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ABSTRACT
In this article, we have introduced a new class 5™ (#, &, 1) of meromorphic multivalent functions defined by

Ruscheweyh derivative operator. We also obtained some geometric properties. All the results are sharp.
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I. INTRODUCTION
Let A,, denote the class of functions 7z} of the form:

0 —-m o E-m - - I
Fl@=z"+%E i ap mz" ™, Gy =0meN

A=1 R—Tl A—Tl

Which are analytic and meromorphic multivalent in the punctured unit disc " = {z € C: 0 = Izl = 1}
Consider the subclass T, of the function of the form: fiz} = z=™ + ¥f_,a;_,z"™. g4, =0melN
1)

The convolution of two functions, f{z} is given by (1) and giz} = z=™ + ¥¥_. b, .25 ™ by_m = 0is
defined by

(f= 5:":33 =z" _Z ﬂk—r;‘i}l‘—r‘;f;‘_m J Gy _mbym =0

We shall required Ruscheweyh derivative operator for the function belonging to the class T, which is defined by

—m

— =« flz), Az -mfeT, @)

L1—zl*

Z

the following convolution, D™ =

In terms of binomial coefficients (2) can be written as
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D.'.. m Z—:"'. i E:=_ I:;.-i — .fl ﬂ:;—:"'.f:c_m i —.“T:.f E *'_:4; (3)

K

Atshan, Mustafa and Mouajeeb (2013) was studied a class of meromorphic multivalent functions by linear

derivative operator. The linear operator D*** was studied by Raina and Srivastava (2006). Also the operator D*¥,

analogous to D*™was studied by Goyal Prajapat (2009).

A function f £ T,,. is meromorphic multivalent starlike function of order z, 0 = p = m if
- [=zfEn - P L pyen
—Re (G =P 0D=p =m,zell™) 4)

A function f £ T, is meromorphic multivalent convex function of order z, 0 = g < m if
- Eille2) o
—Rejl+ TP 0 =p <m,zel) (5)

Definition (01): Let f & T, is given by (1). The class 5*™ (&, &, ! is defined by

R - P = — | su 0=2f =l 0zae=1l0=su<sli=—-mmeN; (6
|2"|_D"" Tzl ) —.1—'.:."'—=L':'- J

I1. COEFFICIENT INEQUALITY

Theorem (01): Let a function f & T, then the function f € 5™, &, 1, if and only if
e I'..-E. T |:‘:" e g P . . . P . . .
i=1h ek —m—1) —ulelk —m) +1 —8lap_p = ul —me — &) —F(m +1)

=FfF=ll=Ze=xl0zpu=<xli=—-mmeN) (7

The result is sharp for the function f (= given by

oo . T pli-me—&l-dm+1) P

|\a-| = =M L L, = = LR

fiz) b4 A=1 TS L E .
A=t AT g r—m—1—p el =)+ 1—87]

Proof: Assume that the inequality (7) is hold true and let |zl = 1 then from (6) we have

n 1 :"'.f,ii] Y

|-

o Am f':f:l

=

"3 ((p3mf@) -

a(DAf()) + (1 - o)

S BT A . L .
= |;E E (T —m—1ap_pz™ ™ —(m + 109z"™ '|
=1

\ k ; H=mm=

[ M a—im—1 - A+ &Yy - e + - [

1l —me—3lz7™ " + Vo M etk —m) +1 = Flag 2t
E L W

H=1

—_ _|'.4

(4T 'I{x] Wk —m—1)—plale —m) +1 -9 ap_p —ull —ma—3) +80m + 1) = 0.

-
k=1 \ ' "
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Hence by maximum modulus principle, f & §*™(#, a. ).

i
1

Conversely, assume that f(z} defined by (1) is in the class 5™ (&, &, u.

o e DR
8 (ot mya)) 2L

Hence, - T
al prmlz) ) +(1-a L2

| —dm+ Uz + 88 (k—m—1) Ii"i :'_ I!f] Gy _mzt ™l
k

< u.

(1—ma —@lz=m™ 2+ BZ_(alk—ml+1-9) I::‘;' -Il_ 'I";:l g _ gz M1
- k

H—-m=

Notice that Re(z} < Iz| for any = we have,

T 2l 1 17

1-mz—flz~™M "+ EE )

L

D R L P
Re - =
iem

oy (wlh—ml+ 187

Let z — 17 through real values, (8) yields

Z (* ) 9%k —m— 1) - ulale - m) + 1 - ez < pl — ma —8) —8Gm + 1).
k=1 i

Finally sharpness follows if we take,

- . - wll—me—E)-Gm+1 -
f@& = =™+ EiL o ' gh—m k=1
REL AR G —m-D—prelk-md+1-831 ' -

oH

Corollary (01)

Let f &€ §*™(#, o, 1) then ay_m = T oot e oo a Where

0=d=10=Zag=l0=u=ldi>—-mmeN,

I11. CONVEX SET

s —
|

Theorem (02): Let the functions fiz} = z=™

PR

glz) =z £ Y5 bu_ 2™, bu_,. =0 bein the class 5*™(# . ). Then for 0 = [ = 1, the function

d(z) =1 - DfE +1gE) =z + TF_ op_pmz* ™ ©)

Where ¢ =1 —Dag_m +1bs_p = 0 isalso in the class 5™ (&, e, 1),
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Proof: Suppose that each of the functions f and g is in the class 5™ (#, a. «). Then making use of theorem

IJARSE

(01) we see that,

=

Z (28 86— m— 1) —ulalk —m) + 1 - 8)ley
k=1 [

=(1-10) Z (T Bk -m-1) - ulate —m) +1-)lg
k=1 i

Yy (* TEY 80— m = 1) = el —m) +1 = gy

i

=1 -0 —ma—8) —80m + 1]+ {pll —ma —8) —Flm + 1]]

(K

(4l —me — &) —#(m + 11], which completes the proof.
IV. EXTREME POINTS

Theorem (03): Let f_,,, =z~ ™. and

- pll—me—dl-8(m+1)

y —-m
foomlzl =277 +

T o

===l g =T+ 1—a])
i L

For k= 1.2,.. Then f € 5*™(#, & u if and only if it can be expressed in the form,

Fla) = Z5_pdumfuomiz), Where dy_,, =0 and Zi_p bz = 1.

Proof: Suppose that f(z} = E¥_. di_.fi_m(z) Where d,_,, =0 and Li_ dy .. = 1.

Then

f':z:l =d_mfmizl+ E-:=_ Ayomfi-m(z)

- o f . u ':1 - mo — 1?:' — L?I:"I’I + 1:| L
= ﬂ‘—?"i.z_“-i_z_ d:;—:«; - B o " - Pl
= 'r\d TRk —m — 1) — u(alk —m) + 1 — 3]
: k

. o u ':1 — mo — -L?:I - -l-?':m + 1:' E—-m
:z"‘+Z_ A+ KN rar B - ¢ =
i
=My YE P:;—r-'.f:c_m where Fe_,, = |'a-—:C'.[.f"j__w‘fl_::—..e_'"j‘—_"'-'x'—'—':‘

H

o L e (RS e ) — )+ 2]
By theorem (01), we have f & §~™(#, e u) ifand only if £, —— -._v,.,,__=~.d_.:.,,._“ From =1,

Forflz) = z~™ 4+ ¥%_ B _,z°™

H
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Hence F¥_, —= - —— ¥ By m T — —
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= Z dpom =1—d_p =1

Conversely, assume that f € 5 4™, &, 1), Then we can show that f can be written in the form

e o 1 e
flz) = A Baemfe_miz).
R=0 Bp-mih—mlE)

Now f & §4™ (3, e, )

Therefore from theorem (01)

ull —me —d)—F(m+ 1)

H=T — r

(A8 Bk —m =1 - uak —m) +1-5)]
8
Setting

(M F9) 96 —m - 1) - a(alk —m) +1-9)]
— a8

( ) k- k=12 ..
ull =me =38 —Fm+ 1) Bk —m k

Then flz) = z7™ + T, qp_pmz* ™

. o = ull —me -8 —%m + 1)
) = 7™ +Z_

fl\z__ - Iy - 7
-ILA T Bk —m—1) —u(alk —m) +1 - 9]
i

—-m — T
=z "+ i E. L — 2T
= ., WH- = FUH=

dic—:"'.

Il Il
[ 3
[} [}
E E
m, ——
[} =
E]
|
™
M [
I
=)
B
|
]
o
1
=]

E o Bpemfiom (2]

H
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V. DISTORTION AND COVERING THEOREM

Theorem (04): Let f € 5*™(#, &, 1) then for 0 < |z] <1

1 Flm+ 1) —u(l —me — &) .
— - Fod I J'FI:E:l

=| ™ I::i ‘]l-‘ 1‘] :_L?m +Ill.o!|:ﬂ”:1 _ m:| -|— 1 —-L?j]

- el =] = —
flz'?l = -|— — - L) i =z =
e z[m (AL [Em e pieli-m) +1—

Therefore by theorem (01),

Flm+ 1) — pll —ma —3)

-m = Woo §
) Bt ae —m 4 1- 9]

Therefore
: 1 Flm + 1) — (1l —me — &) -
e T - @
z |’\*""1'1]_-L9m +ufe(l —m) +1 -3
Similarly, we have
1 Blm + 1) — u(l —me — 87 .
fe&) = =

-

e {,{41_1,]:19”1_'_#@(1_,“3+1—-L?j]

Theorem (05): Let f € 5*™(#, & 1) thenfor 0 < |z] =1
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(11)
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m [Blm + 10— w1l —me — 81 —m)
— - - 2T = @)=
2T (@ J{ Vism+ue —ml+1—9]

= |z|-m (12)

The result (12) is sharp for the function F{z} given by

m [Flm + 1) — ull —me —SN(1 —m)

— .
Zmt {A‘-}-'l]_-,_?m{-lu{a':l—m,'-l-l_"-9:']

s

‘fl'?l =
ol S

-
F4

Proof: Let f € 5™, & u) then

FEl =127+ } ap_pz™ "
fiz)| = |—'r.'z""""' + Z (k—mlag_,z* ™"
M oo
= ”‘--+Z- (k —miag_plzl ™
= :—1 + |zl "™ ZE o1l — m)ag_m
. 1
By theorem (01), we have
i m [Flm + 1) — w1l —me — (1 —m) .
fE st aos - - zl~™
z [ ; | [Bm +u(el —m) +1 -]
Similarly, we have
m [Flm + 1) —ull —ma — 311 —m) .
fElz2gma— 7 T - I-4 I
AT (A J{ | [$m +u(a(l —m) +1— 5]
VI. ARITHMATIC MEAN
Theorem (06): Let £, (z}. f: (z) ... f, (=) defined by
f@ =z + B ag_pez™ " {ﬂic—.w; rz0i=12..nk= 1::' (13)

be in the class $*™ (3. &. 1), Then the arithmetic mean of £(z) (i = 1.2....n} is defined by
n@ =T, f (2) (14)
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is also in the class 5™ (. e, 1.
Proof: By (13) and (14) we can write

hiz) = %EL:{E_E + Xias Qic—r';e'z:c_m::'
=z ™+ X, I[j f=185_m ] z*m

Since f € 5*™(#, &, u) for every (i = 1.2,..1) so by theorem (01),

We prove that

o - L R . i1 i A
Z (**9) 5%k —m - 1) - palk —m) +1—19:.]£—Z Qi)
r=t k “H i=1 ‘

1 n i o . Ly R . . .

1 n .
< _Z ull —me —8) —d(m + 1)

n iz
= u{l —me —9) —F(m + 1)

Therefore h(z} & 5*™ (8, a, ul.
VIl. § NEIGHBORHOODS

Definition (02): Let (0 =¥ =1 0= < 1.0 =y <l A= —mm e N)and & = 0 we define & neighborhood

of function f = T, and denote Nz{ {7 such that

Ne(f) = {,5? €Tpigla) =27 + X5l bz ™™
(15)

Theorem (07): Let function f € T, be in the class 5™ (& @, ul, for every complex number £ with

Bl =880

f (Z)+gz™™ L i = - e o -
Let ————¢ 5" 08, @, w) then NoUfF) ¢ 55708, o, ult, a =10,

1+58

Proof: Since f(z} € 5%™(#,a, ul. f satisfies (7) and we can write for n € €. lnl = 1, that

R P |

& | 'ID)' ﬂf- :2:.'. _D/_;.E._ i
b ¥ z I
=n

. - ——| = 16
z(ptmpin) +l-a L (16)
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2=, zeU”

— (17)

Equivalently, we must have

Zz

Y oandk=1lmeN

Satisfying le; _,,,| =

Fllegr™™ o .
Since ST — a5 (B, o, w)

1+8

By (07) 7= |

(u)

(18)

z p— | = § so by (18), we get

Now we assume that, | L2

| 1 (f=Qz B g 1 |i(F=Q)z| 181—6
: > - — | = =0
1+ z™ "1+ I +8l IL+pl| zm 1+8
Which is a contradiction by!#| < &. However, we have|"_:"_"n;':2| = 8. fglz) =z + EE,
then
-0z [F-8)-0()
&= —-m = | -

I I
I
|
£ )
f ES
3 |
=]
|
(=
El o
| Lo
5 [}
E]
m [
L]
L B
| 1
2] =]
5]
4 Ed
[}
ki 3
5

. [T Bk -m -1 - u(alk —m) +1 -8)]

M

5]
-
|
£

k
Z:_-—* ull —ma =8l -3 (m+ 1) B

g

_:,LZ| =0 wegetg(z)e §*ME, e u)
2

Therefore, |

So N5(f) e 54™(@, &, u), §=0.

IJARSE
ISSN (0) 2319 - 8354
ISSN (P) 2319 - 8346

h R E*:""-:": :|,

H—m=
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VIll. PARTIAL SUM

Theorem (08): Let f(2) is defined by (1) and the partial sum 5.(z) and 5.(z) be defined by §,(z} ==z~™ and

i - e
§ g = M L 1
&I & L

1 k-m - 3
.0 z (g =1).

H—m=

Also, suppose that, ¥'Z_; cz_maz_m = 1

'.'-'-.‘_:"_'[-E (k—m—1)—pie (k—m +1-4]
where ¢y, = —= o (1 — i — &) — @1 (19)
then we have Ae i 5‘1} >1-— — (20)
o [fe=) - fq e TR e
Hg{d,z-," =1—— (zelUg=1) (21)

Each of the bounds in (19) and (20) is the best possible for & € .

Proof: For the coefficients c;_., given by (19), it is not difficult to verify

=1 2)

-
—H=

wH=IR

By using (22) we get
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