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ABSTRACT

In this paper we put certain restrictions on the coefficients and also onthe real and imaginary of the coefficients
of a polynomial and find open discs which contain no zero of the polynomial.
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I. INTRODUCTION

The study of polynomials and the location of their zeros play an important role in many areas of the discipline of
science such as communication theory, signal processing, control theory, cryptography, coding theory,
mathematical biology, combinatorics, chemistry, graph theory etc. Though the fundamental theorem of algebra
guarantees the existence of exactly n zeros of a polynomial of degree n, there is no method available to find
these zeros. Therefore, there is need to put some conditions on the coefficients of a polynomial and locate the
regions that contain all or some of the zeros of the polynomial. In this paper, we subject the coefficients and/or
the real and imaginary parts of a polynomial to certain restrictions and determine open discs which contain no
zeros of the polynomial. A classical result regarding the location of zeros of a polynomial with real coefficients

is the following known as the Enestrom-Kakeya Theorem [4,5]:

n
Theorem A: Let P(z) = Z a; " be a polynomial of degree N such that
j=0

>a,;2.....28,23,>0.
Then all the zeros of P(z) lie in |Z| <1.

Several generalizations, extensions and refinements of the above result are available in the literature.
Recently Gulzar et al [3] after making corrections in a paper of K.A.Kareem and A.A.Mogbademu [2] on

polynomials with certain monotonicity conditions on their coefficients, proved the following results:

n
Theorem B: Let P(z) = Zaj ' be a polynomial of degree N where for some R>0,
i=0

0<u<1l0<p<10<k<n,

0< plag| < Rlay| < R%[a,| <......... <R"Ya,,| < R"a,]

>R gy, > ... 2 R" a2 (R— )R™[a,|,

1451 |Page




International Journal of Advance Research in Science and Engineering
Vol. No.6, Issue No. 09, September 2017 IJARSE
ISSN (0) 2319 - 8354

www.ljarse.com ISSN (P) 2319 - 8346

T .
and ‘arg a; —,B‘ <a< > for 1< j <nand for some real o and f. Then for 0 < ¢ <1 the number of

zeros of P(z) in |Z| < ARis less than

where

M =2Ja,|R - pla,[[1 - cos —sin ] + 2Ja, |R“"* cos

E
+]a,|R™ L~ cos e +sina] + 4a, |R" (L+ cos & —sin @) + 2sin anZ‘aj R,
=0

n
Theorem C: Let P(z2) = Zoaj z' be a polynomial of degree N where Re(a;) = a;and Im(a; ) = f3; for
J:

0 < j <n. Suppose that for some R>0,0 < 11 <10< p<1,0<k <n,
0+# pa, <Ra, <R’a, <. <R"'aq, , <R%g,

>R, ,>...> R, >(R— )R, .

n+1

Then for 0 < & <1 the number of zeros of P(z) in |Z| < ARis less than

1 M

where

M =2|a,|R - plary +|a )R + (| — 2, )R™ + p(ex, +|a, )R"

+2akRk+1+2i‘ﬂj‘Rj+l.
j=0

n
Theorem D: Let P(z) = Zaj ' be a polynomial of degree N where
j=0

Re(a;) =ajandIm(a;) = B; for 0 < j <n. Suppose that for some
R>0,0< 4 <10<1<10< p, £10< p, <landforsome 0<k <n,0<1<n,
0% pa, <Ra, <R’a, <......... <R"'a, , <R%g,

>R, , >....> R, >(R— )R,

n+1

and

2,8, <RB, <R’B, <........ <R"p_, <R'B
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>R"™B ., >....2R"B , >(R-AR"S,.

Then for 0 < & <1 the number of zeros of P(z) in the disc |Z| < ARis less than

LM

where

M =2|a,|R - pR( | + ) + 22, R + (| — e, )R™ + i, + |, R"

+2B5|R = P R(Bol + Bo) + 2B R™ + (B, | = B,)R™ + (B, +| B, )R"

I1. MAIN RESULTS
The aim of this paper is to find open discs which do not contain any zeros of the polynomials considered in the

above mentioned results and to prove the following results:

n
Theorem 1: Let P(2) = Zaj Z' be a polynomial of degree N where for some R>0,
j=0

0<u<1l0<p<10<k<n,

0< pla,| <Rla| <R%a,|<........ <R"a,,| < R¥a,]

>R gy, > ... 2 R YA, = (R— )R™ o, |,

V4 .
and ‘argaj —,B‘ <a SE for 1< j < nand for some real & and £. Then

la|R

P(z) has no zero in |Z| < W where
M’ =|a,|R - pla,|R(L+ cosa —sina) + 2a,|R** cos
+]a, [R™ (L+sina —cosa) + ufa, |R" 1+ cosa —sina)
n-1 .
+2sina) |a R
j=0
Taking R=1 in Theorem 1, we get the following

n
Corollary 1: Let P(z) = Zaj Z"' be a polynomial of degree N where for some
=0

0<u<1l0<p<10<k<n,
0< plag| <lay| <ay| < oo <la4| <[a]
> @,y = = A, = - w)|ay ],
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T .
and ‘argaj —,B‘ <a SE for 1< j <nand for some real & and f. Then

a,|

P(z) has no zero in |Z| < —— where
M ’

M’ =la,|— pla, |1+ cosa —sina) + 2ja, |cos
+[a,|[(1+sina —cosa) + fa, |1+ cosa —sina)
n-1
+2sin aZ‘aj‘.
j=0
n
Theorem 2: Let P(z) = Zaj 2’ be a polynomial of degree N where Re(a;) = cr;and Im(a;) = B, for
j-0
0 < j <n. Suppose that for some R>0,0 < 11 <10< p<1,0<k <n,
0+# pa, <Ra, <R’a, <........ <R"'q, , <R%g,

>R, , >.....>2 R

la,|R

Then P(z) has no zero in |Z| < —— Where

n+l 2 (R _:u)Rn_lan :

M’ :|0¢0|R—,0R(|050|+050)+205kRk+1 +(|an|—an)R"+1 +,uR"(|an|+an)

n
+2)°|, R
j=0
Taking R=1 in Theorem 2, we get the following

n .
Corollary 2: Let P(z) = Zasz be a polynomial of degree N where Re(a;) = a;and Im(a;) = B; for
=0

0 < j<n.Suppose that for some 0 < 1 <1,0< p<10<k <n,

0¢paogal£a2£ ......... Sak71<ak

20, 220, 21— pa,.

Then P(z) has no zero in |Z| < |'3|—0| where

!

M’ =aty| — plao| + o) + 204, + (| — @) + paller,| + )
+2-Z§"Bj‘
=

n .
Theorem 3: Let P(z) = Zaj z' be a polynomial of degree N where
=0
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Re(a;) =ajandIm(a;) = B; for 0 < j <n. Suppose that for some

R>0,0< 4 <10<1<10< p, £10< p, <landforsome 0<k <n,0<1<n,

0% pa, <Ra, <R’a, <......... <R"'q, , <R%g,

>R, >...> R, ; > (R- )R,

and
2,0, <RB, <R*B, <........ <R"™B,<R'p
>R™MB  >....2R"B  >(R- )RS .
Then P(z) has no zero in |Z| < %where

M’ = |a0|R —le(|a0| +a,)+ 200, R“" + (|an| —a,)R™ +,uR”(|an| +a,)
+|ﬂO|R_p2R(|ﬂO| +ﬂ0) +2ﬂ| RIH + (|ﬂn| _ﬂn)Rn+l +X’Rn(|ﬂn| +ﬂn)

Taking R=1, A = u, p, = p, = p,| =K in Theorem 3, we get the following

n
Corollary 3: Let P(z) = Zasz be a polynomial of degree N where
i=0

Re(a;) =a;andIm(a;) = B; for 0 < j <n. Suppose that for some 0 < 12 <1,0 < p <land for some
0<k<n,
0#poy,<a, <a,<..... <o, <o

20 220, 21— o

and
PP S P fr S, <P < B
2 ﬂk+l 2 2 ﬂn+1 2 (1_;u)ﬁn

Then P(z) has no zero in |Z| < @ where
M ’

M’ :|a0|_p1(|a0|+a0)+2ak +(|an|_an)+:u(|an|+an)

+[Bol = P2 (Bol + Bo) + 2B + (B, = B,) + A(B,| + )
Combining Theorem 1 and Theorem B, we get the following corollary giving

a bound for the number of zeros of P(z) in an annular region:
n .

Corollary 4: Let P(2) = Zaj Z" be a polynomial of degree N where for some
i=0

R>0,0< 4 <10< p<10<k<n,
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0< plag| < Rlay| < R%[a,| <......... <R"Ya,,| < RYa,]

>R gy, > ... 2 R" a2 (R— )R" o, |,

Vs .
and ‘arg a; —,B‘ <a< PR 1< j<n forsomereal o and S . Thenfor O < & <1 the number of zeros of

, =

ol
(2) in VD < |Z| < ARis less than

where M and M ' are as in Theorem 1 and Theorem B.

Similarly,combining Theorem 2 and Theorem C and then Theorem 3 and Theorem D we get the following
results:

n .
Corollary 5: Let P(z) = Zasz be a polynomial of degree N where Re(a;) = a;and Im(a;) = B; for
-0

0 < j <n.Suppose that for some R>0,0 < 1 <10< p<1,0<k <n,

2 k-1 k
0+ pa, <Ra, <R°a, <..... <R, <R,

>R, , >.....2 R, , >(R— )R, .

a,R
Then for 0 < & <1 the number of zeros of P(z) in % < |Z| < ARis less than

P

where M and M ' are as in Theorem 2 and Theorem C.

n
Corollary 6: Let P(z) = Zasz be a polynomial of degree N where
i=0

Re(a;) =ajandIm(a;) = B; for 0 < j <n. Suppose that for some
R>0,0< 4 <10<1<10< p, £10< p, <landforsome 0<k <n,0<1<n,
0% pa, <Ra, <R’a, <......... <R"'q, , <R%g,

>R, ,>...> R, >(R— )R,

and

2,8, <RB, <R’B, <........ <R"™"p_, <R'B
>R™B.,>...2R"B  >(R-A)R"'S,.
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a,|R
Then for 0 < & <1 the number of zeros of P(z) in the disc % < |Z| < ARis less than

1 g M

L el
log = 0
095

where M and M "are as in Theorem 3 and Theorem D.
For other different values of the parameters in the above results , we get many interesting results including

generalizations of many known results in the literature.

I11. LEMMAS
For the proof s of the above results, we make use of the following lemma which
Is due to Govil and Rahman [1]:

Lemma: For any two complex numbers Z,, Z, such that |Zl| 2 |22| and for some real &, 5
T
,‘argzj —ﬁ‘ <a SE, ] =12, we have

|2, — 7, < (|2, =|z,|) cos x + (2| +|2,])sinex .

IV. PROOFS OF THEOREMS
Proof of Theorem 1: Consider the polynomial
F(2)=(R-2)P(z)
=(R-2)(a, +a,z+a,z° +....+a_,z* +a.z" +a, 2" +....+a ,2"" +a,z")
=a,R+(@,R-a,)z+(a,R-a,)z° +....+(a, ,R—a, ,)z“" +(a,R—a,,)z"
+(a,,R-a,)2" +....+(@,,R-a,,)z"" +(@,R—-a,,)z"—a,z"".
=a,R+G(2)
where
G(z)=(a,R-a,)z+(a,R-a)2* +.....+(a, ,R—a,_,)2“ " +(a,R—a,_,)z"
+(a,,R-a,)2" +....+(@,,R-a,,)z"" +(a,R—-a,,)z"—a,z"".

For |Z| < R, we have, by using the hypothesis and the Lemma,

G(2)| <|a,R - pay + pB, —8y|R +|2,R—a|R? +......+|a, ;R —a,|R*" +|]a,R—a R
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<[(a,|R - pla|) cos  + (ja,|R + plag ) sin a]R + (1— p)|a,|R
+[(a,|R—[a]) cosa + (|a,|R+[a,)sina]R® +......

+[(a|R -]ac. cosa + (ja, R +|a,_,[) sina]R ™
+[(a R -|a, 4 cosa + (a |R+[a|)sina]R"
+[(a|-[ac.|R) cos a + (ja | +|a [R) sina]R“™ +......
+[(a,_,| ~|a,s|R) cos & + (|a,_,| +[a,;|R) sina]R™*

+[{a,.|- (R-wm)a,feosa +{a, |+ (R - w)|a,[}sina]R"
+ pa,|R" +]a,|R™

=(1- p)|a,|R - plag|Rcos & + plag|Rsina + 2|3, |R“" cos r —|a, |[R™ cos &
+[a,[R"*sina + pfa, |R" cosa — pfa, |R" sina + ya,|R" +[a, [R"

n-1
+25ina2‘aj‘R“l
=

=|ay|R— pla,|R — plag|Rcos & + plag|Rsin + 23, |R“"* cos
—la,|R™ cosa +|a,|R™ sine + yfa,|R" cos e — yla,|R" sina + ua, |R" +|a,|[R™

n-1
+2sinay fa R
j=1

=|a,|R— pla,|R(L+cos —sina) + 2Ja, |[R*** cos e — [a,|R"™* cos &
+[a,[R"™ sina + pfa, |R" cosar — yfa, |R" sina + yfa,|R" +a, [R"

n-1
+2sin aZ‘aj‘R‘“
=1

=|a,|R - pla,|R(+cosa —sina) + 2a, |[R*** cos
+[a, [R™ (1 +sina —cosa) + ufa, |R" 1+ cosa —sina)
+2sin anz_l‘aj‘R”l
i
=M’
Since F(2) is also analytic for |z| < R, F(0)=0, it follows by Schwarz lemma that
IG(2)| <M |7 for |7 <R.
Hence for |z| <R,

IF(2)| =|a,R+G(z)|
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>|a,|R-|G(2)|
>|a,|[R—M |z
>0
if
o <R
VT

a,|R
This shows that F(z) and hence P(z) has no zero in |Z| < i thereby proving Theorem 1.

] )
Proof of Theorem 2: Consider the polynomial
F(2)=(R-2)P(2)

=(R-2)(a, +a,z+a,2° +....+a,_,2 " +a,z" +a,,2" +....+a 2" +a,z")

=a,R+(a,R-a,)z+(a,R-a,)z* +.....+(a_,R—a, ,)z*" +(a,R—a,_,)z"
+(a,,R-a)z"" +....+(a _,R-a,,)z"" +(@,R-a ,)z"—a,z"™

=a,R+(R-ay)z+(a,R—))2* +.c.. + (@, ,R— 0, ,) 2" + (R~ ¢, ;) 2"
+(a,R-a )" +...+ (¢, ,R-, )" +(a,R~ 0, ,)2"
—a, 2" +izn“(ﬂjR—,ijl)—i/i’nz”+1

-1
=a,R+G(2)
where
G(2) =(R-ay)z+(a,R- )2 +......+ (¢ R, ,) 2" + (¢, R~ ;) 2"

+(a R—a )+ + (o, R, ,) 2" + (2, R~ 2, ;) 2"

—a, 2"+ (BR- B2 —ip2™
j=1

For |Z| < R, we have, by using the hypothesis
|G(Z)| < |a1R —pa, + pay, — aO|R +|a2R — 0:1|R2 + e +|ak_1R — ozk_2|Rk_l +|05k R —ozk_l|Rk
+HlaR—a R + .+ R—a, )R +|e, R — pa, + pa, —, |R"

e, |R™ +Z\ﬁj R —ﬁj_l\RJ' +|8,R™
j=1

< (y,R—po,)R+ (1—p)|a0|R +(,R—a))R? +.....+ (e, R—,_,)R*?
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+(R-a, )R +(a, —a, ;R)R* +......+ (a0, , —, ,R)R"
+Hay, — (R— ), HR" + o, R +er, [R™ + jzil:(\ﬁj R+|B; 1R +|B,[R™
=|ao|R= AR(ao| + p) + 20 R + (|, | — o, )R™ + tR" (x| + 1)
+2i\ﬁj\RJ’“
i=0
=M’
Since F(2) is also analytic for |z| < R, F(0)=0, it follows by Schwarz lemma that

G(z)| <Mz

for |Z| <R.
Hence for |Z| <R,

IF(2) =|a,R+G(z)|

>|a,|R—|G(2)
>|a,|R— M|z
>0
if
< R
M’

a,|R
This shows that F(z) and hence P(z) has no zero in |Z| < @ .

That completes the proof of Theorem 2.
Proof of Theorem 3: Consider the polynomial
F(2)=(R-2)P(2)
=(R-2)(a, +a,z+a,2° +....+a_, 2" +a,z" +a, 2" +...+a,,2"" +a,z")
=a,R+(@,R-a,)z+(@,R-a)z* +....+(a, ,R—a, ,)2“* +(a,R—a,,)z"
+(a,,R-a,)z"" +....+(a,R-a,,)z"" +(@,R-a,,)z" —a,z"
=a,R+(,R—a)z+(a,R—))2° +..... + (R~ ,) 2" + (R~ ¢, ;) 2"
+(a, R—a )"+t (a0, ,R—a, ,)2" +(,R~, ,)2"
—a, 2" +il(BR-B))z2+(BR—-B)Z° +...... +(BuR _:kaz)ZIF1
+(BR _ﬂk—l)zk +(BaR- ﬂk)zml T + (B, R= B, )"
+(IBnR_ﬂn—1)Zn _ﬂnzn+1]
=a,R+G(2)
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where
G(2) = (,R— )z +(a,R— )2 +.....+ (¢ R~ ,) 2" + (¢ R—, ;) 7"
+(aR-a )" +...+ (¢, ,R—0, )" +(a,R~, ,)2"
—a, 2" +i[(BR-B,)z+(BR- B2 + .+ (B R- B2
+(BR-B.)2 +(BuR-B)Z +.+ (B 4R— B, )"
+(BR=f,1)2" = B,2"]

For |Z| < R, we have, by using the hypothesis

|G(Z)| < |alR—p1ao + P, —aO|R +|a2R —051|F22 ... +|ak_lR —05,<_2|Rk’1 +|akR—ak_l|Rk
+laR—a R + .+ R—a, )R +|e R — pa, + ua, —a, |R"
+|a R™ +|BR = 0,80 + p2Bs = Bo|R+|B,R= AR +.......
+[ R~ ﬂ|72|R|7l +|B R~ ﬂ|71|RI o[ B R = B JR™
+|ﬂnR_ﬂ’ﬂn +ﬁ’IBn _ﬂn—l|Rn +|ﬂn|Rn+1

< (R = g )R+ (A= py)|e|R+ (,R— ) )R? +..o..+ (s R— e, )R

+(,R-a, )R + (o, —, ,RIR"* +.....+ (¢, , — @, ,R)R"™
+H{a,y — (R=#)a R + gla,|R" + e, R™ + (BR~ p, 5)R
+(l—p2)|ﬂ0|R+(ﬂ2R—ﬂ1)R2+ ------ +(ﬂ|—lR_IB|—2)RI_1

+(BR=F )R +(B - B4RR™ +....+ (B, , - B4RR™
+[{B,1 —(R-2)B,}R" + 2|5, R" +|B,[R™

=|ao|R = Rt | + o) + 2¢, R + (etn| = ) )R™ + 4R (|, |+ 1)
+|o|R= P, R(Bo| + Bo) + 2B, R™ +(B,] = BIR™ + AR"(B,|+ 5,)
=M’
Since F(z) is also analytic for |Z| < R, F(0)=0, it follows by Schwarz lemma that

G(2)| <M’

z

for |Z| <R.
Hence for |Z| <R,

IF(2) =|a,R+G(z)|

>|a,|R-|G(2)
>|a,|[R—M |z
>0
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o< BlR

’

a,|R
This shows that F(z) and hence P(z) has no zero in |Z| < & .

That completes the proof of Theorem 3.

REFERENCES

[1] N.K.Govil and Q.l.Rahman, On the Enestrom-Kakeya Theorem, Tohuku Mathematics Journal,
20(1968),126-136.

[2] K.A.Kareem and A.A.Mogbademu, On the Number of Zeros of a Polynomial in a region, Fasciculi
Mathematici, Nr 57 (2016), 53-65.

[3] M.H.Gulzar,Ajaz Wani & Imtiaz Hussain, Number of Zeros of a Polynomial in a Region, International
Journal of Engineering Sciences & Research Technology, 6(9), September 2017.

[4] M.Marden, Geometry of Polynomials, Mathematics Survey No.3, AMS (1966).

[5] Q.l. Rahman and G.Schmeisser, Analytic Theory of Polynomials, Oxford Clarendon Press (2002).

1462 |Page




