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Abstract. The aim of this research article is to give answer to an open problem pre-
sented by Choudhury et al. [f] concerning the investigation of strong coupled fized point and
related properties for couplings satisfying other type of inequalities. In this direction we de-
fine (&, 1))-contraction type coupling and then proved the existence and uniqueness theorem of
strong coupled fized point for (&, 1)-contraction type coupling. We give examples to illustrate
our main result.
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1 Introduction and Mathematical Preliminaries

T. Gnana Bhaskar and V. Lakshmikantham [5] introduced the concept of coupled fixed
point of mapping F' : X x X — X. The results on existence of coupled fixed point were studied
in many papers [1 2| 8, [@, 10, 1I] . The concept of coupling was introduced by Choudhury
et al.[4]. Choudhury et al. [4] proved the existence and uniqueness of strong coupled fixed
point for couplings using Kannan type contractions for complete metric spaces. In this paper
we prove the existence and uniqueness of strong coupled fixed point for (¢, v)-contraction
type coupling in complete metric spaces which was put as an open problem by Choudhury et

al.[4].

Definition 1.1. (Coupled Fixed Point) [5]. An element (z,y) € X x X, where X is
any non-empty set, is called a coupled fixed point of the mapping F' : X x X — X if
F(r,y)=z and Fly,z)=1y.

Definition 1.2. (Strong Coupled Fixed Point) [4]. An element (z,y) € X x X, where X is

any non-empty set, 1s called a strong coupled fixed pomt of the mappmg F : X x X — X if
(z.y) 18 coupled fixed point and x = y; that s if F(x,z) = .
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Definition 1.3. (Cyclic Mapping) [6]. Let A and B be two non-empty subsets of a given set
X. Any function f: X — X is said to be cyclic (with respect to A and B) if

f(A)c B and f(B)cC A.

Definition 1.4. (Coupling) [4]. Let (X, d) be a metric space and A and B be two non-empty
subsets of X. Then a function F' : X x X — X is said to be a coupling with respect to
Aand B 1if

Flz,y)e Band F(y,z) e A

whenever z € A and y € B.
Definition 1.5. [7]. A function ¢ : [0,00) — [0, 00) is called an altering distance function, if
the following properties are satisfied:

(1) v 1s monotone increasing and continuous,

(i) () = 0 iff ¢ = 0.

2 Main Result

Before going to the main theorem, we define (¢, 1)-contraction type conpling in metric spaces.

Definition 2.1. ((¢,)-Contraction Type Coupling). Let A and B be two non-empty sub-
sets of a metric space (X, d) and ¢, 1 are two altermg distance functions. Then a coupling
F: X x X = X is said to be (¢, 1))-contraction type coupling (with respect to A and B) if
it satisfies the following inequality :

?(d(F(Ii y)'. F{u.\ U)]] < ﬂlf{'}TI'aI{d(Ii u)'. dﬁf\ t‘)}) - fzﬁ(max{d(r, U‘)! d(y' l}})

for any r,v € A and y,u € B.
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Theorem 2.2. Let A and B be two non-empty closed subsets of a complete metric space
(X,d) and F: X x X — X is a (¢, 1)-contraction type coupling ( with respect to A and B)
1.e. there exists altering distance functions ¢, ¢ s.t.

w(d(F(I‘ y:]:- F(“‘: JU))} < ?-."I"(maI{d(I 'u)'. d(y: 1’)}) - {Iﬁ{'ﬂ!—ﬂl‘{d{l‘, u‘): d(y! ‘L}}) (]-j

for any z,v € A and y,u € B, Then

(1) AnB #0,

(11) F has a unique strong coupled fixed point in AN B.

Proof : Since A and B are non-empty subsets of X and F is a coupling ( w.r.t. A and B),
then for zp € A and yo € B we define sequences {z,} and {y,} in A and B resp. such that,

Tnt1 = F(Yn,7n) and  yni1 = F(zn, yn). (2)
If for some n, 2.1 =y, and y,.1 = 2, then by using (2), we have

Iy =Unt1 = F(In-. yn) and In = Int1 = F(yﬂ.\ In]'

This shows that (z,,y,) 1s a coupled fixed point of F. So, we are done n this case.
Now assume .1 # i OF Ypi1 7 Iy, ¥ 1.
Let us define a sequence {D, } by

D, = maI{d{IﬂHz 'ynj ) d(ynﬂaxn)}- (3)

Clearly {D,,} C [0,00), ¥ n.
Now using (1), (2) and fact that z,, € A and y, € B ¥ n, we have

".’f"{d(zn:ynﬂ)} = b[d yn—l;In F(In yn))]

[d (F(xn, ), F (Y1, Zn- 1])]

Y[maz{d(zn, yn-1), d(yn, Tn-1)}]

—o[maz{d(zy, yo-1),d(n, Ta-1)}] (4)

[l
=
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Using properties of ¢, we have
U(d(zn, Yni1)) < Y[maz{d(zn, yn-1), d(Yn, Tn-1)}].
Again using properties of 1, we get
d(zn, Yn+1) < maz{d(zn, Yn—1), d(Yn, Tn-1)}.
Now again using (1), (2) and fact that z, € A and y, € BV n, we have

'ﬁf’(d(yﬂ: $n+1)} — ":.‘:I"[d{F(mﬂ—ls yﬂ—l)! F(ym Inj]
< ?&[maiﬁ{d(zn—l : yrr.:]'. d('yn—l : In)}]
—g[maz{d(zn_1,yn),d(yn—1,zn)}].

Now usmg properties of ¢ and 1, we get
d(yn, Tns1) < maz{d(z-1, o) dlgp-1, 20}
By using (5) and (7), we get
maz{d(yh, Znst), d(zn, o)} < maz{d(ze, go-1), dlya, a-1) )

LE.

mﬂx{d‘(Inﬂ : yﬂ)-. d(ynHIﬂ)} < mﬂI{d{Im yﬂ—l): d(yn-. Iﬂ—l) }

From (3), we have

D<Dyy Y2l

IJARSE
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Therefore {D,,} 1s monotonic decreasing sequence of non-negative real numbers.
Thus 4+ =0, s.t. lim D, =,
. n—0oo
Le.
hm ma'x{d{xn"‘l:yﬂ}: d(yn+1, xﬂ)} =T (g]

N—rod

Since v : [0, 00) — [0, 00) is non-decreasing, then ¥V a,b € [0, 0o), we have
maz{(a), $(6)} = (maz{a, b)) (10)
On using (4), (6) and (10), we get

= maz{y(d(z,, yn+1}:ﬂ’(d(ynyzn+1”}
< Ylmaz{d(zn, Yn-1), d(Yn, Tn-1)}]
—¢maz{d(zn, yn-1), d(yn, Tn-1)}]-

ﬁ[ma&‘-{d(xm Yn+1 }1 d{yna Tn+1 )H

On using (4), (6) and (10), we get

ﬁ}[mﬂ'I{d(xﬂj Un+1 )J d(ym Int1 )H - mﬂ'i"'w"(d(xm Yn+1 )1 ll’f"(d(yﬂ.\ In+l ))}
?:L'[mﬂ'f'{d(xm Un-1), d(ym In-1 )H
—{ﬁlﬂtﬂx{d(ﬁrn, yn—l)-, d(yﬂ!l Iﬂ'l)}]'

[ /™

Letting n — oo 1n above mequality, using(9) and continmties of ¢ and 1, we have
Y(r) <9(r) - olr) <9(r)
= d(r) =0, since ¢ s altering distance function, so r = (),

Hence lm Dy, =0, 1e,
=00

lim maz{d(z,, yp1), d(yn. 2o1)} = 0.

=+
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Now we define a sequence { R, } by R, = d(z,,y,),
we show that B, -0 as n — oc.
By using (1) and (2). we get

L’(Rn) = ?éll"{d{xmyn))
= P(d(F(yn_1.7n_1), F(zn_1,9n_1))
< ¢Y[maz{d(zn-1,Yn-1),d(Tn-1.Yn-1)}]

—¢[maz{d(zn_1, yn-1), d(Tn_1,Yn-1)}]
U(d(xn-1,Yn-1)) — @((d(Tn—1, Yn-1))). (12)

By properties of ¢ and ¢, we have

Rn < d-(:rﬂ—l-,yn—l) = Rn—l,
Le.
Rﬂ, E Rﬂ—l V T 2 1.

Thus {R,} is monotonic decreasing sequence of non-negative real numbers.
Therefore 4 s = 0, s.t.

lm R, = lim d(z,,y,) = s (13)

T—r o0

take n — oo in (12), using (13) and continuities of ¢ and 1, we have

U(s) < ¥(s) — é(s) < ¥(s)

= &(s) =, but since ¢ 1is altering distance function, so we have s = 0.
Le.

lim R, = lim d(zn, yn) = 0. (14)

T—rogC N—ra0

Now using triangular inequality, (11) and (14), we have

lim d{ImIﬂH) < lll'l'l [d[:rn ynj + d(yn-. Iﬂ'l'lj] =10 [153

M—roo
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and

Lim d(yn, yn+1) < lm [d(yn, 2n) + d(2n, yn+1)] = 0. (16)

Now we will prove that sequences {z,} and {y,} are cauchy sequences in A and B resp.

If possible, let {x,, } or {y,} 18 not a Cauchy sequence. Then there exists an = > 0, and sequence
of positive integers {m(k)} and {n(k)} such that ¥ positive integer k, with n{k} =m(k) =k,
we have

T = 'm-ﬂ-'l’{d(ﬂfm(k)e xn(k})-. d[ym(k).\yﬂ{k}}} = E. (17)

and

mﬂ-i“{d(l?m{:c) s (k)1 ) d(ym(k‘)! yﬂ{k]—l)} < E. (18)

Now we show that

d(Yn()s Tmik)+1) < maz{d(Tmy, Ynm)-1)s AYmk)s Tngy—1)}

By using (1) and (2), we get

{A(F (zage)-1, Yoihy-1), F(ymet), Zmit))]
< tfs[mftir 'Inl{ﬁ')—llyml:k})!d(yﬂ{k]‘l'-xm[k])H
—maz{d(zag)-1, Ym(e)), AW -1, Zmiiy) ]

V[d(Yn(h), Tm(ry 41|

Using properties of ¢ and 1, we have
A(yn(rys mry+1) < maz{d(Tupy—1, Yme)), A Yrii-1, Tmiiy) - (19)

Stmilarly we can show by same pattern that,

d(Tn(i), Ymity1) < maz{d(yngey-1, Tmiey)s A Znii)-1, Ymiiy) - (20)
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From (19) and (20), we have

maz{d(Ynkys Tmr)+1)s ATnk), Ympy+1)} < mar{d(Tmer), Ynk)-1)s A(Ym(k)s Tngry—1) }
Y (21)

Where A = maz{d(Zm), Ynik)—1): A Ymk)s Tniey—1) }-

It is fact that for a,b,c € RT, maz{a + ¢,b+ ¢} = ¢+ maz{a,b}.
Therefore by triangular inequality, (18) and the above fact, we have

A = maz{d(Tm). Yn)—1)s A Ym(k)s Tngey—1) }

< maz{d(Tm(k), Tni)-1) + A Zatk)-1, Yae)-1)s AYm(k)s Yn(e)—1) + d(Yn(k)-1, Tnge)-1) }
= d(Tn)-1, Yn(k)—1) + maz{d(Tmk), Tniky—1)s AYm(k) Ynk)—1) }
< d(Zngy—1. Ynr)—1) + £- (22)

Thus from (21) and (22), we get
maz{d(yn), Tmi)+1); A(Tnw), ymy+1)} < dTn-1, yn-1) + £ (23)
Now again by traingular inequality, we have
A(Tniky, Tmiky) < ATngr)s Yne)) + AYniiy, Tmiey 11) + AEmie) 115 Tmik))- (24)

and
A(Yn(k) Ymiky) < d(Yn(k), Tn(k)) + A(Tn(k), Ymey+1) + d(Ymik)+1, Ymik))- (25)
From (17) (23), (24) and (25), we get

Ty maz{d(Tnky, Tm(k))s A(Yn(k) Ymir)) }

d(Tnk); yngr)) + maz{d(zmk), Tmr)+1), A((YmE), Ymik) 1)}
+mar{d(Yuik), Tmik)+1), ATnik), Ymry 1) }

d(Trky, Ynky) + Mmaz{d(Zmir) Tmr)+1)s A Ym) > Ymiry+1) }

Fd(Tnk)-1, Yn(k)-1) + £ (26)

[

M

Take k — oo in (26) and using (14), (15), (16) and (17), we have

e<T.<e.
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Which is a contradiction, Hence {z, } and {y, } are Cauchy sequences in A and B respectively.
Since A and B are closed subsets of complete metric space X, therefore {z,} and {y,} are
convergent in A and B respec. Thus 3 z € A and y € B, s.t.

T, = x and y, —y. (27)

Also by using (14) in (27), we get
T =y. (28)

Thus = = y € AN B, which shows that AN B # 0.
Using (1), (2) and fact that zn,z € A and yn,y € B ¥ n, we have
U(d(zner, Fz,y)) = Y(d(F(yn, zn), F(z,y))
U(d(F(x,y), F(yn, zn))
< Y[maz{d(z,yn), d(y, zn)}] — d[maz{d(z, yn), d(y, za)}].

Using properties of ¥/ and ¢, we get

d(z'ﬂ+11F(ny)) < mﬂ-I{d{l‘,yﬂ),d{y, Iﬂ)]' (29}

Now using triangular inequality, (27). (28) and (29), we get

dlz, Flz,r)) = d(z, F(z,y))

d{:r-_ -1'71+1) + ri'{f-‘?nﬁlm F(.‘I‘ yn

d{:t._ Iﬂ+1) + ma.I{df:r._ yn)y d(y'. xﬂ}}
0 as n — oc.

L oIA A

= F(z,z) = z, hence F has a strong coupled fixed pomnt in AN B.

Uniqueness: Let if possible I has two strong fixed pomnts [, m in AM B, then

F(lLl)=1 and F(m,m)=m. (30)
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Now using (1), (30), properties of ¢ and i) and I,m € AN B, we have

T#'l"{dﬂn m)) = E‘L'(d(F(I\” F{Tn': m))
L'I" [mar{d{ﬂ, m]\ d“\ m:]}] - Eﬁ[mﬂ..’ﬂ-{d(f T?I-), d{‘!: m] H
P(d(l,m)) — o(d(l, m)).

A T

Which gives ¢(d(l,m)) = 0, as ¢ is altering distance function so d(l,m) = 0.
Hence | = m, which proves the uniqueness.

Note 2.3. If A and B are two non-empty subsets of a metric space (X, d) and F : Xx X — X

1s a coupling with respect to A and B. Then by definition of coupling for a € A and b € B,
we have F(a,b) € B and F(b,a) € A.

Now let (a,b) be the coupled fixed point of F, then F(a,b) = a and F(b,a) = b. But in
general this is absurd because F(a,b) € B and a € A. Similarly F(b,a) € A and b € B. This
1s only possible for a,b e AN B.

The most important fact to be noted 1s that for any coupling F : X x X — X (with
respect to A and B), where A and B be any two non-empty subsets of metric space (X. d), if
we investigate for coupled fixed point (z,y) in product space A x B, then we should directly
mvestigate in product subspace (AN B) x (AN B). Similarly for strong coupled fixed point,
we should investigate it m AN B.

Example 24. : Let X = [0,3] be the complete metric space with respect to usual metric
'd"on X 1e d(z,y) =[z—y | Let A= {1} and B = {1,2} be the closed subsets of X. We
define F': X x X — X by

F(z,y) = min{zx,y} ¥z, y € X. (31)
Also we define 0,1 : [0, 00) — [0, 00) by

o(t) =t and U(t)=1> Vt. (32)
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Then clearly ¢ and 2 are altering distance functions and A and B are closed subsets of a
complete metric space [0, 3].

First we show that F is a coupling (w.r.t. A and B).

Letze A, ye B,1e. =1 and y=1,2, we have by (72)

Flz,y)=1€ B and F(y,z)=1¢€ A

This shows that F' is a coupling (w.r.t. A and B).

Now we show that F' is (¢, 1))-contraction type coupling.

Let z,v € A and y, u € B, then four cases arise

case(l) r=v=1landy—=u =1,

case(li) s =v=1and y = 1,u =2,

case(iil) r =v=1land y=2,u =1,

case(iv) r=v=1and y =2, u = 2.

For case(i) when z = v = 1 and y = u = 1, we have from (72)
F(z,y)=F(1,1)=1 and F(ut]:F(l_l) 1.

using above and (32), we get

—

U{d(Flzy), Fu,v))) = v(0) =

Also d(z,u) =0 and d(y,v) =0, so maz{d(z,u),d(y,v)} =0.
Then from (32), we get

Y(maz{d(z,u),dy,v)}) - o(maz{d(z,u),d(y,v)}) = 4(0) - 6(0) =0. (34
Thus (33) and (34) gives

V{d(F(z,y), Flu,v))) < Y(maz{d(z,u),d(y. v)}) - omaz{d(z u), dy,v)})

(33)
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We are done in case(1).

For case(i1) when z = v =1 and y = 1, u = 2, we have from (72)
Flzr,y)=F(1,1)=1 and F(u,v)=F(2,1)=1.

Using above and (32), we get

Y(d(F(z,y), F(u,v))) = ¢(0) = 0. (35)

Also d(z,u) =1 and d(y,v) =0, so maz{d(z,u), d(y,v)} =1
Then from (32), we get

P(mazx{d(z,u),d(y,v)}) — o(maz{d(z,u),d(y,v)}) = ¢¥(1) — (1) = 0. (36)
Thus (35) and (36) gives

W(d(F(z,y), F(u,v))) < Y(maz{d(z,u),dy,v)}) — d(maz{d(z,u),d(y,v)}).
Thus (35) and (36) gives

@'(d(F(Iiy) F(‘“;‘Um < d:(-ma:r:{d(r,u),d(-y,t:)}) - fﬁ(ﬂlﬂﬂf{d(l‘,ﬂ),d(y,t)”

We are done 1n case(11).

For case(ii) when z =v =1 and y = 2,u = 1, we have from (72)
Flz,y)=F(1.2)=1 and Fluo)=F(1,1)=1

Using above and (32), we get

Yld(F(z.y), Flu,v)) = ¥(0) =

Also d(z,u) =0 and d(y,v) =1, so maz{d(z,u),d(y,v)} = 1
Then from (32), we get

o

37)
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Thus (37) and (38) gives
?.I:','(d(F(I, y)'. F('ua 'U)\J\J < ?#'l"(?n'ax{d(:rn U‘)'. d('y! L‘)}) - é{ma’f‘{d(l'\ U—), d(y.\t"}})'

case(111) is proved.

For case(iv) when r = v = 1 and y = 2, u = 2, we have from (72)
F(x,y)=F(1,2) =1 and F(u,v)=F(2,1) = 1.

Using above and (32), we get

Also d(z,u) =1 and d(y,v) =1, so maz{d(z,u),d(y,v)} = 1.
Then from (32), we get

Y(maz{d(z, u),d(y,v)}) — p(maz{d(x, u),d(y,v)}) = ¥(1) — ¢(1) = 0. (40)

Thus (39) and (40) gives

E‘(d{F{I, y)'. F{u'-t)]] = ﬁ':{-rn.a;r{d{x, u‘)-. d{y'- U}}) - @(mﬂ-f{d[l‘, ?_I-}, d{y'-t}}}

Hence F is (&, 1)-contraction type coupling ( with respect to A and B). Thus all the condi-
tions of Theorem 2.2. are satisfied:

then F has a strong coupled fixed pomnt m AN B.

Clearly AN B = {1} # 0 and 1 is the unique strong coupled fixed point of F in AN B as
F(1,1) = min{1,1} = 1.

Example 2.5. : Let X = R and d is a usual metric on X, i.e d(z,y) =| r —y |. Let
A = {3} and B = {3, 7} be two closed subsets of complete metric space R. Let us define

F:XxX—=Xby

T+y T«

F(x,y) = 5 +Esin(z+y). (41)
Also we define ¢, 4 : [0,00) = [0, 0) by
o) =2t and o(t)=t' Vi (42)
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Clearly ¢ and 1 are altering distance functions.

We now show that all the assumptions of Theorem 2.2 are satisfied.
First we show that F is a coupling (with respect to A and B).
LethAandyEB then:r_ Fand y = §,m

Case(i) when r = £ and y = I, then from (41] we get

Flz,y)=F(5,5)=%<€B and F(y,z)=F(§.5)=F€c A
Case(il) when = = § and y = 7, then from (41), we have

F(z,y) = F(5,7) =5 € B and F(y,z)=F(r,J)=3 €A
This shows that F'is a coupling (with respect to A and B).

Now we show that F'is a (¢, v)-contraction type coupling.
For any =,v € A and y, u € B, we have four cases

. then

l\bl =1

Case(i) whenz =v=Fand y=u =3,
d(z,u) =d(y,v) =0 = maz{d(z,u),d(y,v)} =0 (43)
Also from (41)

2 5)=1 ond Plual =P

m

Pla)=F{ )=

ez | =1

Therefore -
d(F(I!y)!F(u! t’)) - d(az ) =0 (4“1)
Thus from (42), (43) and (44), we have

U(d(F(z,y), Flu.v)) = b(maz{d(z,u),d(y.v)}) - o(mas{d(z,u) d(y,v)}).  (45)

I
2
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Thus we are done in case(i).
Case(il) when z = v = J and y = u = 7, then
dz,u) = d(y,v) = 5 = maz{d(z,u),d(y.v)} = 3. (46)
Also using (41), we have
F(z,y) = F(%,ﬂ} = g and F(u,v) = F(m, g] = %
Therefore S
d(F(I,y), F{:'H_.'L"}} = d(j-i} =0 (47}
From (42), (46) and (47), we get
. , i T
bzl ) dly o)) dmasla, ) dly ) = (5) 600
= (3’

U(d(F(z,y). Flu,v))) < Y(maz{d(z,u),d(y,v)}) - o(maz{d(z,u),d(y,v)})

Which proved case(1).

Case(iit) when = v =F and y = 7,u = § then
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dlz,u) =0 and d(y.,v)= % = maz{d(z,u), d(y,v)} = % (48)
Also using (41), we have
T T T oW, W
F[:I.\y) - F(§ L:] - E and F(uub) - F(E:E) - E
Therefore o
A(F(@,y), Flo,0) = G, 2) =0, (49)
From (42), (48) and (49), we get
d(maz{d(z,u),d(y.v)}) — ¢(mar{d(,u),dy,0)}) = ¥(3) - é(3)
= (§)'-n
= 0

or
P(d(F(x,y), Fu,v))) < ¥(maz{d(z,u),d(y,v)}) — ¢(maz{d(z,u),d(y, v)}).

Which proved case(iii).

Similarly we can prove case(iv) when when r =v = and y = J,u = .

Hence all the assumptions of Theorem 2.2 are satisfied, thus F' has a unique strong coupled

fixed point in AN B. From above we can easily see that AN B = {3} #0 and F(3,5) = 5,

thus 5 is the unique strong coupled fixed point of F'in AN B.
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