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ABSTRACT

Square sum difference product prime labeling of a graph is the labeling of the vertices with {0,1,2--------- ,p-1} and
the edges with absolute difference of the sum of the squares of the labels of the incident vertices and product of the
labels of the incident vertices. The greatest common incidence number of a vertex (gcin) of degree greater than one
is defined as the greatest common divisor of the labels of the incident edges. If the gcin of each vertex of degree
greater than one is one, then the graph admits square sum difference product prime labeling. Here we investigate,
splitting graph of star, double graph of star, triangular book, tensor product of star and path, tadpole graph,

friendship graph and helm graph for square sum difference product prime labeling.
Keywords: Graph Labeling, Greatest Common Incidence Number, Square Sum, Prime Labeling.

I INTRODUCTION

All graphs in this paper are simple, finite and undirected. The symbol V(G) and E(G) denotes the vertex set and
edge set of a graph G. The graph whose cardinality of the vertex set is called the order of G, denoted by p and the
cardinality of the edge set is called the size of the graph G, denoted by g. A graph with p vertices and g edges is
called a (p,q)- graph.

A graph labeling is an assignment of integers to the vertices or edges. Some basic notations and definitions are taken
from [2],[3] and [4] . Some basic concepts are taken from [1] and [2]. In [5] , we introduced the concept, square sum
difference product prime labeling and proved that some path related graphs admit this kind of labeling. In [6] and
[7], we extended our study and proved that the result is true for some trees and some cycle related graphs. In this
paper we investigated square sum difference product prime labeling of splitting graph of star, double graph of star,

triangular book, tensor product of star and path, tadpole graph, friendship graph and helm graph.

Definition: 1.1 Let G be a graph with p vertices and ¢ edges. The greatest common incidence number (gcin) of a

vertex of degree greater than 1, is the greatest common divisor (gcd) of the labels of the incident edges.
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Il MAIN RESULTS

Definition 2.1 Let G = (V(G),E(G)) be a graph with p vertices and g edges . Define a bijection

f:V(G) -+ {0,1,2,3,---------------- -1} by f(v;) = i—1 , for every i from 1 to p and define a 1-1 mapping figzapp: :
E(G) — set of natural numbers N by frtzapn: (ur) = [{f(u)}* +{f(v)}* - f(u)f(v)|. The induced function figezpe: is
said to be square sum difference product prime labeling, if for each vertex of degree at least 2, the greatest common

incidence number is 1.

Definition 2.2 A graph which admits square sum difference product prime labeling is called a square sum
difference product prime graph.

Theorem 2.1 Splitting graph of star K, , admits square sum difference product prime labeling.

Proof: Let G = S'(Ky)) and let a,b,v;,vp,------------- Vi, Ug,Ug,-==-==------- ,U, are the vertices of G
Here |V(G)| = 2n+2 and |E(G)| = 3n.
Define a function f:V —= {0,1,2,3,---------------- ,2n+1 } by

f(v;) = i+1, i=12---—--- .

f(u) =n+i+l, i=1,2,---- n.
f(a) =0, f(b) =1
Clearly f is a bijection.

For the vertex labeling f, the induced edge labeling f;gzpp: is defined as follows

fegsappi (85 ) = (i+1)%, g I n
f?}sdpp[{bv[ ) = i2+i+1, i= 1’2, ____________ n.
fs?.‘sdpp['i”‘“[) = (ﬂ+i+1)2, (=T R — n.

Clearly fizzappi is an injection.

gein of (v;) = gcd of {fgz;'sdpp[{ﬂ'vi ) fs?’.‘sdpp[{&v[ )}
= ged of { i%+2i+1, i*+i+1}
=ged of {i, i+i+1}

=1 [Ty —— n.
gcin of (a) = 1.
gcin of (b) =1

So, gcin of each vertex of degree greater than one is 1.

Hence S'(Ky,) , admits square sum difference product prime labeling. ]
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Example 2.1 G = S'(Ky4)

fig—2.1
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Theorem 2.2 Double graph of star K, , admits square sum difference product prime labeling.

Proof: Let G = D(Ky,) and let a,b,v;,vp,------------- Vi, Ug,Ug,-==-===------ ,u, are the vertices of G

Here |V(G)| = 2n+2 and |[E(G)| =
Define a function f:V —= {0,1,2,3,
f(v) =i+1,

f(u;) = n+i+1,

---------------- 2n+1} by
1= 1121 ______ N
1= 1121 ______ N

f(a) = 0, f(b) = 1

Clearly f is a bijection.

For the vertex labeling f, the induced edge labeling f;gzapp: is defined as follows

fsz;'sdpp[{avi )
fs;,'sdppi':hvi )
fsz;'sdpp[{au[)

fs;,'sdppi':hui )

Clearly fzzzapn1 is an injection.,

gcin of (u;)

gcin of (v;)
gcin of (a)

= (1),

i24+i+1,

(n+i+1)%,

= (n+i+1)? -(n+i+1) +1,

= gcd of {fgzappt (BU; ) | fgegppr (bu;) }
= ged of {(n+i+1)?, (n+i+1)* -(n+i+1) +1}
ged of {(n+i+1), (n+i+1)? -(n+i+1) +1}
1,
1,
= 1.

i=12--e- .
=12, n.
i=12--e- .
=12, n.
i=12,-----m-- .
i=12,-----m-- .
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gcin of (b) =1
So, gcin of each vertex of degree greater than one is 1.
Hence D(Ky,) , admits square sum difference product prime labeling. ]

Example 2.2 G = D(Ky4)

U u; Us Uz

fig—2.2

Theorem 2.3 Triangular book P2 3. X admits square sum difference product prime labeling.

Proof: Let G = P2 2. Ka and let vq,vy,---------------- \Vn+2 are the vertices of G
Here |V(G)| = n+2 and |E(G)| = 2n+1.
Define a function f:V — {0,1,2,3,------------=--- ,n+1} by

f(v;) = i+1, =12, .

f(a) =0, f(b)=1
Clearly f is a bijection.

For the vertex labeling f, the induced edge labeling figz4pp: is defined as follows

fegeapp (@0;) (i+1)%, TR n
fs:','sdpp[':hvi )
fs:','sdppi'iah) = 1.

Clearly fizzappi is an injection.,

i“+i+1, Ry — n.

gein of (v;) 1, [N —— .
1. gcin of (b) =1

So, gcin of each vertex of degree greater than one is 1.

gcin of (a)

Pz + KD

Hence , admits square sum difference product prime labeling. ]
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Example 2.3G = P2i.K4

Vi Va2 Vi3 Va

fig— 2.3

Theorem 2.4 Tensor product of star Ky, and path P, admits square sum difference product prime labeling.

Proof: Let G = K; , ® P,and let a,b,vy,vp,------------- VU, Up,========-=--- ,u, are the vertices of G
Here [V(G)| = 2n+2 and |[E(G)| = 2n.
Define a function f:V — {0,1,2,3,---------------- ,2n+1 } by

f(v;) =i+1, i=12---—--- .

f(u) =n+i+l, i=1,2,------ n.

f(@)=0,f(b)=1
Clearly f is a bijection.

For the vertex labeling f, the induced edge labeling ﬁ}sdpp; is defined as follows

fegedppi (au;) = (n+i+1)? T I R n.
fegsapp1 (b; ) = PP+i+l, g T — n.
Clearly figzappi is an injection.,

gcin of (a) =1

gcin of (b) =1

So, gcin of each vertex of degree greater than one is 1.

Hence Ky, ® P,, admits square sum difference product prime labeling.

Example 24 G =K, ® P,
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Theorem 2.5 Tadpole graph C,(P.,) admits square sum difference product prime labeling.

Proof: Let G = C(Py) and let vq,v,------------- Vn+m-1 are the vertices of G

Here |V(G)| = n+m-1 and |E(G)| = n+m-1.

Define a function f:V —= {0,1,2,3,---------------- ,n+m-2 } by

f(vi)) =i-1, i=12,---—-- ,n+m-1.

Clearly f is a bijection.

For the vertex labeling f, the induced edge labeling figz4pp: is defined as follows
fegedppt (ViVisy ) = %+, R I n+m-2.
fegeappi (P17%) = (n-1)°

Clearly fzzzappi is an injection.,

gein of (vy) = ged of {fegedppt (V1v2 ), frgedppt (¥1¥n )}

=ged of {1, (n-1)*} = 1.

gcin of (¥j441) =1, =12 ,n+m-3.

So, gcin of each vertex of degree greater than one is 1.

Hence C,(P.,), admits square sum difference product prime labeling. ]

Example 2.5 G = C5(P,)

Vi
V2 Vs Vs V7 Vs
© © ©
Vs Vi

fig— 2.5

Theorem 2.6 Friendship graph F, admits square sum difference product prime labeling.

Proof: Let G = F,and let v;,v,,------------- \Vons1 are the vertices of G
Here |V(G)| = 2n+1 and |E(G)| = 3n.
Define a function f:V —= {0,1,2,3,---------------- ,2n } by

f(v;) =i-1, i=12---- ,2n+1.

Clearly f is a bijection.

For the vertex labeling f, the induced edge labeling f;gzapp: is defined as follows
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Fegzappt (Vaio1 V2 ) = 4i2-2i+1, ([T — n.
fogeappt (V1 V2 ) = (2i), o I n

Fegedppt (P1V2i 1) = (2i-1)% i = 1,2 cemmmmeenee n.
Clearly frzzappi is an injection.
gcin of (v4) =1
gein of (v5i1) =gcd of {fegeappt (VaVaioy ), Fgeappt Va1V ) }
= ged of { (2i-1)% 4i%-2i+1}
=gcd of {2i-1, 2i(2i-1)+1}

=1, i = 1,2, n.
gein of (vz) = gcd of {figeappt (Va¥ai ) | figedppi (VaiaV2i ) }

= ged of { (2i)3, 4i*-2i+1}

=gcd of { 2i, 2i(2i-1)+1} =1, ([ — n

So, gcin of each vertex of degree greater than one is 1.

Hence F,,, admits square sum difference product prime labeling.

Example 2.6 G =F,.
V; Vs

Va

Vz Vs
fig—2.6

Theorem 2.7 Helm graph H, admits square sum difference product prime labeling.

Proof: Let G = H,and let a,vq,vy,~------------ Vo, are the vertices of G
Here |V(G)| = 2n+1 and [E(G)| = 3n.
Define a function f:V —={0,1,2,3,---------------- ,2n } by

f(vy) =1, i=12---- ,2n.

f(a) = 0.

Clearly f is a bijection.

For the vertex labeling f, the induced edge labeling figz4pp: is defined as follows
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fegeappt (P2i—1 Vi ) = 4i%-2i+1, I — n.

fegedppt (P2io1V2is ) = 4i%+3, T I R n-1.
fogeapp1 (@V2i_1 ) = (2i-1)4 R I n.

Fegeappt (ViVzn_1) = 4n*-6n+3.

Clearly frzzappi is an injection.

gcin of (a) =1

gein of (Vi) =gcd of {fegeappr (8V2i_1 ), fgedopt (WaioaV2 ) }

= ged of { (2i-1)% 4i%-2i+1}

=gcd of {2i-1, 2i(2i-1)+1}

=1, N J— n.
So, gcin of each vertex of degree greater than one is 1.

Hence H,, admits square sum difference product prime labeling. ]

Example 2.7 G = H,.

Vi
Vg \/ V3 Vs
. \\\ O

(0] Vg
fig—2.7
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