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ABSTRACT
In this paper, we prove a common fixed point theorem for six self mapping in intuitionistic fuzzy metric spaces
under various conditions. Our results generalizes the recent result of Ranadive and Chauhan [6].
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I.LINTRODUCTION

The foundation of fuzzy mathematics is laid by Zadeh [7] with the introduction of fuzzy sets in 1965, as a way
to represent vagueness in everyday life. Attanassov [1] introduced and studied the concept of intuitionistic fuzzy
metric set as generalizations of fuzzy sets. Intuitionistic fuzzy metric set deals with both the degree of nearness
and non-nearness. Park [4] defined the notion of intuitionistic fuzzy metric space with the help of continuous t-
norm and continuous t-conorm as generalizations of fuzzy metric space due to George and Veeramani[3].

Ranadive, Gopal and Mishra [5] introduced the concept of absorbing maps in metric space and proved common
fixed point theorem in this spaces with observing that the new notion of absorbing maps is neither a sub-class of

compatible maps nor a sub-class of non compatible maps. Cho and Jung [2] introduced £ —chainable fuzzy
metric space and proved common fixed point theorems for weakly compatible in & —chainable fuzzy metric

space. Ranadive and Chauhan [6] proved a common fixed point theorem for six self mappings using absorbing

maps with £ —chainable fuzzy metric space.

I1. PRELIMINARIES

Definition 2.1 A binary operation = : [0, 1] x [0, 1] — [0, 1] is continuous t-norm if = satisfies the following

conditions:

(i) = is commutative and associative
(if) = is continuous;
(i) a= 1=aforallae]0,1];

(iv) a= b<c=dwhenevera<candb<dforalla,b,c,del[0,1]
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Definition 2.2 A binary operation ¢ : [0, 1] x[0, 1] — [0, 1] is continuous t-conorm if ¢ satisfies the
following conditions;

(i) ¢ is commutative and associative;

(if) ¢ is continuous;

(iii)a®0=aforallacel0,1];

(iv) a0 b<cOdwhenevera<candb<dforalla,b,c,de[0,1].

Definition 2.3 A 5-tuple (X, M,N, =, 0) is said to be an intuitionistic fuzzy metric space if X is an arbitrary
set, = is a continuous t-norm, ¢ is a continuous t-conorm and M,N are fuzzy sets on X? x [0,:0) satisfying

following conditions:

MMy, )+ N(X y, t)y<lforallx,y e Xandt>0;

(i) M(x,y,0)=0forall x,y € X;

(i) M(x, y,t) =1 forall x,y € Xand t >0 ifand only if x = y;

(iv) M(x, y, t) = M(y, x, t) forall X, y € X and t > 0;

(V) M(X, y, t) «M(y, z,8) <M(X, z,t +s) forall x,y,z € Xand s, t>0;

(vi) forall x, y € X, M(X, y, -) : [0,0) — [0, 1] is left continuous;
(vii) limy_.M(X, y, t) =1 forall X,y € Xand t > 0;

(viil) N(x,y,0)=1forall x,y € X;

(ixX) N(x,y,t)=0forallx,y € Xand t> 0 ifand only if x = y;

() N(x, y, t) = N(y, x, t) forall x, y € Xand t > 0;

(xi)) N(x,y,t) O N(Y, z,8) > N(x, z, t + s) forall X, y, z € X and s, t > 0;
(xii) for all x, y € X, N(X, y, -) : [0,00) — [0, 1] is right continuous;
(xiii) limy ... N(X, y,t) =0 forall x, y € X.

The functions M(x,y,t) and N(x,y,t) denote the degree of nearness and the degree of non-nearness between x and

y with respect to t respectively.

Definition 2.4 Let (X, M, N,=, 0) be an intuitionistic fuzzy metric space. Then a sequence {X,} in X is said to

be
(i) Convergent to a point x € X if

limg .. M(Xy, X, t) =1 and lim,_, .. N(X,, X, t) = 0 for all t > 0,

(i) Cauchy sequence if

limy ... M(Xnsp, Xn, t) = L and limy ... N(Xnsp, Xo, ) =0 forall t>0and p > 0.
Definition 2.5 An intuitionistic fuzzy metric space (X, M, N,=, 0)) is said to be complete if and only if every

Cauchy sequence in X is convergent.

Definition 2.6 Let (X, M, N,=, 0) be an intuitionistic fuzzy metric space and =>0. A finite sequence
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X=Xo, X1, Xa,...,X,=Y is called € — chain from xtoy if
M(X;,Xi.1,t)>1- & and N(X;,X;.1,t)< & for all t>0 and i=1,2,...n.
A intuitionistic fuzzy metric space (X,M,N,=, ¢) is called £ — chainable if for any x,yeX there exists an
g — chain fromx toy.
Definition 2.7 Let A and B be two self-maps on intuitionistic fuzzy metric space (X, M, N,=, 0).then A is
called B-absorbing if there exists a positive R>0 such that

M(Bx,BAX,t)=M(Bx,Ax,5) and N(Bx,BAX,t)= M(Bx,Ax,2) for all xe X.

Similarly,B is called A-absorbing if there exists a positive R>0 such that

M(AX,ABx,t) =M(Ax,Bx,2) and N(Ax,ABXx,t)= M(Ax,Bx,5) for all xe X.

Definition 2.8 Let A and S be self-mappings of an intuitionistic fuzzy metric space (X, M, N,#, ¢) Then a pair

(A, S) is said to be commuting if M(ASXx, SAX, t) = 1 and N(ASx, SAXx, t) = 0.
Definition 2.9 Let A and S be mappings from a fuzzy metric space (X,M, =} into itself. Then,

the mappings are said to be compatible if lim,_,M_(ASxn, SAxn, t)=1, vt >0
whenever {x,} is a sequence in X such that lim _,Axn = lim,_Sxn =x € X.
Definition 2.10 Self mappings A and S of a Fuzzy metric space (X, M, *) are said to be semi-compatible if

and only if M(ASxn, Sp, t) — 1 for all t > 0, whenever {xn} is a sequence in X such that Sxn, Axn — p for some
pinXasn - oo,
Definition 2.11 Let A and S be mappings from a fuzzy metric space (X,M, =) into itself. Then, the mappings

are said to be reciprocally continuous if lim,_,,ASX, = AXx, lim,_,,SAX, = Sx
whenever {X,} is a sequence in X such that
lim, . AX, = limpL..SX, = X € X.

Lemma 2.1 Let {u,} is a sequence in an intuitionistic fuzzy metric space (X, M, N,=, 0). If there exists a

constant k € (0, 1) such that M(up, Ung, Kt) > M(U,—1, U, t) @and N(Up, Uns1, Kt) < N(U,—1, Up, 1)
forn=1,2,3,...,then {u,} is a Cauchy sequence in X.

Lemma 2.2 Let (X, M, N ,=, 0).be an intuitionistic fuzzy metric space. If there exists a constant k € (0, 1) such

that
M(X, y, kt) > M(X, y, t) and N(x, y, kt) < N(X, y, t)
forall x,y € Xandt >0, thenx =.

IH1.MAIN RESULTS
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Theorem 3.1 Let (X, M, N,*,0) be a complete £-chainable intuitionistic fuzzy metric space with continuous t-
norm and continuous t-conorm ¢ defined by tt = tand (1-t)0(1-t)= (1-t) for all t=[0, 1]. Let A, B, S, TPand Q

be mappings from X into itself such that
P(X)=ST(X) and Q(X)<=AB(X).
There 3 a constant ke(0,1) such that
M(Px,Qy,kt)=min{M(STx,ABY,t)=M(STx,Qy,t)=M(Qy, ABy,t)= [M(Px, ABy, t) + M(Px, 5Tx t)]/2}
and
N(M(Px,Qy,kt) =max{M(STx,ABy,t)=M(STx,Qy,t)«M(Qy,ABy,t)= [M({Px, ABy.t) + M(Px, 5Tx.t)]/2}
forall x,y e X.
(3) If one of P(X), ST(X),AB(X) and Q(X) is a complete subspace of X then
(a) The pair (A, BP) has a coincidence point.
(b) The pair (Q, ST) has a coincidence point.
(4) AB=BA, ST=TS,PB=BP,QT=TQ.

(5)The pairs {P, AB} and {Q, ST} are semi-compatible and reciprocally continuous , then A, B, S, T,P and Q
have a uniqgue common fixed point in X.

Proof: Let x, be an arbitrary point of X. By (1) there 3 x,,x, €X:
PXo=ST X;1=Yo and QX;=ABX,=y,

In general, we can find a sequence {x,} and {y,} in X:
PX2n=STXon+1=Yon and
QXon+1=ABXon42=Yons1, forn=1, 2 ...
By taking X=X, and y=Xon+1 in (2), we have
M (PXzn, QX2n+1,Kt) =Min{M (ST X2n, ABXon+1,1) #*M (ST X210, QX2 +1,1) #M(QXon+ 1, ABX o1, 1) #

[M(Pxzp, ABxzp o 1.t) + M(Pxy, STagp, £]/2

and
N(PXzn,QX2n+1,Kt) =Max{ N(STXon, ABXon+1,8) IN(STX20,QXan+1,t) IN(QX2ns1, ABXn+1,8)

[N{Pxzn, ABRyp o4, 1) + N(Prgp, STagy, £)]/2
M(Y2n,Y2n+1,KE) 2Min{M(Y2n-1,Y2n, 1) #M (Y2n-1,Y2n, 1) M (Yans1,Yon t) #
M¥n. ¥on-1. t) + }'I{”v:u,y:n_l,t:]]fz

and

N(Yan,Yon+1,Kt) =max{N(y2n-1,y2n,t) §N(y2n-1,y2n,t) {N(y2n+1,y2n,t) {

[N(yzn-¥n-1-1) + N¥2p: ¥an-1 tj]-"rz
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M(Yzn,Yan+1,Kt) =MIin{M(Y2q-1,Y20,1) =M (Yan+1,Yon )= M(¥2p.¥2n_1. £)

= M(Yan-1,Yan:t)

and

N(Y2n,Y2n+1,K) ZmMax{N(Yan-1,Y2n, ) O N(Y2n+1,Y2n, 1) §N(Yan, Yan-1,t)

EN(y2n-1!y2l’ht)

Similarly, we also have

M(y2n1y2n+1lkt) = M(yZn—luyZn,t)
and N(y2n,YZn+1,kt)5 N(YZn-LYth)

therefore for all n, we have
M(yn,ynﬂ,kt)::M(yn,yn.l,tfk)::M(yn,yn.l,t;’k:)::. . =M(Yn Y1, /jm)—1 as n— o and
N(YnYn+1K)ZN(YnYn1, /) ZNVn Yoty 2) =-.. EN(YnYn1, /i) =1 as n— = for any t>0.
For each >0 and each t>0, we can choose n; €N such that
M(Vn,Yn+1,8)>1- £ and N(Yy,Yn+1,t)<1-g. For all n>n0, m, n N, we suppose that mz =n.then we have that
M (YY) ZM(Yn Y1, im — 1) =M (Yii1.Ynez S — )%, =M1, S m — )
=(1—g)*(1—£) *(1—&) * o = (1 — &)
=(1-=&)
Similarly N(yn,Ynt)=(1—2).
Hence {y,} is a cauchy sequence in X; that is y,— z in X; So its subsequences,PX,n, STXon+1,ABXon,QXon+1 2lSO
converges to z.Since X is € — chainable ,there 3 & — chain from X, to X,+; such that
M(yi,Vi.1,t)>1-z and N(y;,Yi.1,t)<1- £ for all t>0 and i=1,2,...1.

Thus we have
M (X X1, >M(Y1,Y2, /) =M (Y23, /D) * e =M(YizYirt)

> (1—g)s(1—&) *(1—&) * = (1 — &)
>(1—) and
N Xnst ) <SNYLY2,/DONY2Ys, /D0 o ONYi1Yilt)
< (1-2)0(1—2) 0(1—2) 0 b (1 — &)
=(1-£)

So {x,} is a Cauchy sequence in X and hence there 3 zeX such that x,— =.
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Since the pair of (P,ST) and (Q,AB) is reciprocal continuous; we have limp_.P(ST)X;—Pz and
limp_ST(P)Xn—=STz and semi-compatibility of (P,ST) which gives limy,_..ST(P)X,,—STz,therefore

Pz=STz.we claim Pz=STz=z.
Step 1:Putting x=z and y=Xyn.1 in(2),we have
M(Pz,QXzn+1,Kt) =mMin{M(STz,ABXn+1,1)#*M(STZ,QXp0+1,1) =M (QXo0+1,ABXon41,t) #

[M(Pz, ABxyy . 4. 1) + M(Pz, 5Tz £)]/2}

and
N (PZyQX2n+1, kt) = max{n(STz,ABX2n+1,t) ':' N (STZyQXZnﬂ:t)':' M (QX2n+1;ABX2n+1,t) ':'

[N(Pz, ABx,p ... t) + N(Pz 5Tz, £)]/2}
Letting h— =, we have
M(Pz,z,kt)=min{M(Pz,z,t)*M(Pz,z,t)=M(z,z,t)= [M(Pz,z.t) + M(Pz,z.t)]/2}

and
N(Pz,z,kt)=max {N(Pz,z,t)0N(Pz,z,t)0N(z,z,t)0[N(Pz,z t} + N(Pz.z.t)]/2}

M(Pz,z,kt)=min{M(Pz,z,t)*M(Pz,z,t)+= 1 «M(Pz,z,t)}
=1

M(Pz,z,t)=1

and N(Pzz,t)=1.

Hence Pz=z=STz.

Step 2: Putiing Xx=Bz, y=Xn.1 in (2),we have

M(P(B2),QXans1,kt) =mMin{M(ST(Bz),ABXons1,t) *M(ST(BZ),Qxans1,t) *M(QXars1,ABXone1, 1) *

[M(P(Bz), ABx,, ,,.t) + M(P(Bz),ST(Bz),t)]/2}

and
N (P(BZ) ) QX2n+1, kt) = maX{N(ST(BZ) ,ABX2n+1,t)<> N(ST(BZ),QX2n+1,t)<> M(QX2n+1,ABX2n+1,t)<>

[N(P(Bz), ABx; . ,.t) + N(P(Bz),ST(Bz),1)]/2}
Letting n— == we have

Since PB=BP,AB=BA, so P(Bz)=B(Pz)=Bz and AB(Bz)=B(ABz)=Bz
M(Bz,z,kt)=min{M(Bz,z,t)*M(Bz,z,t)*M(z,z,t)«[M(Bz,z t) + M(Bz.z.t)]/2}

and
N(Bz),z,kt)=max {N(Bz,z,t)0 N(Bz,z,)0 M(z,z ,t)0 [N{Bz z.t} + N(Bz,z.t1]/2}

M(Bz,z,t)=1 and N(Bz,z,t)=1.

Therefore Az=Bz=Pz=z.
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Step 3: P(X)SST(X),there 3 ueX,such that z=Pz=STu.

Putting X=Xap,y=U in (2),we have
M(PXzn, Qu,kt) =min{M(STXz,,ABU,t)«M(STX,p,Qu,t)=M(Qu,ABuU,t)=

[M(Px, ., ABu, £} + M(Px,,, STu,£)1/2}

and
N(PX2q,Qu,kt) =max{N(STxzn, ABu,t)0 N(STx2,Qu,t)0 M(Qu,ABu,t)0

[N(Pxyn, ABu, t) + N(Px,,, 5Tu, £)1/2}
Letting n— ==,we have
M(z,Qu,kt)=min{M(z,z,t)=M(z,Qu,t)*M(Qu,z,t)«[M{z z.t} + M(=z z.£)]/2}

and
N(z,Qu,kt)=max {N(z,z,t)0 N(z,Qu,t)0 M(Qu,z ,t)0 [Niz z t) + N(z,zt)1/2}

M(z,Qu,t)=1 and N(z,Qu,t)=1.

Therefore z=Qu=Abu.
Since Q is AB-absorbing ;then
M(Abu, ABQu kt)=M(Abu,Qu,f/5)=1

i.e. Abu=ABQu = z=ABz.

Step 4: Putting X=x,,,y=2 in(2),we have
M(PXzn,Qz,kt)=min{M(STX,n,ABZ,t)=M(STX2,Q2,t)=M(Qz,ABZ,t)=

[M(Px;p. ABz, t) + M(Px,p, STx,,. £)]/2}

and
N(PX24,Qz,kt) =max{N(STXz,,ABz,t)® N(STx2,,Qz,t)0 M(Qz,ABz,t)0

[N(Px,,, ABz,t) + N(Px,,, 5Tx,,.t)]/2}
Letting n— ==,we have
M(z,Qz.kt) =min{M(z,2,t)+*M(z,Qz,t)*M(Qz,2,t)=[M(z z t} + M(z = t)]/2}

and
N(z,Qz kt)=max{N(z,z,)0 N(z,Qz,t)0 M(Qzz ,t)0 [N(z, z t) + N(z,z t)1/2}

i..M(z,Qz,kt)=M(z,Qz,t) and
N(z,Qz,kt)=N(z,Qz,t)

Therefore z=Qz=ABz.
Step 5:Put X=Xy,,y=Tz in (2),we have
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M(PX2n,QTz,kt)=min{M(STXzn, AB(T2),1)=M(STx2,Q(T2),)=M(Q(T2),AB(T2),1)=
[M(Pxop, AB (T2), £) + M(Pagy, STapn, £)1/2)

and
N(PX2n,QTz,kt)==max{N(STX,n, AB(Tz),t)0 N(STx2,,Q(T2),t)0 M(Q(Tz),AB(Tz),t)¢

[N(Pxzn, AB(Tz).t) + N(Pxzp, STxzp, £)1/2}

Since QT=TQ,ST=TS, therefore Q(Tz)=T(Qz)=Tz,ST(Tz)=T(STz)=Tz,

Letting n— oz, we have
M(z,Tz,kt)=min{M(z,Tz,t)=M(z,Tz,t)=M(Tz,Tz,t)=[M(z Tz.t) + M(z Tz.t)]/2}

and
N(z, Tz,kt)=max{N(z, Tz,)0 N(z,Tz,t)0 M(Tz,Tz ,t)0 [N(z Tz.t) + N(z. Tz t}1/2}

i.e.M(z,Tz,kt)=M(z,Tz,t) and
N(z,Tz,kt)=N(z,Tz,t)

Therefore z=Tz=Sz=Qz

Hence z=Az=Bz=Pz=Sz=Qz=Tz.

Uniqueness: Let w be another fixed point of A, B, P, S, Q and T. Then

Put x=u,y=w in (2),we have

M(Pu,Qw,kt)=min{M(STu,ABw,1)=M(STu,Qw,t)=M(Qw,ABW,t)=[M{Pu, ABw, t} + M{Pu, 5Tw, t)]/2}

and
N(Pu,Qw,kt)=max {N(STu,ABw, )¢ N(STu,Qw,t)0 M(Qw,ABw ,t)0 [N{Pu, ABw,t} + N{Pu, STw.t}1/2}

M (u,w,kt) =min{M(u,w,t) =M (u,w,t) =M(w,w,t)«[M (u, w, £} + M{u,w,£)]/2}

and
N(u,w,kt) =max {N(u,w,t)0 N(u,w,0)0 M(w,w ,t)0 [N{u, w, t} + N{u,w.t1]/2}

i.e.M(u,w,kt)=M(u,w,t) and
N(u,w,kt)=N(u,w,t)

Hence u=w =z=u=w.

IV. CONCLUSION

Theorem 3.1 is a generalization of the result of Ranadive and Chauhan [6] and in the sense that employing the
notion of semi-compatible and reciprocal continuity. Our result stronger than that Ranadive and Chauhan[6] we

extend the above result of intuitionistic fuzzy metric space using absorbing maps.
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