.Dj:V; )1,q2 , (fj Fi:Q;j )1,q3

4.2)

Provided conditions mentioned with (3.1) to (3.3) satisfied.

IV.CONCLUSION

The I-function of two variables, presented in this paper, is quite basic in nature. Therefore on specializing the
parameters of the function; we may obtain various other special functions such as Fox’s H-function, Meijer’s G-
function, Wright’s generalized hypergeometric function, Macrobert’s E-function, generalized hypergeometric

function etc. as its special cases, and therefore various unified summation presentation can be obtained as

special cases of our results.
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