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ABSTRACT

In this paper we study the geometry of Radical transversal lightlike hypersurface of Kaehler Norden manifold
with totally umbilical screen distributions. Our main result is a classi_cation theorem for radical transversal
lightlike hypersurfaces of Kaehler Norden manifold with totally umbilical screen distribution.
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I. INTRODUCTION

The theory of Almost Complex manifolds with Norden metric was introduced by A. P. Norden [13)].
Further, Ganchev et al.[6],[7]. [8] studied Kachler manifolds with Norden metric and developed the
theory of their holomorphic hypersurfaces with constant totally real sectional curvatures. The
geometry of an indefinite almost Hermitian manifold is completely different from the geometry of
an almost complex manifold with Norden metric. The difference arises due to the behaviour of an
almost complex structure J which is an isometry with respect to the semi-Riemannian metric g in
first case and is an anti-isometry with respect to the metric § in the second case.

The general theory of lightlike submanifolds that of classical theory of non-degenerate subman-
ifolds. Since in case of lightlike submanifold, the intersection of tangent bundle and the normal
bundle called the radical distribution is non-trivial, there are more difficulties in studying lightlike
submanifolds than in the non-degenerate case. The lightlike geometry has been developed by K.
L. Duggal and A. Bejancu [1][4]. Many geometers have proved various important results for light-
like hypersurfaces using the lightlike theory introduced by Duggal and Bejancu. A classification
theorem of lightlike hypersurface with totally umbilical secreen distribution of a semi Riemannian
space form has been proved by D. H. Jin [9]. Recenty. Nakova [10] clubbed together the theory
of almost complex manifolds with Norden metric and the geometry of lightlike submanifolds. In
particular, she studied submanifolds of an almost complex manifold with Norden metric which
are non-degenerate with respect to the one Norden metric and lightlike with respect to the other
Norden metric on the manifold. Further, Nakova [11] has proved that the induced Ricel tensor on
(M, g) is symmetric for radical transversal lightlike hypersurfaces of Kaehler norden manifold.

In this paper, we study the geometry of radical transversal lightlike hypersurfaces of Kachler

norden manifold with totally umbilical screen distributions. We prove that for totally umbilical
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screen distribution, local fundamental form of M or S{T M) vanishes. Finally, we have proved that
every null plane of pointwise tangent space has zero null sectional curvature.

Il. PRELIMINARIES
2.1 Almost complex manifolds with Norden metric

An almost complex manifold with Norden metric (M, J. 7] is defined to be an even dimensional
differentiable manifold M endowed with an almost complex structure J and a pseudo-Riemannian

metric § on M such that

JX =X, glJNJY) =g\ Y, (1)

for all differentiable vector fields X, Y on M. The associated metric § of § on M defined by
HXLY) = g(JX.Y) (2)

is a Norden meiric, too on M. Both metrics g and § are necessarily of neutral signature. Let ¥
and ¥ be the Levi- Civita connection of § and v respectively. An almost complex manifold with
Norden metric is said to be Kaehler Norden manifold if VJ = 0. Let (ﬂ, J.7.4) be a Kachler
Norden manifold. The curvature tensors I of type (0,4) is defined by

RX.Y.ZW)=§R(X.Y)Z,W)
for all XY, 2. W € TM and has the property

RIXY.ZW)=-RX. Y. JZJU)
The curvature tensor R is defined by

RIX.Y,ZW) = R(X.Y, Z.JW)

In the geometry of Kaechler Norden manifolds the following tensors are essential

(XY, ZW) = gV, 21X W) -g(X, 25V, W),
(X V. Z0W) = (V. JZ)g(X.JW) — g X, JZ)g(Y.JW),
XV, Z.W) = —g(V.2)g(X.JW) + 5 X, Z)g(¥. JW)

—F(V. JZ)g(X. W) + (X, JZ)g(Y. W),
(3)

X V.ZWe 'TPL'L_I,,p € M . The followi ing two sectional curvatures are defined for every non-
degenerate section 7 = span{X, Y} with respect to §in T,M, pe M,
RIX.Y.V.JX)

T {‘I V.V .0

Kitipl = * I{'{_:E':_p] =
A section 5 in T,M is said to be holomorphic if J3 = 3 and its sectional curvature is called a
holomorphic sectional curvature. A section 3 is said to be totally real with respect to g if § # J3
and 3L.J3.

An indefinite Kachler manifold (A, .J.7. ) of constant holomorphic sectional curvature e is
called an indefinite compler space form and is denoted by M(c). So, we are considering the
corresponding totally real sectional curvatures K{(3; p) and K{(3;p) with respect to .
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Theorem 2.1. [3] Let {"L_I._ J.q3.0) {rf-.r'-mﬂ =2n = 4) be o Kachler manifold with Norden metric,
M is of pointwise constant totally real sectional curvetures 7 and & with respect to 7. i.e.

K(B.p)=&p). K(B.p)=2ap)
for an arbifrary non degenerate totelly real 2-plane 7 in T, M, p e M, if and ondy if
R = & — 12) + é7s.
Both functions & and ¢ are constant if M is connected and dimM > 6.

2.2 Lightlike hypersurfaces of semi-Riemannian manifolds

In this section, we follow [4][3] for the notations and fimdamental equations for lightlike hypersur-
faces of semi-Riemannian manifolds. Let M be a hypersuwrface of an (m + 2)-dimensional semi-
Riemannian manifold (8. 7). M is called a lightlike hypersurfoce of N if at any » € M the tan-
gent space T, M and the normal space T, M+ have a non-empty intersection denoted by RadT, M.
RadT M is called the mdical distribution on M. Since for a hypersurface dim(T, M+) = 1 it follows
that dim(RadT M) = 1 and RadT, M = T, M+, Thus, the induced metric g by § on a lighthke
hypersurface M has a constant rank m. Thus, there exists a non-degenerate complementary vector
bundle S(T M) of the normal bundle TAM* in TAM, which is called the screen distribution on M.

Thus we have the following decomposition of TM
TM =S(TM) o TM* (4)
where & denotes the orthogonal direct sum. We denote such a lightlike hypersurface by (M, g, S{TM)).

Theorem 2.2. [ Let (M. g, S(TM)) be a lightlike hypersurfoce of o semi-Riemannian manifold
(M. 7). Then there exists o unique lightlike vector bundle fr(TM) of rank 1 over M. such that for
any non-zero section £ of TAM L on e coondinate neighborhood v € M, there exisfs o unigque section
N of triTM) on u satisfying:

FN.E) =1  FGN.N)=g(N.W) =0, ¥W € (S(TM)|,). (5)

Henee for any screen distribution S{TA) we have a unigue bundle #{TM') which is the com-
plementary vector bundle to TAM in TM | and satisfies (53). Then we have the following decom-
positions:

TN |pr = S(TM) @ (Rad(TM) & tr(TM)) = TM @& tr(TM). (6)

We call #r(TM) and N the transversal vector bundle and the null transversal vector field of M
with respect to S{TM) respectively.

Let P be the projection morphism of TM on S{TM) with respect to the decomposition (4)
and ¥V be the Levi-Civita connection of M. For any X.Y € CITM)N € T(tr(TM)) and £ €
I Rad{TM)). the Ganss and Weingarten formmlas of M and S{TM ) are given by

Vil =Vyl + B(X. YN, (7)
"k__'_\' N=-AxX + T{_":ij“‘.",_ {&S]
and
VaPY =ViyPY + 0N, PY)E (9)
Vx§=—-4; X - (X} (10}
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respectively, where ¥ and V° are the induced connections on TM and S{T'M) respectively, B and
' are called locally second fundamental forms of M and S(TM) respectively. Ay and .-12 are linear
operators on TM and S(TM) respectively and 71is a 1-form on TM defined by 7(X) = g(V x N.£).
Since V is a torsion-free and metric connection on M., it is easy to see that B is symmetric and
independent of the choice of a screen distribution and satisfies

BN & =0, e NTM) {11)
Denote alocal 1-form 5 by 5 X)) = g{ X N) VX € (T M), then the induced metric g on M satisfies
(VxghY. Z) = B(X, Y n(Z£) + BLX. Zp(Y' ). (12)

for all XY, 2 € T{TM), which means that ¥V is not a metric conmection on M. But a simple com-
putation implies that ¥V* is a metric conmection on S(T'M). The above local second fundamental
forms B and ' of M and S(TM) are related to their shape operators by

B(X,Y)=g(A4;X.Y), 34X, N)=0, (13)

C(X.PY) = g(AxX.PY), HANX.N) =0, (14)

for any XY € D{TM) and N € ['(#r{TM)). From the above equations we see that .~1E and
An are I'(S(T'M ) )-valued shape operators related to B and ' respectively, and A7 is self-adjoint
on TM such that

A =0 (15)

Donate by 7, I and * the curvature tensor of semi-Riemannian connection W of M, the induced
connection ¥V oon M and the induced connection ¥V° on S{T M) respectively, we obtain the following
Ganss-Codazzl equations for M and S{T M) such that, for any vector fields X, Y. Z. W € [T M)

FR(X,Y)Z, PW) = g(R(X,Y)Z, PW) + B(X, Z)C(Y,PW) — B(Y,Z)C(X,PW),  (16)

GRIXNY)Z,8) =g(RIX,Y)Z,8) = (VxBIY. Z) = (VyBIX.Z) + B(Y. Z)r(X) - B(X,Z)7(Y)

(17)
FRX.Y)Z.N) = g(R(X.Y)Z.N), (18)

g(R(X.YI)PZ PW) = g(R(X.YPZ, PW) + C(X,PZ)B(Y,PW) = C(Y,PZ)B(X, PW) (19)
g RIX,Y)PZ N) = (VxC)Y,PZ) = (VyC )X, PZ) + C(X,PZ)r(Y) = C(Y,PZ)r(X), (20)
for all XY, Z, W € T(TM), £ € D(Rad(TM)) and N € D(tr(TM))
2.3 Radical transversal lightlike hypersurfaces

Let (M, g, S(TM),S(TM)+) be alightlike hypersurface of an almost complex manifold with Nor-
den metric (M, J.7.4). M is called Radical transversal lightlike hypersurfaces if

J(RadT M) = Itr(TM) (21)

J(S(TAM)) = S(TM) (22)
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Further, we consider a radical transversal lightlike hypersurface ( M, . S({T M) of a Kachler Norden
manifold (M, .J, 7, 7)as defined in [11]. Let {£, N'} be the the pair on (M, g) which satisfies condition
(%) Using the definition of M, we have

JE=hN

. where b € T(M). For an arbitrary X € D(TM ) we have the following decomposition
i 2 1
N=PN +pN)

and we obtain
JX = J(PX) + (XN
. Since S{TM) is holomorphic with respect to J, it follows that J{PX) belongs to S{TA ).

I11. TOTALLY UMBILICAL SCREEN DISTRIBUTIONS

S{T M) is said to be totally umbilical in M if on any co-ordinate neighborhood w € M, thereis a
smooth function g such that

CIX.PY) = pg( X,V ).YX.Y € D(TA). (23)

In case p =0 on u, we say that S{TM) is totally geodesic. In general, S{T M) is not necessarily
integrable. In case of Kachler Norden manifold, the following result give equivalent conditions for
the integrability of S{TM).

Theorem 3.1. [{1] Let (M. g. S(TM)) be a Radical transversal lightlike hypersurface of o Kachler
Novden manifold (M. J,3.53). Then the following are equivalent

1. S(T MY s intdegrable
2. C is symmetric on D{S{TM))
A Aw s self-eonjugate on D(S{T M) with respect to g.

Let (X, .1, 7. 5) be a Kachler Norden manifold having constant totally real sectional curvatures
7 and ¢ with respect to § and S{TM) a totally umbilical screen distribution of M. then the
equation (17) reduces to

(Vv BUWY,Z) = (Vy BYX.Z) = B{X, Z10(Y) + B(Y, Z)r(X) (24)
using (12), (18), (20) and (23), for any X.Y, Z € (T M), we get
pB(IX,Y) = {[p] + pri({) + c}g(X.Y) + 5g( X, JY) {(23)

Theorem 3.2, Led (M. g, 5(TM)) bean (m+1)(m = 2)-dimensional Hadical lighlite hypersurface
of @ Kaehler Norden manifold (85 ..J0. 5.5 of constant totally real sectional curvatures & and © with
respect to . Then the second fundomental form C or B vanishes if SITM) is totelly umbilicel,

Mercover,
I. If C =0 then S(TAM) is totally geodesic and ¢ =0

2. If B =0 then S(TM) is totally geodesic immersed in M and the induced connection ¥V on
M s a metric connection.
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Proof. Assume that ' # 0 i.e., p # 0. Then from we have
B{X.Y) = 8g{X.Y) + &g X, JY) (26)

for all X.Y € D(TM), where 3 = p=Y{{[p] + pri{{) + ¢}. As S(TM) is totally umbilical, M is
locally a product manifold. From above equations, for any X, Y, Z € D(S(TM ] we have

X V)Z=(c=Je+2p8)(g(YV. 2)X —g(X. Z)Y )+ (Je+e)gX. JZ)Y — g(Y,JZ)X)
Again, if we consider X, V. Z be arthogonal vectors, then we get the following expression
RN Y)Z =(c+ 2p8)(g(Y,Z)X - g(X, Z)Y)
where ¢ = (7 — .J?)
Riet(X,Y) ={e+2pd)m - 1)gl XY LW Y € D(S(TM))
. Asm = 20 s0, M7 is an Einstein manifold of constant curvature (e + 2p3) From (23), we have
(pl=dp—pri)—¢

Differentiating (26) and using (12) and (24), for all X, Y. Z € [(S(TM)). we have

b
=]
—

{X[o] = (X + pr(X)Ja(V. Z) = {Y[p] = pn(Y) + pr(Y) }g(X.Z) = 0 (:
Replacing X by { in this equation, we have
{8 = i - Arid).

Since (¢ + 2p5] is a constant, therefore, we get § =0 or (e + 2p3) = 0. If ¢ + 2p5 = 0, then
M™ iz a semi-Fuclidean space and the second fundamental form O of M° satisfies ' = 0. It is a
contradiction to ' # (. Thus we have 7 = (). Consequently, we get B = 0 by (26). Thus Mis totally
geodesic in M. Also, from the equation (12}, we see that (Vegl(Y, Z) = WX, Y. Z € [(TM), that
is. the induced connection ¥ on M is a metric commection. If ¢ = 0. i.e.. o =0, then, by (23], we

have # = (). Thus we have our main theorem. O
The induced Ricd type tensor B2 of M is defined by
Rm‘j’{."f., V) =trace{Z - R(Z, X)Y },¥YX.Y e T(TM). {28)

Consider the induced guasi-orthonormal frame field {¢; W, } on M such that Rad(TM) = Span{(}
and S{TM) = Span{W,}. Using this frame field and the equation (77}, we obtain

m

ROXY) = eagR(WL. X )Y W) + G(R(C XY, N, (29)
a=l

for any X,V € D{TM) and ¢, = g{W.. W, ).
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Definition 3.3. A tensor field B2 of lightlike hypersurfaces M is called induced Ricei tensor of
M if it is symmetric. A symmetric B9 tensor will be denoted by Ric.

In general, the induced Ricci type tensor B of the non-degenerate submanifolds[12], is not
symmetric. So, we are proving the following theorem

Theorem 3.4. Let (M, g S(TM) be an (m+ 1 (m = 2)-dimensionel Radical lighlite hypersurfoce
of @ Keehler Norden manifold (M. .J. 3. 3) of constant totally real sectional cwrvatures & and ¢ with
respect to . Then M admits on induced symmetric Ricet tensor Rie for totelly umbilical S{T M.
Baoth M and the leaf M of SITM ) are spaces of constant curvature e

Proof. Using (16), (17), (18) and (29), we have B(X,V)Z = c{g(V, Z) X —g( X, Z)Y}, R™(X,)Y) =
meg( XY ), forany X,Y, Z € T(T M), by using Theorem 3.2, we have Gp = 0. Thus E'%? is a sym-
metric Ricel tensor Rie and M is a space of constant curvature . Also, from (16) and (19), we hawe
B (X.Y)Z =elgY. 21X - g(X. Z)Y}, Ric*(X.Y) = (m - Leg(X.Y), for X,Y,Z € T(S(TM)).
Also M= is a space of constant curvature o, O

Recall the following notion of null sectional curvature[2][4]. Let m € M and £ be a null vector
of T, M. A plane H of T, M is called a null plane divected by £ if it contains £, g, W) =0
for any W € H and there exists W, € H such that g,,(1,. Wy) # 0. Then, the null sectional

curvature of H, with respect to £ and the induced connection ¥ of M, is defined as a real number

9. (R(W, )€, W)
PRUALD

Ke(H) =

It is easy to see that K:(H) is independent of W bt depends on £ in a gquadratic manner. Also,
we know that[13], an n(> 3)-dimensional Lorentzian manifold is of constant curvature if and only
if its null sectional curvatures are everyvwhere zero.

Theorem 3.5. Let (M. g, S(TAM)) be an (m + Dim > 2)-dimensional medical lghlike hypersurfoce
of o Kaehler Norden manifold (M ,.J, 3. 5) of constant totally real sectional curvatures & and ¢ with
respect to §owith tofelly wmbilical SUTAM). Then every null plane H of Ty M directed by £ hos
prerywhere zero null sectionad curvatures.

Proof. From (16) and the fact that Zp = 0, we show that
g RIXN.Y)Z, PW) = c{g(Y, Z)g(X, PW) — g(X.Z)g(Y. PW)}
for any XY, Z.W € I(TM). Thus

g (RN LE N —0
g (W, 1)

Ke(H) =

for any null plane H of T, M directed by £. O
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