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ABSTRACT

Consider an analytic function f(z) = jf:D a}-z*" . In this paper we find the number of zeros of such type of

analytic functions with restricted coefficients, in a disk centered at origin.
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I. INTRODUCTION AND STATEMENT OF RESULTS

One of the basic theorem of mathematics is the Fundamental Theorem of Algebra, according to which, “every
polynomial of degree 1t = 1 has exactly 7t zeros in the complex plane”. This theorem does not however say

anything regarding the location of zeros of a polynomial. The problem of locating some or all the zeros of a
given polynomial as a function of its coefficients is of long standing interest in mathematics. This fact can be
deduced by glancing at the references in the comprehensive books of Marden [13] and Milovanovic, Mitrinovic
and Rassias [14] and by noting the abundance of recent publications on the subject.

Historically speaking, the subject dates from about the time when the geometric representation of the complex
numbers was introduced into mathematics, and the first contributors to the subject were Gauss and Cauchy.

Cauchy [4] improved the result of Gauss and proved:

Theorem A: If p(z) =X7-;a,;z7,a, #0, is a polynomial of degree n with complex

coefficients, then all the zeros of p(z) lie in the circle,

ﬂ-_:l-

2y

lz] =1+ max
O=zjzn—1

Other results of similar type were obtained among others by Aziz [1], [11] etc. Now we mention the following

elegant result which is commonly known as Enestrom-Kakeya Theorem in the theory of distribution of zeros of

polynomials.
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Theorem B: If p(z) = X7=, rx}-z}',rxn # 0, is a polynomial of degree n with real coefficients

satisfying a, =a,_, = a,_, = - =a, >0, then all the zeros of p(z) lie in the circle

-
&

|z| = 1.
Theorem B was proved by Enestram [6], independently by Kakeya [12] and Hurwitz [8].

Consider the polynomials related analytic function f(z) =Zf=[,a}-z}' not identically zero. Finding

approximate zeros of polynomial related analytic functions is an important and well-studied problem. Methods
to find the number of zeros of polynomial related analytic functions have already been addressed by Aziz and
Mohammad [2], Dewan and Govil [5], Liman [10], Shah [16], etc.

Aziz and Mohammad [2] extended Enestrdm-Kakeya Theorem to the class of analytic functions

f(z) = Ejf:c. a}-z}' with its coefficients a; satisfying a relation analogous to the condition of Enestrém-

kakeya theorem.

Theorem C: Let f(z) = fzuajzf (not identically equal to zero) be analytic in |z| < t. If
a; >0 i a;_; —ta; = 0, j=012, ..
Then f(z) does not vanish in |z| < t.

Shah and Liman [17] considered more general class of analytic functions by assuming

the coefficients to be complex numbers and generalized Theorem C in the following way.

Theorem D: Let f(z) = Zfzua}-zf not identically equal to zero be analytic in |z| = t such

that for k = 1,
klayl = tlay| = tla,| = -,
And for some £,

T
larga; — Bl =a = 3 j=012, ..

Then f(z) does not vanish in
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(k—1)t Mt
2 —(k 2 —(k—1)*
Where

= k(Cosa + Sina) + 2—Z|a |t7.

Next we consider a result in Titchmarsh’s classic “The Theory of Functions”, in which he

states and proves the following (see page 171 of second edition) [18].

Theorem E: Let F(z) be analyticin |z] < R and |F(z)| = M in|z| < R.If F(0) # 0, then

for 0 < & < 1, the number of zeros of F(z) in the disc |z| < &R is less than

1 i M
og
R O]

By putting a restriction on the coefficients of a polynomial similar to that of the Enestram-

Kakeya Theorem, Mohammad [15] used a special case of Theorem D to prove the following:

Theorem F: Let p(z) = X¥,a,z7 be such that 0 < ay; < a, <a, <-- <a,. Then the

. 1
number of zeros in |z| = = does not exceed

1+

1 a,,
log 2 log (a_u)
Concerning the number of zeros of an analytic function in a disk, recently Irshad et al [9] proved the following:
Theorem G: Letp(z) = X7, }zi be analytic in |z] £ 1, if Re a; = a; and
Ima;=f;,j= 2,... and for some finite k,
O<ap a;< a, =S da, Za,,, =

1

With 4 = 1, then the number of zeros of f(z) in |z| < - does not exceed
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1+

1 (Aa, + (A —1)la, |+ X5, |5
log 2 lag| .

In this paper we first present a generalizations of Theorem G and prove some more results concerning the

number of zeros of polynomial related analytic function in a disk which in turn generalizes Theorem F.

Theorem 1: Let f(z) = j?:[,ajzi not identically zero, be analytic in |z| = t, where a, # 0.

If forsomet = 0,0 =k <n,
|a‘|}| £ tla’ll £ e £ tk_lla'k_ll E tkla’kl E tk+1|ﬂ-k+1| E e E tnlﬂ-nl E e

and for some real @ and 3,
T
|crrg a; —ﬁ‘| = o= E’j =0,1,2, ..

Then for 0 < & < 1, the number of zeros of f(z) in |z| =< &t does not exceed

1M
og ,
log 1,’5 ||

Where
QD

M, = 2t**a, |cos a + 2sin erlailtHl — tlay |(sin @ + cos @ — 1).
i=0

Now we put restriction on the real part of the coefficients of a complex polynomial and prove the following

result.
Theorem 2: Let f(z) = Zfzﬂa}-zf (not identically zero), be analytic in |z| = t, with

Re(a;) = a; and Im(a;) = B;. If for some k with 0 <k <,

a, < ta, < - < tFla,_, <tha, =t = e =T = e

By =777 = n

Then for 0 < & =< 1, the number of zeros of f(z) in |z| = &t does not exceed

956 |Page




International Journal of Advance Research in Science and Engineering j@
Volume No.06, Special Issue No.(01), Nov 2017 1 Ai(SE

www.ijarse.com ISSN: 2319-8354

LM
og ,
log 1f5 |

Where
oD

M, = tllagl —ap) + 267, + 23 [g 7
i=o

Remarks: If we take a; and j5; to be positive for all j and t = 1, then Theorem 2 reduces to a

special case of Theorem G.

Finally, we put restriction on real as well as on imaginary parts of the coefficients of a
complex polynomial and prove the following results.

Theorem 3: Let f(z) = j?:[,ajzi (not identically zero), be analytic in |z| = t, with

Re(a;) = a;and Im(a;) = B;. If for some k with0 <k < m,

a, < ta, < - =t la,_, <tfa, =t e, = 2t =

And for some l with0 <l < n,
Bp=thy = =t71f, _, =t'f, =t IB L, = =B, =
Then the number of zeros of f(z) in |z| = &t does not exceed

LM
og
iﬂglfg

|ﬂn|!
Where
Ma = t(lﬂful - fxuj + f(|}9,3.| _1‘90] + Etkﬂ'ﬂ!k + EtHlﬁ:.

Remark 2: If we take «; and f3; to be positive for all j and ¢ = 1, then Theorem 3 reduces

to a result earlier proved by Irshad et al [9].
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Lemma

For the proof of some of these results we need the following lemma which is due to Govil

and Rahman [7].

Lemma 1: For any two complex numbers by and b, such that |b, | = |by| and
T
|crrg b}-—,|9| Erxii, j=012,..
for some real 5, then

by — byl =< (Iby | — |byl)cosa + (|by | + |byl)sine.

Proof of the Theorems:

Proof of Theorem 1. Consider the polynomial
g(z) = (t - 2)f(2)

=(t—z)(ay+a;z +a,z* +--)
=ta, +Z(tai —a;_4)z".
i=1
Therefore for |z] = t, we have

Qo
192 < tla,| +Z|mi T
i=1

k ]
= tla,| +Z|mi —a_ It + Z la,_, — ta,|t
i=1

i=k+1

Now |a|}| = tlﬂll == tk_llak_j_l = t'klﬂq{l = tk+1|ak+1| = = t'nlfxnl =

Therefore by Lemma 1, we get
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K
lg(2)] < tlagl + Z{[tlail —la;_y ) cosa + (tla;| + |a;,_,|) sin a}t’

i=1

+ Z (la,_yl—tla,) cosa + (la;,_4 | +tla;]) sin a}tf

i=k+1

i=k+1

=tla,l + Z{(tlail —la,_41) cosalt’ + Z [(la,_y|1-tla;|) cosa} tf

+Z{(f|ﬂi| +la,_4|) sinal t*

o

= tlay| + 2t a, | cosa — tla,l cosa + tla,| sina + Esinrxz la, |+t
i=1

oo
=2t*"a, | cosa + EsinchchiltHl —tlayl(sina@ + cosa — 1)
i=0
=M, (say)

Now g(z) is analyticin |z| = t and |g(z)| = M, for |z| < t. Moreover g(0) = a,. Therefore

by Theorem E, the number of zeros of g(=z) (and hence of f) in |z| = td does not exceed

1M
og ,
log 1,’5 ||

Where M, = 2t**|a, | cosa + 2sina X2 |a, [t — tla,l(sina + cos a — 1).
This completes proof of Theorem 1.
Proof of Theorem 2: Consider the polynomial

g(z)=(t—2)f(2)

=(t—z)(ag+a;z+ azz* + )
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= ta, +Z(trxi —a,_,)z"
i=1

=tla, +if,) + Z[trxi —a,_4)zt+ L'Z[tﬁi —B._y)z"
i=1 i=1
Therefore for |z| = t, we have

9@ < tllaol + 18oD + ) lea, — @yt + ) @B+ 1By DE

g+ 1D+ Dt e+ D (e = st +Ztrlﬁ|+|ﬁf D

i=k+1

- t(lﬂﬂ"‘lﬁﬁlj"'ztfﬂf - 1jt + Z (az 1 tﬂ:zjt -I_EZ“ll|9 |I‘E+1+I‘|ﬁ|}|

i=k+1

= t(laol + 1B,]) + 26%*1ay — tay + szrHl +t1By|

i=1
=t(layl — ay) + 2t* 1, + 2 X7, 16,1tF1
= M,(say)
Proceeding in the same lines as in the proof of Theorem 1, the proof of this result follows.

Proof of Theorem 3: As in the proof of Theorem 2, we have
g(z) = tlay +if,) + Z(m:z' —a;4)z' + iZ(tﬁf —Bi-1)z"
i=1 i=1

Therefore for |z| < t, we get

960 |Page




International Journal of Advance Research in Science and Engineering jé
Volume No.06, Special Issue No.(01), Nov 2017 I ARSE

www.ijarse.com ISSN: 2319-8354

lg(2)| = t(leayl + 185D +Z|me —a; |t + Z |tB; — B4 It
— =

—r(laﬂ|+|ﬁulj+2(m @, )t

+ Z (et;q ‘-La:]t +Z(‘—L}9 B;- 1]‘:E + Z (Bi-1 ‘-LJB]‘-LE

i=k+1 i=i+1
=t(lagl + 15,1) + 2t* ta, — ta, + 2t'716, — tf5,
=t(lagl — ag) + t(1B] — Bp) + 2t*  ay, +2t715,
= M;(say)
The result now follows as in the proof of Theorem 1.
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