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ABSTRACT

In this paper, we introduce intuitionistic fuzzy semi pre open (closed) sets and intuitionistic fuzzy semi pre
continuous mappings in intuitionistic fuzzy topological spaces in Sostak’s sense. Also we investigate the
characteristic properties of these sets and mappings.
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I. INTRODUCTION

Chang [1] introduced the concept of fuzzy topological spaces using fuzzy sets first introduced by Zadeh [2]. In
[3], Sostak generalized the fuzzy toplogical spaces and defined the concepts of gradation of openness. Further
Chattopadhyay, Hazra and Samanta (see [4]) rephrased this concept.

Atanassov [5] introduced intuitionistic fuzzy sets and Coker [6] defined intuitionstic fuzzy topological spaces.
Several authors have generalized these spaces (see [7], [8]). In 1996, Coker and Dimirci [9] introduced
intuitionistic fuzzy topological spaces in Sostak’s sense, which is a generalization of fuzzy topological spaces
developed by Sostak [3].

In this paper, we introduce intuitionistic fuzzy semi pre open (closed) sets and intuitionstic fuzzy semi pre
continuous mappings on intuitionistic fuzzy topological spaces in Sostak’s sense (see [10], [11]). Further in
these fuzzy topological spaces, the characteristic properties of semi pre open (closed) sets and semi pre

continuous mappings have also been investigated.

I1. PRELIMINARIES

Let X be a universal set and | =[0,1] be the closed unit interval of real line. Let £* denote the set of all

intuitionistic fuzzy sets on X . For the sake of completeness first we define intuitionistic fuzzy sets (see [5]) as
follows.
An intuitionistic fuzzy set (IF-set in short) A on X is an object of the form

A=l=xp,yGl) = xe X} )
where the functions i 4: X — I and v, : X — I define the degree of membership (namely i 4{x}) and the degree
of non-membership (namely v, (x)) respectively of x in A, with 0 < u,(x) + v, (x) = 1 for each x € X. We
shall denote for simplicity, IF-set A given in (1) A={=<xu,v, =} and its complement by

A" =Tz xuy,pu, =
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The IF-sets 0 ={= x0,1=} and 1 ={==x1,0=} are called the null IF-set and whole IF-set on X
respectively.

An intuitionistic fuzzy topology (IF-topology in short) on a nonempty set X is a family = of IF-sets in X
satisfying the following axioms:

[1] 01lex;

[2] AnEexforany A E e 7;

[3.] VY 4; € 7 for any arbitrary family {4;:i € J} S 1.

The pair (X, T} is called intuitionistic fuzzy topological space (IF-topological spaces in short) (see [6]).

Let @ and & be two real numbers in [0, 1] satisfying the condition a + & = 1. Then the pair < @ & = is called an
intuitionistic fuzzy pair (or IF-pair in short) (see [9]).

An IF-set 1 = {=< A p_A(A)vi(A) = A € £ on #¥is defines a collection of IF-pairs < m;(4).vi(A) =
satisfying u;(A) + v ;(4) = 1 foreach 4 € £%.

Now for each IF-set 4 = {= x, u,(x). vy (x) =} € £ we define a map 7: &% — I x Ias follows:

=< 10= ifAa=10
T(A) = < p(A) v(d) = = {ﬁ: inf (ua(x)), sup(ve(x)) = if A= 0

XEX XEX

for each A € £*. Thus 7 is an IF-family on X denoted as T(A) = =< u.(A).v.(4) =, A € £*. We define the
intuitionistic fuzzy topological space in Sostak’ sence (see [9]) as follows.
An intuitionistic fuzzy topology in Sostak’s sense (So-IF-topology in short) on a non-empty set X is an IF-
family T on X satisfying the following axioms:
(i) T(0) =7(1) = 1;
(i) TlA n B} = t (A) Ax(B) forany A.B € £¥
(i) T(Ure; 4) = Ny 7(4p), forany {4;:i € J3 € &%,
The pair (X, 7)) is called an intuitionistic fuzzy topological space in Sostak’s sense (So-IF-topological spaces in
short). For any A € £ the number w(4) is called the grade (or degree) of openness and v, (4] is called the
grade (or degree) of non-openness of IF-set 4.
Now we observe that if (X, T} is a So-1F-topological space, then for a given pair (g &) such that p € I, = (0. 1],
gely=[0.1)and p + ¢ = 1, the family 7, , defined as 7, , = {4 € £*:7(4) = = p.o =] is actually an IF-
topological space in sense of Coker [9] and is called the (g &}-level IF-topology on X. In this case IF-sets
belonging to =, . are called IF-(z. o}-open sets and their complements are called IF-{ 2. o)-closed sets.
Let (X.7) be a So-IF-topological spaces and A € £¥ be an IF-set on X. Then the interior and closure of A with
respect to =, . are denoted as I'nt, (A} and £, (A} respectively. Thus

Int, (A} =u{Gef¥: GCAGeT,,)

Cl,(A)=n{Kef " ACK.K e}
where p € I, = (0,1 ¢ € I, = [0.1) such that g + ¢ = 1 (see [5]).

I INTUITIONISTIC FUZZY-(p, )-SEMI PRE OPEN (CLOSED) SETS

In this section, we introduce IF-{ 2. &)-semi pre open set and IF-{z o}-semi pre closed set in sostak intuitionistic
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topological space. We also study their significant properties.

Definition 3.1: Let (X.7) be a So-IF-topological space and A be an IF-set on X. Then for a given g € I, and

gel,withg+ =1 IFset Aiscalled an

[1.] IF-(g. o)-semi open set if A € €1, ; (f'-"l *a_s'iﬂ])

[2.] IF-(p, o)-alpha open set if A & Int, , (C{ﬂ_g (Iﬂtﬂ_gli,-fl]:l)

[3.] IF-(p, o)-pre open set if A € Int, .(Cl, (A}

Remark 3.1: Foragiven g € Iy, € I; such that g + & = 1 (see [10], [11])

[1.] Every IF-(g. =)-open (resp. IF-(gz. o)-closed) set is IF-( g &} -alpha open (resp. IF-{g. o’}-alpha closed) set.
[2.] Every IF-(g. o}-alpha open (resp. IF-{g. o}-alpha closed) set is IF-( 2. a}-semi open (resp. IF-( 2. a}-semi
closed) set.

[3.] Every IF-(g. o)-alpha open (resp. IF-(g. o} -alpha closed) set is IF-{z. o)-pre open (resp. IF-{ @ o)-pre
closed) set.

But converse of (1), (2), (3) may not be true in general.

Now we will define intuitionistic fuzzy-{ . a}-semi pre open (closed) sets in Sostak’s sense as follows.

Definition 3.2: Let (X.7) be a So-IF-topological space and 4 £ £* be an IF-set. Then for a given g € I and
g e I, suchthat  + ¢ = 1, IF-set A is said to be an

[1.] IF-(p o)-semi pre open set if there exists an IF-( 2. o)-pre open set B such that B = 4 = 1, . (B).

[2.] IF-(p. &)-semi pre closed set if there exists an IF-{g. o}-pre closed set B such that Int(, ,7(B) = A € B.

Example 3.1: Let ¥ = {a, b} and 4. B € £* be IF-sets defined as
A={<a0305=<50106=])
B ={=a040.3=><b0306=]

We define an IF-topology 7: £ — I % I as follows:

= 1,0 =, if F=0,1
= 0106= ifF=A
= 03,06= if F=E
=< 0,1=>, otherwise

Let o = 0.2 and @ = 0.8. Consider IF-set £ = {=< ,0.5,0.2 = = b,0.4,0.3 =} € £ Then we see that an IF-

o(F) =

(p.o)-pre openset B issuchthat B £ E = €I, .(E} = 1. Thus £ is an IF-(;2. @}-semi pre open set in X.

Remark 3.2: We easily observe that for agiven g € [p.g € fy suchthatp + ¢ = 1
[1.] Every IF-{g a)-semi open (resp. IF-{ g &)-semi closed) set is an IF-{gz o’}-semi pre open (resp. IF-{m o)-
semi pre closed) set.

[2.] Every IF-(g. a)-pre open (resp. IF-{p. o}-pre closed) set is an IF-{g. }-semi pre open (resp. IF-{g. }-semi
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pre closed) set.
Proof: (1.) Let A be an IF-(p o)-semi open set in So-IF-topological space (X, 7], then A € 1, . (Int, .(4)).
Suppose Int, (A} = E. Being (p.o) — interior of A, IF-set B is an IF-(z. o})-open set in X and every IF-
(po)-open set is IF-(pa)-pre open set. Hence E is an IF-(mo)-pre open set in X. Since
Int, (A} € A  Cl,  (Int, -(A)). Itimplies B € A & €1, .(B). Thus 4 is an IF-{p. &)-semi pre open set in
X
(2.) can similarly be proved.

In the following examples we show that the converse of (1) and (2) may not be true in general.

Example 3.2: Considering Example 3.1, we observe that IF-set E is an IF-(p. a’}-semi pre open set. But E is not

an IF-(2. o} -semi open set because E 1, . (Int, (E)) = A°.

Example 3.3: Let ¥ ={a.b}and 4. B.C € ¥ be IF-sets defined as
A={<a0208=><50.306=)
B ={<a 0307 =><b0405=)
€=1{<a0.603=<b0504=)

We define a IF-topology 7: £* — I x I as follows:

= 1,0 =, ifF=01

_ ) =0208= ifF=A4
F) =) £ 03,075, ifF=8B
=0,1=, otherwise

Let p = 0.1 and o = 0.9. We see that IF-(o. o) -pre open set B issuch that 8 = € = €1, (B} = E*. ThusC is
an IF-(p, o’} -semi pre open set in X. But T is not an IF-( 2. o’)-pre open set in X because € € int, (CI, -(C)).

In the following we obtain some interesting results, which describe the characteristic properties of IF-{g. a])-

semi pre open (closed) sets.

Theorem 3.1: Let 4 be an IF-set in a So-IF-topological space (X, 7}. Then for a given g € I, & € I; such that
g + ¢ = 1, following statements are equivalent:

a) Aisan IF-(g o)-semi pre open set;

b) AFisan IF-{g o)-semi pre closed set;

€)  ACC (Inty (Cly - (A)));
d) Int,, (EJM (imt, ;04 € ¢,

Proof: (a) = (b): Let A4 be an IF-(p. o)-semi pre open set in X, then there exists an IF-{g. &}-pre open set B
such that B £ 4 © €1, ,(B). Since B is an IF-(z. o)-pre open set, so that E° is an IF-(g, )-pre closed set and
also Int, ,(B€) € A® © B*. Hence A° is an IF-(. o)-semi pre closed set in X. We can prove (b)=(a) by taking
complements.

(@=(c): Let A be an IF-(g. a)-semi pre open set in X, then there exists an IF-( . @)-pre open set B such that
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Bc AcCl, . (B). Since E is an IF-(p. o)-pre open set in X, therefore
B Cint,,(C1,,(8)) € Int, ,(Cl,,(4)). It implies Cl,,(B) C Cl,,(Int, -(Cl,.(A))). Thus we have
AC Ul (Int, (Tl o(4))).

(c)=(a): If (c) holds, suppose IF-set 4 is such that 4 € I, .(Int, .(Cl, (A})}, then (a) follows by taking
B = Int, ;(Cly ;(A)).

(b)=(d): can be proved by taking complements in above.

Theorem 3.2: Let (X, 7} be a So-IF-topological space and g € I, o € I; such that o + & = 1. Then
[1.] Any union of IF-(g. =)-semi pre open sets is an IF-{ g @})-semi pre open set;
[2.] Any intersection of IF-{ &)-semi pre closed set is an IF-{ g a}-semi pre closed set.
Proof: (1) Let {4;:i £ [} be a collection of IF-( . @)-semi pre open sets in (X, 7). Then there exist IF-{ g &) -pre
open sets E; such that
B;C A € Cl,,(Blvie] (3.2.1)
We know 7{U;; B;) =A;.; T(B;) = < p.o =. Thus U;.; B; is an IF-(p, o)-open set. Further every IF-(p, o)-
open set is an IF-( 2. o)-pre open set. Therefore from (3.2.1), we have
Usey By © Useg A € Uge; €L (B € CL, (Ui B). Itfollows U;; By SUi; A; € Cl, (Ui B). Thus
Uie; A; is an IF-( g, a)-semi pre open set in X.

(2): follows from (1) using Theorem 3.1.

Remark 3.3: The intersection of two IF-{ @’}-semi pre open sets is not an IF- (7. @}-semi pre open set in

general as seen in the following example.

Example 3.3: Let X ={a, b} and let A, B, C € £* be IF-sets defined as
A= {<a0406=><hb0503=)
B ={<a060.3><5b0104=)
€ = {<a0.702><b03,04 =)

We define a IF-topology 7: £¥ — I % I as follows:

= 1.0 =, ifF=0,1
TlF) = 1= 04,06 =, if F=A4
=0,1=, otherwise

Let o = 0.2 and o =0.8. We see that IF-sets £ and A are IF-(g. o)-semi pre open sets in X. But their

intersection A N € = {= a, 0.4, 0.6 =, = b, 0.3,0.4 =} is not an IF-(z o)-semi pre open set.

Theoerem 3.3: Let (X.7) be a So-IF-topological space and B € £* be an IF-set in X. Then for a given
pelpocelwithp+eo=1 IF-setEisan
(i)  IF-Cp.o)-semi pre open set in X if A is an IF-{ 2. o}-semi pre open set such that A £ B € Cl, .(4).

(i) IF-(p. a)-semi pre closed set in X if A is an IF-{ 2. a)-semi pre closed set such that Intﬂ_E{A] CEBECA.
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Proof: (i) Let A be an IF-( 2. @)-semi pre open set and E be an IF-set in X such that 4 € B < €[, .(A). Since A
is an IF-(. o}-semi pre open set, then there exists an IF-(z. o}-pre open set £ such that £ = A = €I, .({C).
Now we observe that C S A= B cCl,(4) = Cl,.(C). It implies € & B S Cl,.(C). Hence B is an IF-
(. o)-semi pre open set in X.

(ii): It can be proved in a similar manner.

Remark 3.4: The following diagram explains the relationship among the different types of IF-{g. o}-sets

IF-(o, @)-semi
open set
IF-(p, @)- IF-(p, @)-alpha IF-(p, @)-semi
Onpen set open set pre open set
IF-(p, @)-pre
open set

IV. INTUITIONISTIC FUZZY-(p, &)-SEMI PRE CONTINUOUS MAPPING

In this section, we will introduce IF-(g. @)-semi pre continuous mappings and investigate its characteristic
properties. Firstly we define IF-(z, ¢J-continous mapping as follows.

Let (X.7} and (¥. &) be two So-IF-topological spaces, where T and & are (. o)-level IF-topologies on X and ¥
respectively. Then a map f:X = ¥ is said to be IF-(2. )-continuous iff z{#~*(B)) = &(B) for each B € £¥

suchthat 6(B) = < p.o =,

Definition 4.1: Let {X.t} and (¥. &7 be two So-IF-topological spaces and f:X — ¥ be a map. Then for a given

pelynoelysuchthat g + o = 1, the map f is said to be an

[1.] IF-(g.o)-semi continuous map if £~*(B) is an IF-(g. o)-semi open set in X, for each IF-(g. &)-open set B
in¥.

[2.] IF-(o.o)-alpha continuous map if F~*(E) is an IF-{gz. o)-alpha open set in X, for each IF-(p. o)-open set
EBin¥.

[3] IF-(e.a)-pre continuous map if F~*(B) is an IF-(p. o)-pre open set in X, for each IF-(g. o)-open set B in
¥,

Remark 4.1: It is clear for a given g € Iy, o € [y with g + & = 1 that

a) Every IF- (. @})-continuous mapping is an IF- {z. o}-alpha continuous mapping.

b) Every IF- (p. o)-alpha continuous mapping an is IF- (. &}-semi continuous mapping.
c) Every IF- {p. =}-alpha continuous mapping is an IF- {z. &} -pre continuous mapping.
But converse of (a), (b), (c) may not true in general (see [11]).

Now we will define IF- (. &}-semi pre continuous mapping in Sostak’s IF-topological spaces as follows.
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Definition 4.2: Let (X, 7} and (¥. &) be two So-IF-topological spaces. A mapping f:X — ¥ is said to be an IF-
(7. o)-semi pre continuous mapping if f~*(B) is an IF-(p. o)-semi pre open set in X for each B € £¥ such that

6(B) =<p.o =

Example 4.1: Let X ={a, b}, ¥V = {u,v} and 4. B € F¥,C € I¥ be IF-sets defined as follows:
A= {=a0206=<5b0304%=)
B ={<a0405=><h0603=)
€= {=u0701=<v0602 =]

We define IF-topologies 7: £ — I = I and §:£% — I % I as follows:

= 1,0 =, ifF=0,1
T{F]:Ic: 0.2,0.6 =, ifF=A
=01z, otherwise
= 1,0=, if F=0,1
5(F]=I-=:n.ﬁ,n.2 = ifF=C
=01 =, otherwise

Consider the mapping f: (.t} —= (¥. &) defined as f(a) = w. f(b) = v. Suppose g = 0.1 o = 0.8. We see
that for IF-sets f~*(C) = {< a.0.7.0.3 = < b,0.8.0.2 =}, f~*(0) = 0 and f~*(1) = 1 are IF-(p. o)-semi pre
open sets. Thus f is an IF-(g. @)-semi pre continuous map.

Now we will investigate some characteristic properties of IF-{z &’}-semi pre continuous mappings.

Remark 4.2: We observe that for a given p € I, @ € I; such that p + & = 1.
[L.] Every IF- {g. a})-semi continuous mapping is an IF- {z. }-semi pre continuous map;
[2.] Every IF- (@, &}-pre continuous map is an IF- (i, &}-semi pre continuous map.

But converse of (1) and (2) may not true as shown in following examples.

Example 4.2: Considering Example 4.1, we see that f is an IF- (. &)-semi pre continuous mapping, but it is
not an IF- (2. o)-semi continuous map. We observe that IF-set f~*(C) is not an IF-{g. o)-semi open set in X

because f~*(C} & Cl, ;(Int, ;(F~HCN).

Example 4.2: Let X ={a. b}, ¥ = {w.v} and let A.B € £*,C € £ be IF-sets defined as follows:
A= {=a0304=><50205 =]
E={=00402==5s0302=
€ = {<u0303><v0503 =}

We define IF-topologies 7: &% —= I % I and §:£¥ — I x I as follows:

= 1,0 =, ifF=101

_ ) =0205= ifF=A4
F) =) <0302, ifF=8B
=0,1=, otherwise
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<1.0=, ifF=0.1
§F)=1<03,03=  ifF=C
=0,1=, otherwise

Consider the mapping f:(X.7) = (¥.&) defined as f{a) = w. f(b) = v. Let p = 0.2, = 0.7. Then we see
that f is an IF-(. o)-semi pre continuous map. But it is not an IF-(g. o)-pre continuous map because f~*(C) is

not an IF-{z o} -pre open set in X.

Theorem 4.1: Every IF-{z o}-continuous map is an IF-{ @ &}-semi pre continuous map.

Proof: Let (X, 7) and (¥,&) be two So-IF-topological spaces and f:X — ¥ be an IF-{z a}-continuous map.
Suppose g el ael, such that p+o= 1 and B € be an IF-set such that &(B) = < p,o =, then
t[f1E)) = 6(B) = < p.o =. Therefore f*(B) is an IF-(p. &)-open set in X and every IF-(. )-open set is
an IF-(g. &)-semi pre open set, hence f~*(E is an IF-(p. o)-semi pre open set in X for each B € £¥. Thus f is
an IF-( g, o}-semi pre continuous map.

But converse may not be true in general as seen in following example.

Example 4.3: Considering Example 4.1, we see that £ is an IF-{z &’)-semi pre continuous map, but f is not an

IF-{ 2. &)-continuous map because IF-set £~*(C) is not an IF-{z. o)-open set in X.

Theorem 4.2: Let (X.7} and (¥. &) be two So-1F-topological spaces and f: X — ¥ be a map. Then f is an IF-
(7. o)-semi pre continuous map iff £~*(B) is an IF-(p. o)-semi pre closed set for each IF-{z. a)}-closed set B of
Y.

Proof: Suppose (.7} and (¥.&) are two So-lF-topological spaces and f:X =V is an IF-(p. o)-semi pre
continuous map. Suppose B € I¥ is an IF-(g.a)-closed set such that 6(B“} = < p.¢ =, so that B is an IF-
(p.&)-open set in X. Therefore f~*(B<) is an IF-{o. )-semi pre open set in X and also (£ *(B%)) =< p. o =.
Since Iff‘l(B‘]}l = f~Y(B), thus f~*(B) is an IF-(p. o) -semi pre closed set in X.

Conversely; Let f:(¥.7) — (¥.&) be amap and let f~*(B) is an IF-(p. &)-semi pre closed set in X for each IF-
(p.o)-closed set B in ¥. Then &(B®) == p.o =, therefore B® is an IF-(p. o)-open set in ¥ such that
(f=1(B)) =z(f*(8%)) =< p.o =. Since every IF-(p. o)-open set is an IF-(. )-semi pre open set. Hence

FH(B ) is an IF-(2. a)-semi pre open set in X. Thus f is an IF-{ 2. o)-semi pre continuous map.

Remark 4.3: The following diagram explains the relationship among the different types of IF continuous maps.

S IF-(p,_a)-semi
continuous
IF-(p,o)- IF-(p, #)-alpha IF-(p, 7)-semi
continuous | continuous pre continuous
IF-(o, o)-pre
continuous
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V. CONCLUSION

In the present paper, we introduced the concept of IF-{g o)}-semi pre open sets and IF-{g. o}-semi pre
continuous mapping in intuitionistic fuzzy topological space defined in sense of Sostak. We have also

investigated the characteristic properties of them.
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