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I. INTRODUCTION
The present paper deals with an extension of earlier work (seeM.A. Khan, et al.[1]).For the generalized heat
polynomials B, ., (x, u) defined by (see Haimo[2], p. 736, eq. (2.1)).

=
P {x w) = Z (" :_+ﬂ :;]l)x:“':;‘u;"{l.ﬂ

= {w]“n:.i:f—?(—%] (1.2)

The heat type polynomials suggested by Jacobi polynomials are denoted by, 7, ; , (x. ) and defined as

1 -md+tu+m  x°
Pn.a._uiml=<4'“3”(“zl S (1.3)
(1-tal)( x°
=(4u)"n! B ¥ (_E) (1.4)

In the form similar to one given by H.M.Srivastava [3] for Jacobi polynomials (1.3) can be written as

1
Flu{_rﬂ] Z (ﬂ-l-ﬂ— )(U-l—:_ )ﬂx"‘{x + 4w k (1.5)

In view of the relation (see, E.D. Rainville[4], Th.20, pp.60), the relation (1.3) can be written in the elegant form
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1 —Mm_— N 2
A WU} = (}L —J T+ 4" F - 1.6
i Y M P x% + 4u (1.6)

By means of the relation,
Pn_.l._u"-:‘v'l-":: +duiu) = ':—Un*pr!._m{xﬂ‘]
which one can obtain by replacing x by +/x% + 4ui and t by (—t} in our earlier work ([1], eq.(2.2))

Pi’!_al__ﬂ{x"u:] no_ mrwomnem ' : s e oawn "': .
: N "= R |1 wt| oR[ 4G+t (1.7)
n=n(.l+:) (,u +:) n! Ats utos
24m 2im
another form of (1.3) is given by
] ) 1 —nAd+u+nix?+4u
Paaue) = (1) (k)" (o +§]ﬂ:a pit oy m (18)
In finite series form (1. 3) (1. 6) and (1.8) can be written as
() = Z (" mujm{ du )" (IT (19)
Aalxu N .
Faar ) G+,
“ (1+:) +d, . |
Papp@u) = (;) e e T (1.10)
k=D {..1 +E)n {.M + ;)i"—k
I 1 e
Py (% 0) i (ﬂ) ol +;)“ et (I: " w)h (1.11)
A lxu) = .
[LPF Y rrard .rf, {.U +$)__u+.“:ln ‘l'u
Next we rewrite (1.9), (1.10) and (1.11) by reversing the order of summation in the form
, A+ —niodl-m 4 1
r!_.l_.u':xJu:] - {l‘l',-'-rl:]ﬂ il | 1-1 —u — 2n: _I: ':.- ' —:]
1
P _( 1} g |2 AT A 1.13
n_A__u{xJu:] = +2 ﬂx 271 ,U‘l'% : 2 'i : :]
e I e i
() = (A +u)n Sl 1—-2—p—2n; x* +4u (1.14)
Some of the definition and notations used in this paper are as follows
Appell’s four functions of two variables are given by [5]
r 0 (@B )
Fla.b.b:cix.¥] = Z TN xy (1.13)
nE=0 :
':ﬂ':]r'+ic':£’:]r":br.]k I
Flabbiccixy] = g Ty" 1.16
z[ ¥] AR TONCR ¥ (1.16)
(1.17)

Fla.a b bioxy]= Z {a]ﬂ{ij {E‘;}] I:EJI-']":JL"";;"
nE=0 n+k

(@ nex(Blnsr Tk

=0 ﬂ:k:{cjﬂ':cr:]kx . (118)

FEla.b:ce:x,y]
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Further, Kampe' de Fe'riet’s type general double hypergeometric series (seeH.M. Srivastava,et al. [6]) is

defined as

. . '.-_ r”ﬂ‘.?_ b nh flz
Fu“[{auj 2 (B () ] Z T , (a7) g (By)r Loy () (1.19)

b LCa): (Bd: ra): =2 (e IIE, (B TTT (9505

Similarly, a general triple hypergeometric series F ™ [x,y, z] (see H.M. Srivastava [7], pp.428) is defined as
,ﬁ[( Yis (B (b5 (B): (e (") (67): 12]
(e)::(g) (g (g"): (h): (b {hrJ

FOlx,y,z] =

=
xi‘f}i"zﬂ

= Z Alm,n,p) ——— (1.20)

L
m. =0 L

where for convenience

[T5os () manen et B manIlicy 0)nep T (0" pum

M5y (emensn 1y (9)men 1 (@' Dne I15os (8" Dpom
IT5_: (e)m 152y (@) T (),

T, 0 I1E, @), 1, (7)),

Afm,np) =

(1.21)

1. LINEAR GENERATING FUNCTIONS:

By using the relation (1.3), we obtain the certain generating function for 7, ; ,(x. ) is as follows:

tﬂ

i (0)n(B)n(d + WPt (1)
) (.1+f]ﬂ Atp—a+1),(A+u—F+1),n
L{l+u:| E'f¢.31,+u +1llafltpuy—a—F+1;

= (1 —4ut)HE T Xy (2.1)
JL-I—u—ct-l—l A+u—F+1: JL+_.......... —_—

where,
4x’t v —16ut -
Tl — 4wty T (1 — dut)? (2.2)
the limiting case of (2.1) when || — = yields
Z (o) (A + u)n Py g (1) o
o~ (.1+%Jr‘{.l+.u—a+1]ﬂﬂ!
1 1 1
{.1+-'J:]'|:t—{.1+U+1:|::{.1+.U+1:]—|'I:
= (1—4ut) " HET| T ‘ Xy (2.3)
Atpuy—ae+1: r:t+—..
and
':a:]n':‘l‘l'.“:]npn_.l__u{xJu:] "
1 {_t:]
S (143) Gtp—a+
<in
upaio {A+u] U+ p+ Dias.
= (1 —4ut) " HF? —X;lr’ 24
( ) e .1+.u—r:t+1..1+::......: @

Now applying the definition (1.19) to rewrite F1 'D as an infinite series of the Gaussian hypergeometric function
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+F m+;{.1+.u],m -I—;{.l +u+lym+i+pu —|:t+1:1r’],{m =0,1.23,....)

and make use of Pfaff- Kummer transformation (see [8], pp.64)

JFlabez]l = (1-z) @ :Fi[a,c—b: c; zil] (2.3)

to each term of the series and replacing ¢ on both sides of the resulting equation by —£, (2.4) thus leads us to the
generating function (2.3).
A further limiting case of the generating function (2.3) when |a| = == (or equivalently, of the generating

function (2.1) when min{]e|. |5} — ==) would similarly yields the result (see [1], eq.(2.1)),
(A + w)nFoaplxu)
1 . £
n=0 {41 + ;) n i

where X is given by (2.2).

1 1 1
= (1 —dut)™** ,F, Eu +,u],§{ﬁl +,u+1]:ﬂ+§:x] (2.6)

Relation (2.6) follows also when we set
a=i(A+p+1)
in the generating function (2.3) or when we set
a=f= —{J{ +ut1)
in the generating function (2.1). Also, the generating function (2.3) can be deduced from (2.1) by setting
B= (A+u+1)
Alternative Derivation of the Generating Function(2.1):

By using one of many of special cases of his hypergeometric function (see[9], pp.76, €q.(3.1)), we thus obtain

the generating function,

S [T, (#)nPaip(xw) . . ,
j=1 Wit dplt R S LTETERY *LERTERRRE PR , ,
2 G i DT omt 5 g6, 2 etiusd,” OO TR D)
n=0 g- M P B P R garennly . .
Setting,
1

p=l=g=ln=an=Frn=i+ur,=pt+s.
} (2.8)

S, =A+uy—e+l.é=4+u—F+1
the result (2.7) at once yields,

tﬂ

i (@nB)nG + WnPaau(x )
= (2 +3] Atp—a+ ) d+u—F+1).n

oy o, B, A+ u+- ............ Farres e ;
=FE7] =i (2 + 4t (2.9
b .1+Iu—|:t+1,.1+|u—_3+1:.1+::|u+1

The left-hand sides of (2.1) and (2.9) are identical. In order to show their right-hand sides are also identical, let
€1t} denote the second member of the generating function (2.9). Then it follows from the definition (1.19) and
the identity ( see[ 6], eq.142(312)).

= + n I‘.'l
> A{mmm%;—;— Z {rﬂ{x 2k = 2.10)

1049 | Page




International Journal of Advance Research in Science and Engineering
Vol. No.6, Issue No. 09, September 2017 IJARSE
ISSN (O) 2319 - 8354

www.ljarse.com ISSN (P) 2319 - 8346
that,

® = Z @Bt BIm@+Im @)™
) m=0 (Atpu—-—a+1)(A+u—-F+ 1:]rr.':-1+1;jrr.

@

Z (o +m:]r!+p'fﬁ‘ +m:|n+p':‘1+.“ +m:|r!+p':.“ +m+§jn+p {‘l'ui':lﬂ{.r:t:]-ﬂ
>< 1 ]
n.p=0 Atu—a+m+ 1A +tu—F+m+ L)y, ,(u +%jr1.+p n-p:

(2.11)

Now replace the summation index m in (2.11) by (m — pJ and rearrange the resulting triple sum to the form:

@

() men (Bl men(d + Wlmen(p+ 0 +%:]rr.
it) = Z
X ”;D Atp—at+l)pa(d+p __E+1:]m+r!':*1+1;jm

—1m, —I:.;l —%:] — . {_r:i.:]m {‘]:’Ht:]ﬁ

Iu_|_ﬂ_|_% : m! n!

X of

By applying Chu-Vandermonde theorem (see [10], pp.13) to sum the Gauss hypergeometric series with

argument 1, we obtain

Q) < Z (@ men (B mon (A + B aman (x26)™ (dut )"

st A+ —a+ Dpn@+p—F + Dpn@+ Dy ™ !

(2.12)

@

_ Z () m(B)m (A + ) om ()™

S tp—at D tp =+ D)@+, ™
A+pu+2m ae+m f+m
% of [.:1 tu—a+m+LAitp—F+m+1; ]
Finally, by appealing to Whipple’s transformation (see [10], pp.97, eq.4(iv)) and interpreting the double series
by means of the definition (1.19), (2.12) leads the second member of generating function (2.1), which is further
special case of the result (2.7).

Now we find some more extended linear generating function for the polynomials £, ; , (. u) as follow

n —A=p=-mm
A+ u+m), 5 XU 1 x4+ du i
': :] r'r+r'.1u': :] (.14- J {-'-l'u:lrr( ” )
e {]r’-l— ) n!
F A L WA A L 1 al 213
XFald+mtg.dtptmidtsy 5 g o (2.13)

where F; denotes the fourth type of Appell’s hypergeometric function of two variables defined by (1.18).

The generating relation (2.13) is an immediate consequence of the definition (1.6) and (1.18), and the
familiar Gaussian hypergeometric transformation(see[11], eq.21, pp.33).

An interesting special case of the generating function (2.13) occurs when we set 2 = 0 and ¥ = 4 and
appealing the hypergeometric reduction formula,
Ele+f+la+la+1,a+1:xv]

{1 :I—n-_,S'_j_ E %{ﬂ + E + 1:].-% {Et + E + 2:]. L]:-_r};- {? 14']
- Ty z ) ‘ P Y ) 2,

’ i e+ 1; (1-—x—1y)2
We thus arrive to the generating function(see M.A. Khan et al.[1], eq.(2.1)).
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Another extended generating function are obtained by replacing t by (& + v} and making use of Binomial

theorem on the left-hand side, and expanding the Gaussian function on right-hand side in the generating

function(seeM.A. Khan et al.[1], eq.(2.25)),
1
=A==y —dut
. ( :) ] {2.15:]

':a:]r!Pr!_.l—r!__u—r!':Luj
(1 -4 —u)yn! 1—A—pw 14+=x%

£ =1+ x*)°_F
z°1

n=>0

which readily gives the relation in the elegant form

=

EE = Y (DM@ (D)L 2Ty

m=0

':a:]m+r!Pm+r!_.1—m—r!__u—rr.—r!':-rJ H:]
(1-4—wmenn!

R
xE[~(1-3) metmi-1—w- @ @16)

Now equate the coefficient of {+}™ in (2.16) and on replacing 4.4 and & by A + m. u + m. & —m. we thus

arrive to the generating function,

':a:]ﬂ*pm+n_.1—n__u—r!{-r*u:]
1-31—-—pu—mln!

= A+ pu+m)g(x)F" (1 +x2)7F

n=>0
F, [ ( 1] 1-4 2 e ut ] 2.17
= E |- —5) - m-omail- —Iu—_m.—x:,—l_l_x:t 2.17)
Similarly, replace ¢ by (£ + v} in the generating function (see[1], eq.(2.26)),
&, — (.“ — %) ; dut

t" = (1+ (& + 4l ¢ R

i {a:]i’!Pi’!_..l—i’!__E—i‘!{x’u:l
— 1—-4—u)yn!

1-4 —.a;: m] (2.18)

and make use of Binomial theorem, we obtain

2:mhg”“”””guh“=m+y+mhu9+aﬂ%1+u=+myrc
n=>0

1-1—-—pu—m),n!

E [ ( 1] 12 , du dut ] 5 10
*BR-\w g mmeema - A m e Tt e s el &1
By using @ = {1 — 4 —u—m) in (2.19) and in conjunction with the hypergeometric reduction formula (see,

Erde'lyi et al. [9], vol.1, pp.238, eq.(1)).

a.b x—y
b+bil—y

a new generating relation is obtained as follows:

Fla.bbib+bixy] =(1-y)°F

(2.20)

@

Z P +nd-mp—n (e, )

mn.

i

t" =[1+(x*+ u]t]‘]"%[l + x4 man[X20+ (2 + 4u)). u] (2.21)

n=0

If we rewrite (1.14) as
@ 48 = 2M)g(mam —m—m—p—m;

(A+p—2nknin

1-1—u—2m:;x%+4u

I:J.': + %]m-'-ﬂ:ﬁ

P +i’!_..1—i’!__|:.'.—i’!{x-' u) = 2.27)

and the Pfaff-Kummer’s transformation (2.5), we thus arrive to an elegant form of generating function
i
a ==

x~ 2
t“ =i Im -
(A+u+mlyx (x* ++ﬂ)

i (o )nFm +r!_;1—r!__u—r!'iL u)
Z @)un
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1 ;
= Fy [l—l—.u—m,—(.u—;] —m, el —.l—.u—Em,_E:?,—{x‘ + du)t| (2.23)

Similarly, from (1.12) we obtain

(YR

Z ':a:]r!Pm +r!_.1—r!__u—r!':x4 H:'
n=0

x2+ w)‘l'
(B)nnt

£ = (A 4+ p+ m)y(x? +=1ru]”‘( =

1 ]
—d—g—m—la1_=]= I — 2
b [1 A—p—m, ( 2) mal—Ad—p Zm,ﬂ.xZ+4u, x t] (Z2.24)

I11. BILINEAR GENERATING FUNCTIONS:

The polynomials F, ; , (x. ) admits the following generating functions involving the sets
{Prr. +r!_.l_u':xJ ‘.‘.,[:] ' Pr!_;r'_ﬁ ':_1}"* uj}i’!:ﬂ’

and
{Pr!_.l—r!__u—r! {IJH:]'Pr!_;;—r!_E—r! (v Hj};=n

where m is a non-negative integer,and the parameter 4. u. ¥. & are independent on n.

In view of the definition (1.10) and the generating function (2.13) would readily yields the generating

function
= (v+%) (6+5) 2/m fu
~n ~n

s [.1 . 11 11 xt 16yttt 160° + ut
P N - s s o = 3 -
oo AtHEmAT Mt At Sy et Y O e P 4’ 2P+

]{3-1]

where F,';':!:' denote the Lauricella’s function defined by([11], eq.1.7(3)) with n = 3.

In (31 set m=0v=4,6 =u and appealing the hypergeometric reduction formula
(see,B.L.Sharma[14], pp.716, eq.(2.4))

FPla+ B+ LB+ Lia+ LB+ LB+ 1;x,y.2]

1 1
=(1l+x—y—z)y*FE se+f+1)s@+pf+2ha+ 16+ 1K, P] (3.2)

where,
4x 4yz

X = o =
Q+r—y-27" (Q+r-y—2?

leads the generating relation
(A +u) r!Pr!_.l__u (=, u:]Pﬂ_.l__u{J’J u) n
1 1
- A4+-= = !
n=0 { +:)ﬂ('u+:)nﬂ

] 1 1 1 1
= (1 +16u’t)*4F, [;{A +u s A+ u+1hu+5.0+55%, }’]{3.3]

where,
4(x? + du)(y® + du)t 4xiy®t
a (1 +16u2t)® "7 7 (1 +16ult)?
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1
-1, = — W

(A4 u—2n)y,

2 i’!"F
(A 4+u—2n), G + 4™ Ry

1-A—wx?+4u

Pr!_;l—r!__u—r!{xau:] = (3.4)

which in conjunction with (2.17) would leads at once the generating function

=

Z ':a:]r!Pr!_.l—r!__u—r!':xJu:]'Pr!_;r'—r!_ﬂ—r!'fj"*u:] £m
(1-31—-u)y(l—y—a&)n

n=0

=, @ (-6-2) (-6-D)

= (1 +2200 + wjrj-“; Tyl O

1 1
®F o -I-ﬂ,—(ﬁ—;) +1r1,—(.1—;J+ﬂ:l—y—c’i‘+ﬂ,1—1—,u +m -E,?p] (3.3)
where,
£ 7 16u’t
T S G T I
Ei78 4u

The second member of (3.5) can indeed be written in terms of Srivastava triple hypergeometric series

F31[x,y, z] defined by (1.20), and we thus obtain the alternative form of the bilinear generating function (3.5)

as,
Z ':a:]r!Pr!_.l—r!__u—r!':xJu:]'Pr!_;r'—r!_ﬂ—r!'fj"*u:] £m
L (1-i-mal—y—8)n!

S R B T
=1 -I—.r:':jr‘: + ﬁat:]_cF[!j .ft....::l{i T:_)LIF.,‘: 1(_;{ i)u IIIIIIII I; ,,,,,,,, | . I; &n.¢ (3.6)

Another interesting special case of (3.6) would occurs, when we set & = {1 — 4 — u}, along with([5], pp.35,
€q.10).

Flabbiacixy] = (1-x7°F [b.ba—b c';l}—'x,y] (3.7

and the power series identity(H.M. Srivastava, et al.[11], 1.6(2)).

We thus obtain the generating function

Z Pi’!_..l—i‘!__l:.'.—i’!{‘r-'u:]'Pi’!_:r'—i’!_ﬁ—i"!l::_j"‘-'u:] on
(1—y—4&),n

n=0

= @) @) [_ (o ‘%]*‘(ﬂ ‘%]*‘(-“ ‘;] 1=y =6 Mx:.:: %Jt’%;:t &

where,

B=1+0+4) O + 4t =1 +x2(% + 4t
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