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ABSTRACT

Singal and Lal generalized Nadler’s result. Lal and Gupta generalized Fora’s result by the setting of Rhoades.
In this paper we further generalize some results of Fora by larger class of spaces and for a larger class of
mappings.
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I. INTRODUCTION

Let us recall the result of Fora [4]

1.1 Theorem

Let (X, d) be a complete metric space. Let Z be a topological space with the fixed point property (f. p. p) and
let f be a continuous function from XxZ into XxZ. If f is locally contraction mapping in the first variable, then f
has a fixed point.

In what follows X will denote a complete Hausdorff uniform space, Z a topological space which has the f.p.p.
and f is a mapping from XxZ into XxZ. n; is the projection of XxZ on X along Z. (m) for 1< m <125 will denote
the condition (m) in Rhoades [7].

Following this we say that f € (m) locally in the first variable means if for any z e Z, there exists an open set
V(z) of Z containing z and a real number A(z) € [0,1) such that

d(my f(Xq, U), T f(Xo, )< Mz) d(Xq, X,) for all x;, X, € X and all u e V(z), the mapping f,: X—X satisfies (m),
where f, (X)= m; f(x, u). Here as earlier when f, satisfies (m), the constants or the functions that appear in

condition (m) depend upon z € Z.

I1. MAIN RESULTS

2.1 Theorem

Let (X, ) be a complete Hausdorff uniform space, Z any topological space with the f. p. p. and f :XxZ—>XxZ
be a continuous mapping when X is assigned the topology generated by any pseudometric p which is uniformly
continuous with respect to the uniformity . If f satisfies condition (23) in the first variable locally, then f has a
fixed point.

Proof : Let {p, :o € | } be the collection of all uniformly continuous pseudometrics on X.
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Let xo € X be fixed and for any z € Z, we construct a sequence t,(z) = t, in X as follows:
to=Xo,th=m f(the,2);n21
Step-I: {t,} is a Cauchy sequence in X
since f € (23) locally in the first variable, i.e, for each z e Z, there exists an open set V(z) of Z containing z and
monotonically decreasing functions a;:(0,00)— [0,1) (depend upon z) satisfying > o;(t)< 1(i=1,2,3,4,5) such that
for each X, x« € X, x #x~ and all u € V/(2),if we put X =t X« = t,, then we have

Pu(maf(X, u),mif(xxu)) < 0. pa(X,(maf(X, U)) + az.polXs Taf(Xx,U)) + 0t3.pa(X, 1f(Xx, 1))

0. Py (X, (2f(X,U)) + ais.pa(X,Xx) 1)

Where, for brevity, we let a; = ai(pg(X, X)).
Above equation (1) implies (taking X = tq., X« =t;)

Pa(maf(th-1,2), maf(tn, 2)) < og.polthr, maf(th1,2)) + cto.pu(ts muf(th, 2)) + 0. poltn.1,maf(th, 2))

+014.Po(tn, M1 f(th.1,2)) + 0s.pa(th-a th)-

or pu(ththet) < 01.paltnn,ty) +0t. palti,thss) 0tz path-1,thrs) + s po(tn-1,tn) 2
Using symmetry in f € (23) locally in the first variable we have
pa(tnﬂ:tn) < OLl.pac(tmtnﬂ)"' aZ-pa(tn—l,tn)"' a4-Pa(tn—1:tn+l)+ a5-pa(tmtn-l) 3

Adding equation (2) and (3) we get
2 g (tnthe1) < (ou+0i+205).po(thth) + (01 +02).poltnthes) + (oz+0).paltn-g,tors)
S(Otl"'OLZ"'ZOLS)-poc(tn—l1tn)+(a«1+0(2)-poc(tn:tn+1)"'(0L3+0L4)-[poz(tn-l,tn) +pa(tn,tn+1)]

= (out o+ ag+ oyt 20).peltny, tn) + (0t + 0 + 03 + 0l). Potn,taer)

o, +0,+0,+0, + 20
or pa(tn’thrl)S( L 2 : 2 SJ a(tnfl’tn)
2—0,—0,—03—0,
< A Pu(tn-l, tn) (4)

o, +0, +0,+a, +20
where A, :( Lz 5 4 5j<1

2—0,—0,—0,—0,
By induction we obtain
Pa (tntnsr) < Ao po (fo 1)
Using the triangle inequality, we find for m>n,
P (th, tm) < Po (tn, ther) + Pa (tret, the2) +ovt Py (tmea, tm)
<SS+ AT + ™). palto, 1)

A, (-2

= P, (o, ty)
< ﬁ P, (o, 1y)

Since A" —0 as n—oo, then above inequality shows that {t,} is a p, -Cauchy Sequence in X (i.e a Cauchy

sequence in p,— topology).
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Let B ={S;: p € N} where Sp={t,: n > p} be a Cauchy filter base in (X, ). To see this we first note that
the family{H(o. ,€):o € 1,e>0}is a base for v as A" (v)={p.:0. € 1} an augmented associated family for 1 on X.
Now let H € y _be an arbitrary entourage. Then there exista v e | and € > 0 such that H(v , €) < H. Now since
{t.} isa p, - Cauchy sequence in X, there exists a positive integer p such that p, (t,, tn) < e forallm>=p,n>p
.This implies that Syx Sy c H(v, €).Thus givenany H ey we can find a S, € B such that S, x S,  H. Hence B
is a Cauchy filter in (X, ). Since (X, ) is complete and Hausdorff, the Cauchy filter B = {S,} convergesto a
point say t, in X.

Let mapping g: Z—Z defined as g(z) = m,f(t, , z) where m, is the projection of X x Z on Z along X.
Step Il : g : Z—Z is continuous.

Let z € Z and U be an open set containing g(z). Then f(t,, z) € X x U. Since f is continuous at (t, ,
z)when X is assigned the topology t(p) in which p € A*( (1) implies p = p, for some a € | , there exists an open
set G ¢ Z and a real number € > 0 such that

(t;, 2) e S(t,,€, p) x Gand f{S(t, ., p)IX G X x U
Since f € (23) locally contraction in the first variable, therefore there exists an open set W in Z containing z and
e [ 0,1) such that

p(maf(x, V) , maf(x,V)) < A.p(X, X+)
for all X, x- e X and all ve W.

Since A" —0 as m—oo, we all choose n > 1 such that

< € 1-2
8 P(to’tl)"'(e /8)

Since f(t,, Z) e X x U and f is continuous at (t, , z) , there exists a basic open set U, x V,, in X x Z such that

€
J and p(t,, ty) < g forallm=>n

€
(th,2) € Uy x V, ,UncS(g,tz,p),VnchWandf(Unan)chU.

Since f is continuous at (t, 1, z) and f(t,.1 , ) € U, X Z, there exists a basic open set U, ;X V1 in X X Z such
that

€

(tn—ly Z) e U1 XV, U C S(g yha, p ) , Vi V, and f(Un—l XVn_l)C U, X Z.

Continuing this way we construct sets U,, , Up.1 ..., Uy, V}y ,\V.1,-—-, Vg such that, for 0<i < (n-1)
€

t,2)eUixV;, UiCS(g,ti, p),Vic Vi and f (U xVj) c Uiy X Z.

It remains to show that g(V,) c U :
Let y € Vo. Then from the above mention properties we have (to, y) € Ug X Vo,

Where tly- x0. Thus f(to, y) € Ui x Z ie. , 1 = m,f(to, y) € Uy,
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consequently p(t'y, ty) < § .

Using the triangular inequality we have

p(to, th) = plto, ti') S plto, t) + p(ts, 1) < p(to, ) +§ :

Since f(U, xV1)c U, x Z and (t4, y) € Uy xV; therefore f(t, y) e U, x Z
iet=m f(tll, y) e Uy,
In this way we find the sequence t', (y)= t, for which t; = mf(t}.1, y) € Ui; i =1,2,..., n.

€ €
Moreover, t, ¢ U, and U, S(§ ., p) , therefore p (', t,) <§ .

Using the triangle inequality we find, for m > n.

p(th ) <Pt to) +p(th s thed) +ereet Pt , )
<§ + A" p(to, th) +——+A" p(th, t)

n

A
= p(to, th) +§

1-4

ottty + S+
A RA LTRSS R
(S (S (S
—_ "t —= —
8 8 4

Ift,=lim t',, then the above inequality shows that p(t, , t,) < €/4. Therefore (t, , y) € S(€, t, ,p) and
consequently f(t,, y) e X x U, ie., g(y) = mif(t, , y) € U. Therefore, our claim is proved and hence g is
continuous.
Step -1l : @, f(t, 2) = ¢,

If possible , let u = myf(t, , z) #t, . Since the uniform space X is Hausdorff, there exists a pseudometric
p on X such that p(u, t,)= €>0.

Since f is continuous on X x Z and X is assigned the topology T (p), we have open sets U and V such

that
€ €
(t;,2) e UxV, UCS(Z,tZ,p)and f(UxV) CS(Z ,u,p)xZ.
Since lim t, = t,, there is a natural number k >1 such that t, ¢ U for all n > k. Therefore

f(tk,z)eS(% u,p)xZ, ietm:nlf(tk,z)eS(%,u o).
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€
Also ty1 e U C S( Z , t,, p).This contradicts the fact that p(t, , u) = €. Therefore our assumption is false and

consequently we have the required conclusion.

Now as in step Il of the theorem 2.1, g: Z—Z is continuous mapping. Since Z has the fixed
point property, therefore there exist zq € Z such that g(zo) = zo. As in step-111 above we have mt:f(t, , o) = t50.
But zy = g(z0) =m,f (0, Zo).

Hence f (t,0, Zo) = (t,0, Zo) i€, (t,0, Zo) is a fixed point of f. This completes the proof.
Now we formulate following results of [9]:
2.2 Theorem
Let (X, )) be a complete Hausdorff uniform space, Z any topological space with the f.p.p. and f: XxZ —

XxZ be a continuous mapping when X is assigned the topology generated by any pseudometric p which is
uniformly continuous with respect to the uniformity . If f satisfies condition (22) locally in the first variable
and for some X, € X, for each z e Z the sequence t,(z) =t, = m; f (t,.1,2); (n >1), has a cluster point, then f has a
fixed point.

2.3 Theorem

Let (X, 1) be a complete Hausdorff uniform space, Z any topological space with the f.p.p. and f: XxZ — XxZ
be a continuous mapping when X is assigned the topology generated by pseudometric p which is uniformly
continuous with respect to the uniformity . If f satisfies condition (24) locally in the first variable, then f has a
fixed point.

Proofs are by the help of theorem 2.1 and [9].

I11. CONCLUSION

(i) Rhoades [7] proved that conditions (1), (2), (4), (7), (8), (11), (15) and (18) are all stronger than (23),
therefore the above theorem 2.1 has eight corollaries corresponding to these eight conditions

(ii) In view of Theorem 1, of Rhoades [7], the Theorem 2.2 above has as many as eleven corollaries
corresponding to conditions (1), (4), (5), (6), (7), (9), (12), (18), (19), (20), and (21). The corollaries
corresponding to conditions (1), (4), (7), (11), and (18) are also corollaries to theorem 2.1, which are mentioned
above, therefore remaining corollaries are corresponding to (5), (6), (9), (19), (20), and (21).

(iii) In view of Theorem 1, of Rhoades [7], our theorem 2.3 above has twelve corollaries corresponding to
conditions (1), (4), (5), (7), (9), (11), (12), (14), (16) (18), (19), (20), and (21). Out of these only three are new
corollaries corresponding to conditions (12), (14), and (16).
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