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ABSTRACT
The paper deals to compute a series solution in an Ammensal Model. The Ammensal species has un limited
resources with mortal enemy species. The model equations are made by a pair of non linear first order

differential equations. Homotopy perturbation method is used for findling series solution.

Keywords: Ammensalism, Homotopy Analysis, Stability, Dominance Reversal Time

I. INTRODUCTION

Homotopy perturbation method is a better tool to derive a series solution for non linear differential equations.
Abbasbandy,S [1] did constructive study in the concept of asymptotic techniques .Later Liao[5-8] suggested
many ideas and developed Homotopy Perturbation Method (HPM) in 1992. Few other effective and efficient
methods were developed by many Mathematicians [2,4].In the past two decades, the HPM concept has been

utilized in some applications of Engineering and Sciences|[3,9].

I1. BASIC IDEA OF HOMOTOPY PERTURBATION METHOD

Step (1): Let us consider nonlinear differential equation:
A(u)-f(r)=0, reQ m
With the boundary condition

B[U,a—u]:O, rel’
on

Where Ais a general differential operator, Ba boundary operator, f(r) is a known analytic function, ris the

boundary of the domain o and ai denotes differentiation among the normal drawn outwards from q.
n

Step (2): In general the operator A, is divided into two parts: a linear part L and a nonlinear part N. Therefore

above differential equation(l) is expressed in the form of
L(u)=N(u)—f(r)=0 an
Step (3):

With the help of Homotopy Perturbation Method (HPM), one can constitute a homotopy
v(r, p):©x[0,1] > Rwhich satisfies
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H(v,p)=(1-p)[ L(v)-L(u;) ]+ p[ A(v)-f(r)]=0, pe[0,1],reQ (a
It is nothing but
H (v, p)=L(v)—L(uy)+pL(uy)+ p[ A(v)-f(r)]=0 (1V)

Where pe[o,1]is named as an embedding parameter ,and u,is an initial approximation of
equation(1),which satisfies the boundary conditions.
Step (4): Then equations (11), (IV) follow that
H(v,0)=L(v)—L(u,)=0
And H(v,1)=A(v)-f(r)=0
Thus the changing process of p from zero to unity is just that of v(r, p) from u,(r)tou(r).
Step (5): According to the HPM, we can first use the imbedding parameter pas a ‘small
parameter’ and assume that the solutions of the equations (I11) and (IV) can be written as a
power seriesinp:
V=V, +pV, +p°V, +p%V, +pV, e
The approximate solution of equation (1) can be obtained as
u= r!_%tlv:vO VAV, VY, e —
IHl. NOTATIONS ADOPTED

N; (t)  : The population rate of the species S; at time t
N, (t) : The population rate of the species S, at time t

3 : The natural growth rate of S;, i =1, 2.
Qi : The rate of decrease of S;; due to its own insufficient resources ,i=1,2.
A :The inhibition coefficient of S; due to S, i.e The Commensal coefficient.

The state variables N; and N, as well as the model parameters a;, a,, ai1, ax, Ky, Ks, & ’ hy, h, are assumed to be

non-negative constants.

V. BASIC EQUATIONS

aN n 7 7z v w7
? =Ny — ﬂ-_l-_l."n'-l — Q97N V5 (1)

':d—‘ = —a,N, With initial conditions N1 (0) =, and N, (0) =C, 2)

The following system can be constructed by the concept of homotopy as follows

-

vy — Nyg +p(Nyp — ayvy + aygvf — agpryv,) =0 3)

vy — Nog + 0[Ny + @215 ) = 0 4)
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vy0(t) = Nyp(t) = 14(0) = ¢ ®)
Lﬁ:.l}{:t} = :I'::E'{t} = T3 ‘\_ﬂ} = €3 (6)

Where v ;(i = 1,2,] = 1,2,3 ...} are to be computed by substituting (5),(6),(7), (8) in (3), (4)
We get
vy o(t) +pvy4(t) + P:”{.: (t) + PE”{.E (t) + Pé”{e&:‘ T PE’”{.E (t) + - —Nyp +
p[Nig — ay(vy(t) +pvy, (£) +p v, () + pPoy 5 (8) + pPvy 4 () + pPo  (B) + )
+a11(r,"1||}{t} +pry 1 (8) + oy (8) + iy o (8) + pHoy (0 + PPy (8) + - :I::ri ot + pry 4 (1)
+plu L (8) + plo s (8) +ptr B+ piu (B) + a1y o) + ooy 1 (8) +p2 v o (8) + 03y 5
() + pHoge(t) + porpc(6) + o J(wag () + prag (8) + pPvao(8) + v s (8) + piuya(t) +
peras(t) + )] =0

©))
From equation (4)
Uy o () + 11 4 (£) + 220y o (8) + P31 o (8) + pouy () + 5, (8) + - — Ny
+p[Nag + az(va0(t) + proa(t) + p2vaa(t) + pPvas(t) + pHrga(t) + p5vas() + -

{i":.r}‘:ﬂ' + o (8) + puga(8) + plug g (8) + piua () + pivgs (D) + J] =0 (10)

From (9),

0+ pry 4(8) + 2y L (8) + 31y o (6) + phy () + po0y (D) + - — 0

+p[0 —ayvy o(t) — aypry 1 (1) — ayp?vy 2 (8) — ayp®vy3(0) — aup vy () —agp®rys(E) — .
+agy 1o () + ayapvy o (v (8) + agap? ey o (v 2(8) + aggpPvy o (D 5(8)

+agptoy (g o () + -+ agapvy oDy 1 () + 1102073 (8) + ag0 03y (D 2 (2)

+ay1 Py g (g 3(8) + @y p®vy 1 (vy o(E) + - + agypey o (B 2 (8) + agap3ey 4 (B 2 (1)
+agpres, (8) + agpiey (v 3 (8) + -+ agyp Py o (v 308 + agypiey 1 (v 5(1)
Faypvy (Dvy g(E) + -+ aup* vy (Dvy (8 + agapPry (Dv 4 () + -

+a1105 vy gty 5 (8) + - + @y 1,0 (V20 (E) + Q1P o (12,1 (8) + @1ap? 1y o (o2 ()
12030 (E023(2) + @gap vy (a4 (£ g Pry (B v20(8) + agap vy 1 (B 1 (E)
12031 (E022(2) + @1ap* vy 1 (D02 3(2). o+ Q1ap 020 ()11 2(8) + agap Py 5 (B4 (2)
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+a120* vy 2 (22 (8) o+ Q1P v 3(E)va,0(8) + @rap vy 3 (0121 (8). oo+ @pap vy o (B v (E)
] =10 (11)
From (10),
0+ pry 4 (1) + p2uy, (1) +p31y . (8) + pHu, L (1) + P51 (8) + - — 0 + p[0 + ay1,(t)
+a3pv21(8) + aap?vaa(t) + arpPva3(t) + aptvpa(t) + asp®r (D) 1=0 (12)
Now comparing the coefficient of various powers of p in (11) & (12),we obtain
The coefficient of P*:
vy 4 () — @y (t) + a1 5 (£) + @gavy o (B2 0(8) = 0

v 4 (£) + @avag(t) = 0

The coefficient of P2.
Lﬁi. ) —agry 1 (8) + agqty (B 1 () + agqv g (B 1 (8) + aqoty o (Elva 1 (E)
+aq71y 1 (B g(t) =0

L“:; LB +agv,4(8)=0

The coefficient of P3:

L"1. () =gy 2(8) + agqry o (v 2 (8) + @gq17, (8) + agq o (8142 (8) + aqavy o (Dvg2(8) —
Q12171 (V21 (E) + @115 (t)y 2 (2)
=0

t"’_; ) +agvy,(t)=0

The coefficient of P4:

I-"i. _-J\_t} — Q4914 3 {_t} + Q111 E.‘\_t} "y 3 {_t} + Q11791 {_t} 1] 2 {_t} + Q41191 {_t} 1’1 2 {_t}
+ a1ty (v 3(t) + aravy o8 v2 () + agary 1 (Eva 2 (8) + @gava4 (B 21(8)
+ @y, 901y 5(E) = 0

vy {t) + ayv5(t) =0

Now 14 {(0) = ¢y 172(0) = ¢

=] 1{_!7} = (4 f E"ilﬂ.'::t}dt — Q41 f I."ijlc.{t}ﬂ‘t — Q42 f r’ﬁi.l}{t} E.":ﬂ{_lt}ﬂ;t
0 0 0

= Cj_ﬂlt_ ﬂllc:l_t+ ﬂj_:Cj_C:t

~vp(E) = (a; — a6 —appe)at
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a4 () = —a:f vaoltldt = —ascqt

B
i I.":.j_{t} = _ﬂglfgt
1y 2 (f) = ay J‘ 1y 1 (E)dt — 2aq, J‘ vy plt)y 4 (B)dt — ﬂ1:f vy o () (E)dtE
] 0 B

-

_ﬂ:lff vy 4 (g g ()dt
)

- -

= Qi — Q910 — ﬂiECE}CIE —2ayy69{ay —ay16 — ﬂiECE}CIE

Pl b

+'51ﬂ:"3:§ —Qy36;(81 — @136 — 120200 El

i i i t2
sy 208) = [(ag — 209961 — @q262)(0y — @410 — @g202)0 + ﬂ:ﬂizﬁcz]?

o

, L2
= [a; '5212

) .
' I."-ﬂ-ﬂ‘t = |@a"Ca|—
220 = la%6:]5

. -

&1 |3:'\.t} =04 J‘ f."j_:{_f}ﬂ‘t - 2&1161 J‘ 1 2 i_t}ﬂ‘t_ 99 J‘ L"fll{t}dt — @428 J‘ i.":l:{:t}ﬂ‘t
0 o 0 o

_QIEC:J‘ f."':l.: {t}dt— ﬂj_: J‘ t"i.i{:t} i‘:li{t}ﬂ‘t
o o
= (a1 — 2a1161 — @1262){(@1 — 2a1101 — @y202)(@1 — a1161 — @12€2)6
3 rE
—Q126102{Q; — Q22 C:}}E — @11{01 — Q1161 — @1262){Q1 — Q1161 — @42C2)E] 3
. t3 3
23209 {‘QZEC::}E — Q17820 g‘:ﬂ‘1 — 81101 — Q1202)G E
1"1.3":5} = [{ﬂ1 — 2@y — Qy7 C:}{{th —2ay0y — ﬂizfz}‘:ﬂi — Q1161 — Q12€2)6
+ag2a2062 }+{a;— a116 — aaca)e{2a42020—a0) — 2ag1(ay — ay161 — agaca)ey )
33
—G1201 07 {‘:—ﬂ‘:}‘:—ﬂ:}}]g
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Vag ‘\_t} = —dQs3 J‘ Vag “_t}ﬂ‘t

- .

t"i.é{t} = {:ﬂi - 2&1161 — Q42 C:} J‘ L‘ilg{t}dt— 2&11 J‘ L“:l.‘_l{t} t"i.:‘:t}dt — Q492 J‘ L“:l.‘_l{t} i‘::{t}ﬂ‘t
o o o

—Q17 .J.; vy 2 (21 (8)dE — agp6 .J.; vy 3 (t)dt

= [{ay = 2aq101 — aya620{{ay — 2aq90y — )4 (89 — 2a49961 — @4262)(Q1 — G9961 — @42C2) €3

+a1261 02021+ {Q) — @116 — @202 )6{2a126:(—ay)
i . .
—2a41( @1 — Q1161 — G12C2)C1} — Q12 Ciczﬂ::]% —2ay4(ay — @410 — @gaca)ey {{ay — 204904 —
2 s
Q12€2){ @1 — @161 — Q12C2)6+Hay204 ﬂ:'¢:]’§ + ay26{{a;

(—ae(-a)]} =

) t* . . t*
—@12C1 104 — @496 — ﬂ'i:'f:}[ﬂzg]; — ay20202[(@ — 204901 — a426;) (@1 — Q1161 — @4262)6] z

sy a(t) = [y — 204901 — a4262)(01 — Q1961 — @4202)6— 0284201024

[(a1 —2a1161 — @y262)% — €16a11 (@1 — agy61 — aya67)] + (@ — 2a1161 — agpcz)

{2(ey — a6 — a6 e ag6:0; —ayg ey — a6 — 066 ] — a8, + [a, %]
[a1z61 — 3az040ay — in g —agzcz)l-aze{llay — ey — aga07)a[3a12(2ay, 60 — a0y —

2 C:}]_ﬂ: Ca 3ﬂ1:: Ei}ﬁ

rj.;_{_.t} = —dQs3 J‘ Vag “_t}ﬂ‘t
o

& té
=827C 55
4
24
Up to the terms which contain maximum the power of four, we obtain

n v slt) = art

Ny(t) = lim v () = Z 1 (8) = va0(8) + w1 (8 +v1,2(8) + w1 5(8) + w14 (2)

x=0
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Ny () = ]in% o (t) = Z Voo (8] = 120 (8) + 121 (t) + v22(8) + 123(2) + v24(8)
o+

x==0

The solutions by Homotopy Perturbation Method are derived as

A a0 r 5 .
NI =4 + [:__ﬂ1 — 98 — Q-]_:C:)C-l]E

"

t_
2

+[(a, — 2ay16; — ay26:){0y — Q1161 — Q12€2)€; + B2842€,62]
i b e b i )
+{{a1 — 2a1161 —ag262)[{a1 — 2a116 — Q1262)(Q1 — @161 — Q12C2)01 + Q28126162 ]

4 ) » ; 4 )
tlay — Q1961 — Q42026 [—39291: €y — 2a191@1 — @110 — 5—‘1:'5:)'51]

.3
g 5 . .
—iya 8y Cals E {[lay —2ay160 —aypc7)(ay — ay36 —ay65)0

4 . 32 - 4 ~

+ﬂ2ﬂ1:'51'5:][-..ﬂ1 — 209101 — Q2C2)° — 6ay169 Qg — @964 — ﬂizle]

+I.. — .j — ) .j I.. — — ) — l.. — — )
(01 — 201161 — @y262){2(a1 — @116 — @12€2)C102Q12 — @11(Q1 — Q1161 — @12C2)G

—ﬂ-l:'fi'fzﬂ::}*‘ ﬂ::[ﬂizﬁﬂz — 3ay304 ::ﬂ‘l — 418 — ﬂizf::']

. . . a

_ i _ _ ™ — _ -} _ ™ o 2 _

asca{lay —ay10 — a1202)6 [30ay — 204161 — 0y202)a40] 3ay,0a,60;) 24
NN L, g 2 4t
LT =6 —ast+ astto— + a2 — + 0.7 Ca—
- - - =2 - Th = T24

V. CONCLUSIONS
A mathematical model of Ecological Model of Ammensalism with mortal Enemy species is constituted by a
couple of first order nonlinear differential equations. A series solution of this Ammensalism is computed by

Homotopy Perturbation Method.
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