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ABSTRACT

In this article, we derive the necessary and sufficient conditions for the strong convergence of the iterative
sequence generated by pair of non expansive and asymptotically non expansive mappings into their common

fixed point.
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I. INTRODUCTION AND PRELIMINARIES
Let E be a real Banach space and let C be a non-empty subset of E. Let T: C — C be a mapping.

Definition 1.1 The mapping T is said to be non expansive if

ITx — Tyll = llx — ¥ll vx, yecC
Definition 1.2 The mapping T is said to be asymptotically non expansive if there is a sequence
{k,} € [L=) with lim,_ .k, =1 such that

IT"x — Tyl k,llx —vll vxyeCandn>0
In 1973,Petryshyn and Willianson [8] proved a necessary and sufficient condition for the strong convergence of
the Mann iterative schemes to a fixed point of a quasi-non expansive mapping in a Hilbert space. Subsequently
Liu [3, 4], extended the above results and obtained some necessary and sufficient conditions for an Ishikawa-
type iterative scheme with errors to converge to a fixed point of an asymptotically quasi-non expansive map.
Moore and Nnoli [5] proved necessary and sufficient conditions for the strong convergence of the Mann
iteration process to a fixed point of an asymptotically demicontractive map in a real Banach space. Recently
Zeng, Wong and Yao [13] proved necessary and sufficient conditions for the strong convergence of the Mann
iteration process to a fixed point for pair of asymptotically demicontractive and quasi-non expansive mappings
in a real Banach space. Their theorems thus improve and extend the results of Liu [3, 4], Osilike [6] and several
others.
Theorem 1.3 [5] Let E be a real Banach space. Let T: E — E be a uniformly L-Lipschitzian asymptotically

demicontractive map with a nonempty fixed point set F(T). Suppose {a, =y is the sequence associated to the
asymptotic demicontractivity of T and {c,} =[0.1] is a sequence such that X, . cZ <= and
Yoapfnlad —1) == Let {x,} be the sequence generated from an arbitrary x, € E by

Tper =1 —cplxy, +6,T"x, , n= 0 then {x,] converges strongly to a fixed point of T if and only if
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limg, ¢ d(x,, F(T)) = 0. In particular, {x,} converges strongly to an x; € F(T) if and only if there exists a

subsequence of {x,} converging strongly to xy.

Theorem 1.4 [13] Let C be a nonempty closed convex subset of a real Banach space E,

Let S: C — C be a quasi-non expansive mapping, and T: C — C be a L-Lipschitzian asymptotically S-
demicontractive mapping with sequences {e,}, {k,} < [1 =]} and {e,} = [0.=]. Suppose the common fixed
point set F = F(S) N F(T) # @, and there is a real sequence {c,; S [0,1] satisfying that %, .,c2 <=,
Fosntnlas —1) <o, Zpeptnlky —1) == and  Enzpcnen <o Let {x,) be the sequence generated
from an arbitrary xy € C by %, =1 — ¢, )5x,+¢,T"x, , n= 0. Then {x,} converges strongly to an
element of F if and only if limg,yd(x,. F) = 0. In particular, {x,] converges strongly to x, € F if and only
if there exists an infinite subsequence of {x,] which converges strongly to x € F.

The following theorem is the main result in this paper, which extends and improves recent result of Zeng, Wong
and Yao.

I1. MAIN RESULT
Theorem 2.1 Let C be a non-empty closed convex subset of a real Banach space E. Let S :C — C be a non
expansive mapping and let T: C — C be an asymptotically non expansive mapping with
sequence fk,} S [1. =) Assume that F = F@S) N F(T) ={xel/Sx=Tx=x}=0 and there is a
sequence {c,} < [0,1] satisfying that X c,(k, — 1) < ==, For arbitrary xy € C, let {x,} be a sequence
iteratively defined by xn.; =Sy, ¥ =1 — ¢, )5x, + ¢,T"x,, n>0. Then {x,] converges strongly to
an element of F if and only if limg,;d(x,.F) = 0. In particular, {x,} converges strongly to p € F if and only
if there exists an infinite subsequence of {x,} which converges stronglyto p € F.
To prove our main result, we need the following lemma.
Lemma 2.2 (see [7]). Let {@ntnz1. Bninzr and {¥ninz: be sequences of nonnegative real numbers satisfying
the inequality an,; = (1 +¥play + 8., n= 1 if Z5 i1 <= and En_, By <=, then limy_.a, exists.
If in addition {a,},=; has a subsequence which converges strongly to zero, then lim,_.a, =0.
Proof of the main result.
From definitions 1.1 and 1.2, llx,., — pll = ISy, — »ll

= lly, — pll

= (1 — e MISxy — pll + ¢, IT"x,, — pll

=1 —clllx, — 2l + ke llx, — pll

=1+ Mlx,— pll
Where ¥, = c,{k, —1). According to the condition that X ¥, <, and also from lemma 2.2, we have
lim,_.llx, — pll exists for each p € F. so that there exists K > 0 such that llx, —pll = & forall n =1,
Consequently we obtain

d(xp,y F)< (1 +y)d(x, F)
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It again follows from lemma 2.2 that lim,, ... d(x,, F) exists.

I11. NECESSITY

If {x,!converges strongly to some point p € F, then from 0 < d{x,.F) < llx, —pll = 0asn ==, we
have lim,sd(x,. F) = 0.

IV. SUFFICIENCY

If limy,sd(x, F) =0, then from lemma 2.2 that lim,_.d(x, F) =0. Next we prove that {x,) isa

cauchy sequence in C. Put M = gimzo¥n then 1= M < =, since limy .. dx,.F} = 0 for given € > 0 there

exists a positive integer N such that forall n =N, d(x,. F) < ; .

In particular there exists q € F such that |lx,, — gll = dlxy.q) < i‘q .
Again, forall n = N
lxy, —gll = QA +yy_y)lxy_,— gl
= +y- A+ vl —4ll

<

= Mm@ + ) lxy — gl

< TEnTi |xy — gl

< Mllxy, —qll

=

B3|

Consequently, we deduce that forall n =N, m =1

ltpem —xnll = lxpem —gll + llx,—gll = =+==¢.

Ba |
B3|

This implies that {x,} is a Cauchy sequence in C, but C is closed we have lim,_.x, exists due to the
completeness of E. We may suppose that lim, .. x,, = xy € C. We now show that x, € F. Indeed, for given

gy = 0 there exists a positive integer Ny = N such that for all n = Ny

o o
dlenF) < 21 +ky) and llx, — xoll < 21 +ky)

Sn
201+Fy )

Thus, there exists ¥, € F such that ”INu —wll = d{xNu, o) <

now we have, IITxy— x,ll = ||Tx,— Txy, I+ "Txn.ru — v |l + s — Xy, |+ "f’fmu — x|

= (1 +k) "xn.ru _xn" +0+ Isz.:]l-”"p.r,, —¥o "
< (1 +k) :IZ:.E:F.-Q + (1 + k) :Iiii-ui.-itl - fo
And ISz, —xoll = |l5x, —Sxp, |+ "-S'KN,, — vl + Iy - Xy I+ "-”-'N,, — x|
=2 ”In.ru _In” +2 "-TN,, —¥o "
Ep Ep _ :Eu
Tali+ky) T 7 zlieky) T 2014k )
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Since g = 0 is arbitrary, we infer that Txy = xyand Sxy = x,.  This completes the proof.
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