International Journal of Advance Research in Science and Engineering @
Vol. No.5, Issue No. 09, September 2016

www.ijarse.com
HANKEL DETERMINANT FOR CERTAIN
SUBCLASS OF P-VALENT FUNCTION
ASSOCIATED WITH RUSCHWEYH DERIVATIVE
OPERATOR

IJARSE
ISSN (0) 2319 - 8354
ISSN (P) 2319 - 8346

Sunita M. Patil* and S. M. Khairnar?

! Department Of Applied Sciences, Ssvps B.S. Deore College Of Engineering, Deopur, Dhule,
Maharashtra, (India)
2 Professor & Head, Department Of Engineering Sciences, Mit Academy Of Engineering,
Alandi, Pune, Maharashtra, (India)
ABSTRACT

The object of this paper is to use Toeplitz deter-minant to obtain a sharp upper bound of the second

Hankel determinant jap+1ap+3 a2p+2j for the p-valent functions be- longing to the class S (A, )

l. INTRODUCTION, DEFINITION AND NOTIVATION

Let Ay (pis a fixed integer = 1) denote the class of analytic

funetions fiz) of the form.
O
Y P Kk PO
flz) ="+ E i 1% (1.1}
k=p+1
defined on the open unit disk:
U={ZeC:|z| <1} (1.2)

and let Ay — AL Let S be the subelass of A consisting of univalent

funetion U, A funetion f(z) € Ay is said to be p-valent starlike

function (Z22 £ 0 if it satisfies the condition .

zf'(z
;}r'__\i] >0 (ZeU) (1.3)

Key words and phrases: P-Valent Function, Upper Bound, Hankel

Determinant, loeplitz Determinant.
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The set of all these function is denoted by 57 If is observed that

for P = 1 then ’S; reduces to S*. For

fz =
(1.4)

4. = bmzm

are analytic in U then the Hadamard product or convolution f(z) =*

g(z) of f{z) and g(z) is defined by,

f(2)%g(2) =) amby2" (1.5)

(1.6)

This symbol DMP7Y(z) is called the Ruscheweyh derivative of £(z)
and was introduced by Ruscheweyh [4].
The " determinant for ¢ > 1 and n > 1 is stated by Noonan

and Thomas [23] as,

an Qpy1 " Qnyqg+1
(LS| Upyo - Opig .
H,(n) = | (L.7)
Aptg—1 COnyq ' Api2q-2

This determinant has also been considered by several authors.
For example, Noorin |24] determinant the rate of growth of H (n) as
n — oo for function f (1.1) with bounded boundary. Ebrenbary in
|6] studied the Hankel determinant of exponential polynomials. The
Hankel transform of an integer sequence and some of its properties

were deicussed by Layman’s article|9]. It is well known that [5] for
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f €S and given by (1.2) the sharp inequality |aga3| < 1 holds. This

corresponds to the hankel determinant with ¢ = 2 and k — 1.

After that. Fekete-Szego further generalized the estumate |ag —
& 5 3

with real p and £ € 5 for a given class of functions in A the

pa3
sharp bound for the non linear function |asay — a3| is known as the
Second Hankel Determinant.

Second Hankel determinant for various subcelass of analytic fune-
tions were obtained by different researchers including Janteng et al.
| 12]. Mishra and Gochhyay | 21] and Murugusundaramoorthy and
Mangesh | 22| for some more works are [2][3]|4].

Recently Trailokya Panigrahi consider the Hankel determinant

in the case ¢ = z. n = p+1 denoted by Hao(p+1) given by,

1 s} .

p+1 p+2 2

HQ(p + 1} = = Op11Qpy3 — Qpio {18)
Apy2  Opy3

Motivated by the above mentioned results obtained by different
researchers in this direction. In this paper we obtain as sharp upper
bounds to functional |a,.ja,.3 — a.§+2| for function f belonging to

certain subclass of p-valent functions defined as follows,

Definition 1.1. A function f(z) € A, is said to be in the class
Sp(A, B) if it satisfies the condition,

Ap—1¢(, Mp—1£( )Y
ER{(lB) (Df(")) +_5((D _{(H)) )} >0
zF pzF (1.9)

(B<1, ZeU, X>—p)

Note that, for p = 1. A = 0, reduce the class,

f(2)

z

(1-5) +Bf(2) >0 (1.10)

it is class R(f) studied by Murugusundramurthi and Magesh | 22].
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2. PRELIMINARY LEMMAS

Let P denote the class of function of the form.,

P(z)=14ciz+ 22+ ...

=1 +icnz” (2.1)

n=1

which are regular in U and satisfy R(p(z)) > 0 for any Z € U. Here
p(z) is called Caratheodory function [8]. To prove our main result,

we need the following lemma,
Lemma 2.1. /5[ If p € P then,

Cr| <2 for each ke N (

b
(BN
e

Lemma 2.2. [18//19] Let p € P. then
20 = ¢ + x(4 — c)
deg = {ci‘ + 24—z — (4 —c)x? +2(4 — ) (1 — |:r|gz)}

For some values of x,z such that |z| < 1 and |z| < 1.

3. Mainy REsuLTs
Theorem 3.1. If f{z) € S,(A,B) (B < 1. A > -p) then,
16p°
p+28)2(A+p)?(A+p+1)?

Proof. Let f(z) given by (1) be the class of S,(A, ). Then there
exist an analyvtic function p € P in the unit disk U with p(0) = 1
and R{p(z)} > 0 such that,

(3.1)

|apr1ap+3 — a§+2| = (

DMPf()

=P

(1—5){
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> TA+k
1-B1+ > apz"P
o TA+p(k —p)! |
> TA+k k | (3.3)
+51+ —apz"P
| kZZ:le\er(k—p)'p ’ |

=l—|—c1z—i—0222—i—0323—|—...

After simplification equating the coeflicient of the like powers z, 22

z3. ... respectively on both sides we get,

pPcy

= 3.4
" BT A P) o
QPCQ {f; =
(1 = whe
" 28 A+ p)(A+p+ 1) )
a Gpes (3.6)
e 3.0
T 38+ DO +p+ DA +p+2)
It is easily established that.
6picics
Api1Qpi3 — ﬁ2+2\ =
? (p+B8)p+38)(A+p?2A+p+2)
(3.7)
4p?c3
(p+268)2(A+p)*(A+p+1)?
Applyving Lemma, substituting for ¢o and ¢3 and since |el| < 2 by

Lemma 2.1. let ¢y = ¢ assmmne without restriction € |[]._?|wv obtailn.
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A9 | B4 2c(d—cP)z—c(d—c2) 2?4+ 2(4—c2)(1—|z|?2)

2 _
Apy1Qpp3 — ﬂp+2| =

(p+28)2(A+p)2(A+p+1)?

4}?2 l( c2+:c(24—c2}}Q]
C(p+282A+p)2(A+p+1)?)

- 6p°ct +12¢(4 — A)z — 6¢(4 — o)?2® + 12(4 — ) (1 — |z]?2)
Ap+B)p+38)A+p)PA+p+1)(A+p+2)

Plet + 2224 — ) + 22 (4 — )]
(P+26°A+p*A+p+1)°

Tl=p |z <1 (3.9)

_ 6p2ct +12¢(4 — ?)p — 6c(4 — )2 p? + 124 — ) (1 — p?)
- Ap+B)(p+38)A+p (A +p+1)(A+p+2)

P+202A+p2h+p+ 12 [ 7

(3.10)

6p°ct +12c(4 — c2)p — 6p%(4 — ) (c — 2) +12(4 — ?)

) = G B 30+ 2t o T DA T2+
Pt +2¢%p(4 — ) + p*(4 = )]
(P+2B)2(A+p)2(A+p+1)?
(3.11)
F(p) = 124 — %) —2p x 6(4 — ) (c— 2)
Ap+B)p+38)(A+pP2A+p+1)(A+p+2) (3.12)

PRA(A ) +2p(4 — )
(p+282(AN+p)2(A+p+1)?
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with elementary calculus we can show that, F'(p) > 0 for p > 0 =

that [ is an increasing function and thus for upper bound for (3.11)

| 20l < - .13
ApiiQpis — @ 3.1:
p+1Up43 p+2| = (p-l—Qﬁ)g(/\-l-p)g(A-l—p-l— 1)2
[
Corollary 3.1. for A = (), and p = 1.
1
20y — @3] < ——— 3.14
lagay — a3| < 1120 (3.14)
result obtain by G. Murugusundaramoorthy et al. {22 ].
Corollary 3.2, If A = 0, p = 1, B = 1, then
1 ,
lagay — a§| < 9 (3.15)

the sharp result obtain by A. Janteng | 13].

Conclusion. In this paper we have obtained the sharp upper bounds

for the functional \ap+1ap+3—a.g

Further we are working on to find the upper bounds for convex func-

Lo| Jor functionbelonging toSy(A, 3).

tion and also find the third Hankel determinant.
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