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ABSTRACT

Certain results on indexed Cesaro summability were studied by Flett and Seyhan. Later similar
results on absolute indexed Norlund summability were introduced by Misra. Extending their results,
in this chapter a theorem on absolute indexed Riesz summability with additional parameter has been
established.
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I. INTRODUCTION
Let {s, Jdenote the nth partial sum of an infinite series D a, and let {p,} be a sequence of
positive real constants such that

(1.1) P.=>p, ow, forn=012..(R=p =0,i<0).
v=0
Then the sequence-to-sequence transformation given by
(12) Tn = iz pvsv !
Pn v=0

defines the (N, pn)mean of the sequence {s, }.
The series Y a, is said to be ‘N, P,
w k-1
(1.3) Z(ij T, T, <.,
n1\ Pn
_summability reduces to IC1, summability method.

X k >1 summable [1], if

Taking p,=1forall n, ‘N, Px

Further, for a sequence {¢n}of positive real numbers the series Zan is said to be
¢_‘N1 pn

(1.4) igorlffl T, —Tn_1|k < oo..
n=1

) ,k >1, summable if
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Taking ¢, = B for ol n, ¢—‘N, P,
Py
) —Summability method. The series Zan is said to be

k—SummabiIity method  reduces to

N, p,

(p—‘N, pn.5‘k,k >16 >0, summable if

(1.5) igof“k_l T, T, <.

n=1

Takingo =0, ¢—‘N, pn.5‘k—SummabiIity method reduces to ¢—‘N, P,

. — Summability

method.
For any real number y  the  series Zan is sad to be

¢—‘N, pn,5,y‘k k>1,5>0, summable if

(1.6) i¢g<5k*k*1> T, —Tn_1|k <o,
n=1

I1. KNOWN THEOREMS
Concerning with |C,1|, —Summability of infinite series a,, in 1957, Flett [2] has

established the following result. He proved the following theorem.

2.1. Theorem
Let o, and r,denote the (C,1)mean of the sequence {s, }and {na, }respectively that is
(i .
n+1:3
and
(ii) L B of
" n+l& A
Then the series ) _a, is summable |C 1], .k >1, if and only if
N Y
D Sle| <o
n1 N
Further in 1995, Seyhan [6] extended the result of Flett to ¢—|C,]4k—summability by
establishing
2.2. Theorem:

Let o, and z be as defined in theorem-A and let {p,}be a sequence of positive real
numbers. Then the series Zan is summable (p—|C,]4k,k >1,if and only if
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In 2010, Mishra et al. [3] have established a theorem similar to theorem-A, by
‘N, p,|, —summability method. They proved:

2.3. Theorem

Let {t, }denote the (ﬁ, pn)-mean of the sequence {na, }and {T. }be the sequence as defined
in (5.1.2), where {pn}be a sequence of positive real constants satisfying the following
conditions:

(@) np, =O(R,),

(b) P, =0(np,),
and

(© njAp,|=0(p,),

k >1, if and only if Z| |

then Y a, is summable‘ﬁ, P, .
n=1

Recently Misra et al [4] established a similar theorem fOf(p—‘N, P,

k,k >1, summability

method. They proveed the following:
2.4. Theorem

Let {T,}and{t,}denote the sequences of (N, pn)-mean of the sequence {s,} and {na,}
respectively. Let{p,} {p,} be the sequences of positive real constants satisfying the

following conditions:

() np,=O(R) (i) P, =0(np,) (iii)njAp,|=0O(p,) and (IV)¢ o) .

Then the series Zan is summablego—‘N, P, k,k >1, if and only if

\Subsequently, extending theore-2.4, Misra et al [5] established the following theorem:
2.5. Theorem

Let {T. }and{t, }denote the sequences of (N, pn) - mean of the sequence {s,} and {na,}
respectively. Let{p,}, {p,} be the sequences of positive real constants satisfying the
following conditions:

() np,=O(R,) (i) P, =O(np,) (iii)njap,|=0(p,) and (iV)%=O(1)-

Then the series Y _a, is summable¢—‘ﬁ, pn,5‘k k>1,6>0, ifand only if

Ok+k—1

> ] <on
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In what follows, in this paper we prove a similar theorem on

¢—‘N, P, 0, y‘k ,k>16 >0, summabilty method. We prove:

I11. MAIN THEOREM

Let{p,} {p,} be the sequences of positive real constants such that

(3.1) np, =0O(F,)
(3.2) P, =0(np,)
(3.3) njap,|=0(p,)

(3.49) {¢,f(5"+"‘1)} .k >1,5>0, is monotonically decreasing.

Let {T }and{t, }denote the sequences of (N, pn)-mean of the sequence {s,} and {na,}
respectively.  Then for any real number y  the  series Zan is
summable¢—‘ﬁ, pn,é,y‘k k>1,56>0,if and only if

(35) Z

7(Sk+k-1)
¢ ‘t ‘ < o0,

IV. REQUIRED LEMMA
We require the following lemma to prove our theorem.
4.1. Lemma [3]:

Let {pn }be a sequence of positive real constants satisfying (i) and (ii) of Theorem-C, then

(4.1.1) Pra =0(P,)
and

(4.1.2) Pn =0(Py.1)
hold good.

V. PROOF OF THE MAIN THEOREM
Sufficient Part(<):

Since {t,} is the (N, pn)-mean of the sequence {na, }, we have

(5.1) Zp va, _—Zp va,

n v=0 n v=l
Then I:)ntn - I:)n—ltn—l =np,a,
Pt —P t
(52) — an —__nmn n-1"n-1
np,

Now, we have
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l n 1 n 14
T, =— pvsv = pv a
" P, = Pio = g
1 n n 1 n
=—)>a =—>a,|P-P
Pn ~ /11/21 pv Pn ~ Z.( n /Ifl)
n 1 n
=>a,-—»a,P,
~ A Pn ~ AT A1
Then,
(53) VTn :Tn _Tn—l
n n n-1 ="
=>a,-=>aP, Zaﬁp— a,P,
=0 n A=l =0 N1 A=l
1 1\ P .a
= a, "‘(_ __JZ 2P -
Pn—l Pn A=1 n
=aq,|1-——= |+ — a,P,,
" I:)n I:)n n-1 A=1
Pn N
= a,P
PnPn1; YA
Using (5.2), we get
-P .t
P _vv vl
Tn P P 1; v vpv
_ pn Z Pv—l Pvtv _ pn i Pvz—ltv—l
F)npnlvl va PnPnlvl va

_ t_n pn < Pv—lpvtv _ pn < Pvztv
- n +PnPn1; va PPnlg(V_'_l)perl

n 1 P
N PP = ( C(v+1)p,,

IR 1
n n z1 v n nl; ' (va (V+1)pv+lj
-1
=1

t pn < P p = PVZtV

t,
n Pn Py v P P ;V(V_'_l)pvﬂ
= P 1

n-1 p2
P P n-1 v=1 14 pv pv+1

:Tn,l +Tn,2 +Tn,3 +Tn,4! (Say) .

V=

In order to complete the proof of the sufficient part, by using Minkowski’s inequality, it is
sufficient to show that
i¢y(6k+k—1) T
n
n=1

“<oofori=12324.

n,i

Now, we have
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ST = Z”T|tn|k < o0, By (3.5).
n=1 n=1
Next,
mzﬂ¢y(6k+k—l) T k < m+l¢y(5k+k—1)£ pn Jk [nz—l Pv tv jk
n=2 ! "2 n=2 ! Pn Pn_1 v=1 v
mad y(ok+k-1) y(ok+k-1)—k+1 Nl k
¢ P R p :
=0(1 - - — t , using (3.2
();[ p o T 21 [P, 9(32)
il 7(Sk+k-1) 7(Sk+k—1)—k+1 1 k-1 /g
¢n pn Pn pn k
:o<1>22[ L 5 (S (Sol
n= n n n' n-1 \v= V=
(Using Holder’s
inequality)
md Sk+k-1 y(Sk+k-1)—k+1 Nl
$, P P p k
=0(1 Lnn - — t
();( Pn pn PnPn—l ; ' pv
m Ml 7(Sk+k-1) y(ok+k-1)—k+1
p $.P P
=0 p.It[ ! [— J [—J
; n:zwl Pn Pn—l F)n pn
7(Sk+k-1) 7(Sk+k—1)—k+1
aL P wlilo] 1 .
=0(1 t [ 4.p, - _ , usin
ofert(f2] (3] &g a) o wm
(3.4)
y(ok+k-1) 7(Sk+k—1)—k+1
u P 1
— O 1 t k ¢v pv v =
()VZ:;,p” (PJ (DJ P,
(Sk+k-1) 7(Sk+k-1)—k
=0() vy _v t,
Ll A(Sk+k-1) )
=0(1)> *——1t,| , using (3.2)
v=l |4
=0(), using (3.5)
Furthermore,
m+1 K mHl K/ P2t k
¢}/(5k+k,1) T < r;]/(§k+kfl) pn v v
; " ns nz=;¢ I:)nl:)n—l VZ=l:V(V+l) pv+1

< il 40 7(6k+k-1) P y(Sk+k-1)—k+1 0. E PRIt k
- n= F)n pn Pn I:)nk—l v=1 V(V +1) pv+1

2
mal 7(Sk+k-1) 7(Sk+k—1)—k+1 1 k
VO (S
< hh n 5 t,|p, | ,using (3.2)
( P PPX, 2,

n pn v=l

=0(1) as m — oo, proceeding as above.

Next, we have
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m+l K/ ha p2 k
<Z¢y5k+kl)( P, j ZPV t, i_ 1 |
I:)n Pn—l v=l pv pv+l ‘

14
40, 7(Sk+k-1) P 7(Sk+k—1)—k+1 0, ”21 PVZ ¢
Pn pn Pn Pnk_]_ v=1 v ’

mel ¢ 7(Sk+k-1) P 7(Sk+k—1)—k+1 N1 Kk
_0(1)2[ p”] (—”] P, (Z X tvj , Using (3.2)

pn I:)n I:)nk 1 \v=l

m+l y(ok+k-1) y(Sk+k—-1)—k+1
¢, P P
=0(1 n _n
( )Z( n pn P Pk

=0() as m — oo, proceeding as above.
This proves the sufficient part of the theorem.
Necessary Part(=):

14

Pu— B
pv+1 pv

j Using (3.3)

From (5.3), we have PR VT,=>P a, .
pn v=l
where
an = i{ﬂ VTn _ Pnfz Pn—l VTn—1j|
Pn—l pn pn_l
P P
=—VT, - - VT,
pﬂ pn—l
Now, we have
Z p,va,
n v=1
vp,P,
= —Z(v PVT, - "2 Bl g1 )
I:>n v=1 p vl
:—Z PVT __Z(V+l V+1 —1VT
n v=l n v=0
n-1
=nVvT, +FZV PVT, — 1 Z%VT
n v=l n v=l pv

=nVT, +izn:vav(Pv -P_,)

n v=l
pv+l 1 O pv+1
+—Zvv P14 =P VT,
n v=l pv Pn v=l pv

= 1:n,l +tn,2 +tn,3 +tn,4 , Say.
To complete the necessary part, using Minokowski’s inequality, we need to show only
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;/ 5k+k -1)

Z¢ t [“<oo fori=1234.

n i

© y(6k+k -1) o ¢ y(ok+k 1) k
We have, Z ! —Zn—WT ‘

n=. n=1 n

_ Z¢ny(5k+k—1) ‘VTn‘k
n=1
=0(1).
Further,
¢;/ (Sk+k-1) m+1 ¢]/(ék+k -1) 1

Z

<X

n

me 7(5k+k -1) (Sk+k=1)—k+1
n=2 Pn pn —1 v=l

mal ¢ 7(Sk+k-1) P 7(Sk+k-1)—k+1
_O(l)Z[n nj (p_n} PP (Zp)kl(zvk|v-l-| D),

n n n-1 v=1

Using Holder’s mequahty

J7(6k+k—l)( P jy(5k+k—l)—k+l

pn n-1 v=l

(ok+k-1) 7(Sk+k—1)—k+1
$ W1 1)) P,
v=1l n=v+1 Pnfl P P pn

n

k-1
w1 1 y(sk+k-1) [ P,
=0( - = Fn
D | e Y e

= 0(1)mz+1(

; k-1
- O(l)vz_ll P,V (Piv —i](@) e (F:j using (3.4)
< oa@ﬁ—vw S () (%J
= 0(1)Z¢y .
| = O(1) as M —>% sing (3.5)
Agaln¢y ey e )

e |

n
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y(Sk+k—1)-k+1 et
k(v VR P, J ’
7(Sk+k-1) 7(Sk+k—1)—k+1 n
(—”] k[ a j using (3.3)
p =
ak+k -1) P é‘k+k—1 k+1 k-1 n
(B w(zer

5k+k l 5k+k 1 k+1
(B ¥R
p <P
7(Sk+k-1) P 7(Sk+k—1)—k+1 . n
j £ I PR
pn Pn v=1

Z (¢ )]/(5k+k—1) Bn kilﬁ
“ P P

n=v+1

Il
2
S

> 3
1§ \gH
7\
'U;&
> ;c
A /
.

™

=

+

=

L
7~ N\
;°|;U
;/

) using (3.2)

&)

-0 ()mz

(Sk+k-1) V
(4,) b, using (3.4)

— O(l)z ¢li/(5k+k—1)
=1

=0@) asm— o 6ing (3.5).

Finally,

Z¢y (Sk+k-1) ‘ . 3 md ¢n P, 7(Sk+k-1) i 7(Sk+k—1)—k+1 1 ZP p k
=1 P, nP* *p,
mal y(Sk+k-1) 7(Sk+k-1)—k+1 N1 Kk
—o@ [%P P, J (E_j n_ék(z P |VT, J by lemma 4.1
mid 7(Sk+k-1) y(ok+k-1)
P
SR )

=0() as m — oo , proceeding as above.
This completes the proof of the theorem.

VI. CONCLUSION

Our theorem generalizes theorem-2.4. In fact, by putting 6 = 0in our theorem, theorem-2.4 is
obtained as a particular case of our theorem.
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