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ABSTRACT

This paper is composed of two sections to study a systematic, comparative and comprehensive description of
space and compact fuzzy metric space. Compact fuzzy 2-metric space deals with certain types of implicit
relations.

An extensive study in fuzzy metric space and fuzzy 2-metric space had been done by Sharma [1] using this
concept we have accomplished the task of generalizing the result of Aliouche [2] in the context of compact fuzzy

metric space compact fuzzy 2-Metric spaces.
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. INTRODUCTION

The theory of fuzzy set, ows its origin to the classical paper of L. A. Zadeh [3]. There is a large community of
mathematicians who have expansively developed the theory of fuzzy sets and their applications, especially
Kaleva and Seikkala [4] and Kramosil and Michalek [5] have introduced the concept of fuzzy metric space in
different ways. Recently, Sharma [1], Jain [6] have made efforts to elaborate the results of fuzzy metric space
into fuzzy 2-metric . Using this concept we have accomplished the task of generalizing the result of Aliouche

[2] in the context of compact fuzzy metric space, compact fuzzy 2-metric space.

For systematically, comparative and comprehensive study, we have divided our study in two sections.Section
first is devoted to the results concerning with fixed point theorem related with implicit relation in compact fuzzy

metric space.

Gahlar [7] who furnished the concept of 2-metric space, and this concept has prospered very fast in various
directions. It is to be remarked that Sharma, Sharma and Iseki [8] studied for first time contraction type mapping
in 2-metric space. Wenzhi [9] and many others preceded the study of probabilistic 2-metric space. We know that
a 2-metric is a real valued function with domain X X XX X, whose abstract properties were suggested by the
area function in Euclidean space. The method of introducing this is naturally different from 2- metric space
theory; here we have to use simplex theory from algebraic topology. Sections second is based on comprehensive

study of compact fuzzy 2-metric space with the help of a fixed point theorems related with implicit relation.
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A CLASS OF IMPLICIT RELATION

Let Fg bethe family of all continuous mapping F(ty, to, ts, ts, ts, tg) 1 R°s — R
satisfying the following conditions:

(C): VYV u>0,v> 0andw > 0with

(C):  Fu,v,v,u,w, 1) > 0or

©Cy):  Fu,v,u,v,1,w) > 0,we haveu > v.

(C): Forallu<1,F@u,1,1,u,u,l)<0.

(C): Forallu<1,Fu,u,1,1,u,u)<0.

MAIN RESULTS

1.1 Common Fixed Point Theorems In Compact Fuzzy Metric Space

Theorems 1.1 A, B, Sand T be self mappings of a compact fuzzy metric

space (X, M, *) satisfying:

@ SX) < B(X) and T(X) < A(X),

(b) the pair (S, A) and (T, B) are weak-compatible,

(© Sand A are continuous,

(d  F[M(Sx Ty, t), M(AX, By, t), M(AX, Sx, 1), M(By, Ty, t), M(AX, Ty, t), M(Sx, By, t)] > 0

V x,y € X and F € Fg satifies (C1), (C,) and (C3) for which one of M(AXx, By, t), M(Ax Sx, t) and
M(By, Ty, t) is positive. Then A, B, S and T have a uniqgue common fixed pointin X.

Proof. Let K = Sup { M(Ax, Sx,t) ; x € X,t>0}.
Since X is compact fuzzy metric space, then there is a convergent sequence

{%} with limit %, in X such that

lim M(Ax, Sx, t) = K, V t>0.

n—0

Since,
M(A X, SX, 3t) > M(Axg, AX, 1) * M(AX,, S, 1) * M(Sx,, Sx, 1)

by the continuity of A and Sand lim x, = %

Nn—o0

we get,

M(AX, Sxo, 3) > K, V t>0.

Hence, M(AX), Sx,t) = K [by the definition of K]
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Since S(X) C B(X), then there exists v € Xsuch that Sx, = Bv and
M(AX, Bv,t) = K. We have to prove that K= 1.
Suppose on the contrary that K# 1 then K< 1.
Putting x,=x and y=vin (d) we get,
F[M(Sx, Tv, t), M(AX, Bv, 1), M(AX, SX, t), M(Bv, Tv, t), M(AX, Tv, t), M(Sx, Bv,t) ] >0
= F[M(@Bv, Tv,1), K, K, M(Bv, Tv, t), M(AX, Tv,t), 1] > 0
By (C,), we get
M(Bv, Tv, t) > K.

Since T(X) C A(X), then there exists u € X such that Tv = Au and

M(Au,Bv,t) > K, V t> 0.
Since M(Au, Su,t) < K >0 and putting x = u,y = u in (d), we have

F[ M(Su, Tv, 1), M(Au, Bv, t), M(Au, Su, 1),
M(Bv, Tv, t), M(Au, Tv,t), M(Su, Bv,t)] >0, V t >0,

= F[M(Su, Au, t), M(Tv, By, t), M(Au, Su, 1),

M(Bv, Tv,t), 1, M(Su,Bvt)] >0, V t>0
By (Cy) we get,
K > M(Au, Su,t) > M(Bv, Tv,t) > K
which is a contradiction.
Then K =1 which implicites that AXy = Sx = Bv
If M(Bv,Tv,t) < 1 and putting X= X,y =V in (d) ,we have
F [M(Sx, Tv, t), M(AX, Bv, t), M(AXy, SX, t),
M(Bv, Tv, 1), M(AXy, Tv, 1), M(Sxo, Bv,t)] >0
= F[M(Bv, Tv,t), 1, 1, M(Bv, Tv, t), M(Bv, Tv, t), 1] > 0
which is a contracliction of (C3) .
Therefore M(Bv, Tv,t) =1.
weget Bv = Tv = Sxo =Ax=12

Since the pair (S, A) is weak-compatible , we get Az = Sz

Now, we are going to showthat z = Sz, i.e. M(z Sz, t) = 1
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Suppose on the contrary that M(z, Sz, t) # 1,then M(z, Sz, t) < 1.
Putting x=z,y =v in (d) we get
F[ M(Sz, Tv,t), M(Az Bv,t), M(Az Sz t),
M(Bv, Tv, t), M(Az, Tv, t), M(Sz, Bv,t)] >0
= F[M(Sz,z1t),M(Sz z1),1,1 M(Sz,21),M(Sz, zt)] > 0
which is a contradiction of (Cs)
Therefore z = Sz = Az
Again, since the pair (B, T) is weak-compatible, we get Tz = Bz
Forshowing z = Tz, so suppose on the contrary that z # Tz
Then M(z, Tz, t) < 1, using (d), we get
F[M(Sz,Tz t), M(Az, Bz, t), M(Az Sz t),
M(Bz Tzt), M(Az Tzt), M(Sz, Bz,t)] > 0
= F[M(zTz1),M(z,Tzt),1,1,M(z,Tz t), M(z, Tz,t)] >0
which is a contradiction of (Cs).
Therefore z = Bz = Tz
From (1) and (2)
z=9S82=Az=Bz=Tz

Hence z is acommon fixed point of A, B,Sand T.
Uniqueness

Let z' be another common fixed pointof A, B,Sand T, ie.
Z =AZ=Bz =Sz =Tz and M(z,Z,t)<1
By putting x = z, y = z'in (d), we have
F[M(Sz,TZ,t), M(Az, Bz, t), M(Az Bz,t),
M(Bz, TZ, t), M(Az, TZ,t), M(Sz, BZ,t) ] >0
= FIM(z, 2, t),M (z,Z,1),1, L, M (z,Z,1),M (z, z,1)] >0
which is a contradiction of (Cs).

Hence z is the unique common fixed point of A, B,Sand T.
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1.2. Common Fixed Point Theorem In Compact Fuzzy 2-Metric Space Satisfying Implicit
Relation

Definition 1.2.1. The mapping *: [0, 1]* —> [0, 1] is called t- norm if

@) *@,1,1) =a, foralla € [0, 1],

2) *(ab,c) = *(@c,b) =*(c,ab),

®) *(a,b,c) < * (d,e, ), whenever a < d,b < e, c < f,

4) *[* (@b, c)de] =*[a,*(b,cd),e]l=*[ab,*(cde)]

Definition1.2.2. The 3- tuple (X, M, *) is called a fuzzy 2- metric space if X is an arbitrary set, *is a

continuous t-normand M is a fuzzy setin X3X [0, «) satisfying the following conditions, forall x,y,z u €
X and tq,t,t13>0

@) M(xy,z0) = 0,

)] M(x y,zt) = 1,t>0 and when at least of the three points are equal
®3) M(x Y,z t) = M(x zy,t) = M(y, z x1)

@) M(x Y, z, t1+ tr+t3) > M(x,y, u, t1) * M(X, u, z, tp) *M(u, y, 7, t3),

(This corresponds to tetrahedral or rectangular inequality in 2-Metric space)

(5) M(x y, z t) : (0,0) — (0,1) is continuous,

(6) lim Mxy, z1t) = 1,

nN—0

The function value M(x, y, z, t) may be interpreted as the probability that the area of triangle is less than t.

Definitionl. 2.3. Let (X, M, *) be a fuzzy 2-metric space. Then we define an open ball with centre x € X and

radius r,0<r<1,t >0 as
B(ort) ={y €X:S(xy zt) >1-r}

Definition 1.2.4. Let (X, M,* ) be a fuzzy 2-metric space. Define

= {A C X:x € Aifandonly if there exist t > 0 and

0 <r < 1lsuchthatB(x,r t) C A}

Then T is a topology on X.
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Definition 1.2.5. Let (X, M, *)be a fuzzy 2-metric space.Then collection C = {G,: a € A ; where G, is open

sets of X} is said to be a open cover of X. If UG(, =X
aeA

Definition 1.2.6. A fuzzy 2-metric space(X, M, *) is said to be compact if every open covering of X has a

finite sub coving.

Definition 1.2.7. Let (X, M,* ) is a fuzzy 2-metric space.

(1) A sequence {x,} in fuzzy 2-metric space X is said to be convergent to

apoint x € X, if lim M(x,, x,a,t)=1, foralla € X and t>0.
nN—o0

(2) A sequence {x,} in fuzzy 2-metric space X is called a cauchy sequence, if

liMm M(%p, X, a,t)=1, foralla € Xand t>0,p>0.
N—o0

(3) A fuzzy 2-metric space, in which every cauchy sequence is convergent, is said to be complete.

Definitionl. 2.8. A function M is continuous in fuzzy 2-metric space iff whenever x, —> X, y,—> vy, then

lim M@, ynat) = M(x,y,a,t) ; foralla € Xandt>0

n—oo

Definition 1.2.9 .Two mappings A and S on fuzzy 2-metric space are compatible if

lim M(ASx,, SAx, a,t)=1; Va € X, t>0

Nn—o0

Whenever, { x,} is a sequence such that

lim Ax, =lim sx, = x €EX.

N—o0 N—o0

Definition 1.2.10. Self mappings A and Sofa fuzzy 2-metric space

(X, M, *) are said to be weak-compatible if they commute at their coincidences points i.e. if Ax =Sx for
some x € X then SAx=ASx.

Theorem1.2.11. Let A, B, Sand T be self mappings of a compact fuzzy 2- metric space (X, M,* ) satisfying:
@ S(X) C B(X) and T(X) C A(X),

(b) the pair (S, A) and (T, B) are weakly compatible,

©) Sand A are continuous,

@ inequality
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F[M(Sx, Ty, a,t), M(AX, By, a,t), M(AX, Sx.a, t),

M (By, Ty, a, t), M(AX, Ty,a, t), M(Sx, By,a, t)] >0,

Y x ya € X and F € Fg satisfies (C,), (C;) and (Cs) for which one of

M(AX By, a, t), M(AX, Sx, a, t)and M(By, Ty, a, t) is positive.Then A, B, Sand T have a unique common fixed
point in X

Proof. Let K= Sup {M(AXx, Sx, a,t) ; x,a € X, t>0}.

Since X is compact, then there is a convergent sequence {x,} with limit

% € Xsuch that

lim M(Ax, Sx,, a,t) =K, t>0.

n—0

Since,
M(AX, SXp, a,t) > M(AX, Ax,, S¥,, 1/9) *M(Ax,, Sx,,a, t/9)*

M(SX,, AXy, @, t/9)* M(AXo, SXo, SX, t/9)*
M(SX,, SX, A, T/9)*M(Ax,, Sxo, Sx,, 1/9)*
M(Sx,, Sx,, a, 1/9).

By the continuity of A and Sand lim x, = %, we get,
n—o0

M(Ax, Sx, a,t) = KV t>0,
Hence, M(Axy, Sx,a,t) = K. [by the definition of K].

Since S(X) C B(X), thenthere exists v &€ X such that Sx, = Bv and
M(AX, Bv, a, t) = K.

We have to prove that K = 1.
Suppose on the contrary that K# 1 then K<1.
Putting x=X, y =V in (d), we get,
F[M(Sx, Tv,a, t), M(Ax, Bv, a,t), M(Ax, Sx, a, t),
M(Bv, Tv, a,t), M(Ax, Tv, a, t), M(Sx, Bv,a,t) 1> 0,
= F [M(Bv, Tv,a,t), K, K, M(Bv, Tv, a, t), M(AX, Tv,a,t),1] > 0
by (Cy), we get

M(Bv ,Tv,a,t) > K.
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Since T(X) < A(X) then there exists u € X such that Tv=Au and
M(Au,Bv, a,t) > K, V t>0.
Since by the definition of K,
M(Au,Su, a, t) < K > 0.
Putting x=u,y =v in (d), we obtain,
F[M(Su, Tv,a,t), M(Au, Bv, a,t), M(Au, Su, a, t)
M(Bv, Tv, a, t), M(Au, Tv, a,t), M(Su, Bv,a,t)] > 0
= F [M(Au, Su, a, t), M(Bv, Tv, a, 1), M(Au, Su, a, t),
M(Bv, Tv,a, t), 1, M(Su, Bv,a,t)] >0 ; Vvt>0
By (Cp) we get,
K > M(Au,Su,a,t) > M(Bv,Tv, a,t) > K
which is a contradiction.
Then K =1 which implies that Axy = Sx = Bv.
If M(Bv, Tv,a, t) < land Putting x=xp,y =V in (d)then we have
F[M(Sx, Tv,a, t), M(Ax, Bv, a, t), M(AX, SX, a, t)
M(Bv, Tv, a, t), M(Ax,Tv, a,1), M(S X, Bv,a,t) ]> 0
= F[M(Bv,Tv, a,t), 1, 1, M(Bv, Tv, a,t), M(Bv, Tv,a,1t) ,1]1 >0
which is a contradiction of (Cs).
Therefore  M(Bv, Tv, a, t) = |, we get
Bv=Tv=Sx =AXx =12
Since the pair (S, A) is weak-compatible, then Az =Sz.
Now, we are going to showthat z=Sz ie.M(z Sza,t) = 1.
Suppose on the contrary that M(z, Sz, a, t) = 1,then M(z, Sz, a,t) < 1.
Putting x=z,y =v in (d), we get
F[M(Sz Tv,a, t), M(Az, By, a, t), M(Az, Sz, a, t),
M(Bv, Tv, a,t), M(Az Tv, a,t), M(Sz, Bv,a,t) ] >0
= F[M(Sz, z,a,1), M(Sz, z,4a, 1), 1, 1, M(Sz, z,a,1), M(Sz, z,a,t) ] > O

which is a contradiction of (C3)
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Therefore z=Sz=Az. (D)

Again, since the pair (B, T) is weak-compatible, we get Tz = Bz (2)

For showing z = Tz, suppose on the contrary that z # Tz,
then M(z, Tz a,t) < 1. Putting x=2,y = zin (d), we have

F[M(Sz,Tz a, t), M(Az Bz, a, t), M(Az, Sz, a, t),

M(Bz Tza, t), M(Az, Tz, a,t), M(Sz, Bz,a,t) ] >0

= F[M(z,Tza1t),M(z,Tz a,t),1,1,M(z, Tz, t), M(z, Tz,t)] >0
which is a contradiction of (C3).
Therefore z=Tz 3)
From (1) (2) and (3)

z=Bz=Tz=Az=Sz

Hence z is acommon fixed pointof A, B, Sand T.
Uniqueness

Let Z' be another common fixed point of A, B,Sand T
thatis z = Az'= Bz = Sz'=Tz and M(z,Z,t) < 1
By putting x= z,y = Z in (d), we have
F[M(Sz,TZ,a,t), M(Az, BZ, a,t), M(Az, Bz a, t),
M(BZ,TZ,a,t), M(Az,TZ, a, t), M(Sz, BZ,a,t) ] > 0
= FI[M(z 2, a,t), M(z Z,a,1),1, 1, M(z, Z, t),M(z, Z,a,t)] > 0
which is a contradiction of (Cs).

Hence z is a unique common fixed point of A, B, Sand T.
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