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ABSTRACT   

This paper deals with a new type of fuzzy multifunction, viz., fuzzy upper (lower) -continuous multifunction. Several 

characterizations and properties of this newly defined multifunction have been studied here. Also the mutual 

relationships of this fuzzy multifunction with fuzzy upper (lower) -precontinuous multifunctions [8] have been 

established here. 
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I INTRODUCTION  

A fuzzy multifunction, introduced by Papageorgiou [21] in 1985 is a function from an ordinary topological space  

to a fuzzy topological space (fts, for short)  in the sense of Chang [10]. In this paper we use the definition of upper 

inverse of fuzzy multifunction given by Papageorgiou [21] and the lower inverse of fuzzy mult ifunction given by 

Mukherjee and Malakar [18]. 

Throughout this paper,  or simply  will stand for an ordinary topological space, while by  or simply by 

 will always be denoted a fuzzy topological space. A fuzzy set   [26] in  is a function from  into the unit 

interval  i.e ., . The support [26] of a fuzzy set  in  will be denoted by  and is defined by 

. The fuzzy point [22] with the singleton support  and the value  at 

 will be denoted by . For a set  in  (resp., a fuzzy set  in ),  and  will respectively stand for closure 

and interior o f  in  (resp., fuzzy  closure and fuzzy interior of  in  [10]). For a fuzzy set  in , the complement 

of  in  will be denoted by  and is defined by , for each  [26].  and  will 

respectively stand for the constant fuzzy sets taking values 0 and 1 on . For two fuzzy sets ,  in , we write 
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 [26] iff , for all  while  means  is quasi-coincident [22] (q-coincident, for short) 

with  if there is some  such that . The negation of the last two statements are written as 

 and  respectively. A fuzzy set  in  is called a fuzzy neighbourhood (fuzzy nbd, for short) [22] of a 

fuzzy set  in  if there is a fuzzy open set  in  such that . 

A subset  of  (resp., a fuzzy set  in ) is called semiopen[15], α -open [20], β-open [1], regular open [24], 

preopen [16],  -open [11] (resp., fuzzy semiopen [4], fuzzy  α-open [9], fuzzy  β-open [12], fuzzy regular open [4], 

fuzzy preopen [19], fuzzy  -open) respectively if             , , 

, ,  (resp., , 

, , , , ) respectively. 

The complements of above mentioned sets in  (resp., in ) are called semiclosed [15], α-closed [20], β-closed [1], 

preclosed [16], regular closed [24],  -closed [11] (resp., fuzzy semiclosed [4], fuzzy α-closed [9], fuzzy β-closed 

[12], fuzzy regular closed [4], fuzzy preclosed [19], fuzzy  -closed ) respectively. The intersection of all semiclosed, 

α-closed, β-closed, preclosed,  -closed sets in  (resp., fuzzy sets in ) containing  are called semiclosure [15], α-

closure [20], β-closure [1], p reclosure [16],  -closure [11] (resp., fuzzy semiclosure [4], fuzzy α -closure [9], fuzzy β-

closure [12], fuzzy preclosure [19], fuzzy  -closure) respectively and are denoted by , , , ,  

respectively. The -interior [25] of a subset  of  is the union of all regular open sets of  contained in  and is 

denoted by . A subset  of  is called -open if  [25]. The complement of a -open set in  is 

called -closed. For a set  in , . A subset  of  is called -

preopen  [2] if . A fuzzy set  is called a quasi-neighbourhood (q-nbd, for short) [21] of a fuzzy set  

if there is a fuzzy open set  in  such that . If, in addit ion,  is fuzzy regular open, then  is called  fuzzy 

regular open q-nbd of . A fuzzy point  is said to be a fuzzy -cluster point of a fuzzy set  in an fts  if every 

fuzzy regular open q-nbd  of  is q-coincident with  [13]. The union of all fuzzy -cluster points of  is called 

the fuzzy -closure of  and is denoted by  [13]. A fuzzy set  in an fts  is called fuzzy -preopen [5] if 

. The complement of a fuzzy -preopen set is called fuzzy -preclosed [5]. The intersection of all 

fuzzy -preclosed sets containing a fuzzy set  in an fts  is called fuzzy -preclosure of  and is denoted by  

[5]. A fuzzy set  in  is -preclosed iff  [5]. 

The set of all semiopen, α-open, β-open, preopen,  -open, -preopen sets in  are denoted by , , 

, , ,  respectively. A semiopen (resp., α-open, β-open, preopen,  -open, -preopen) set  

in  containing a point  will be denoted by (resp., , , , 

, ). The union of all  -open sets contained in  is called  -interior of  [11], to be 
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denoted by . A subset  of a topological space  is called a  -nbd of a point  [11] if there exists 

 such that . 

II SOME WELL KNOWN DEFINITIONS, THEOREM AND LEMMAS 

In this section we recall, some definitions, lemmas and theorem for ready references.  

Definition 2.1  [21]. Let  be an ordinary topological space and  be an fts. We say that  is a 

fuzzy multifunction if corresponding to each ,  is a unique fuzzy set in . 

Henceforth by  we shall mean a fuzzy multifunction in the above sense. 

Definition 2.2 [21, 18]. For a fuzzy mult ifunction , the upper inverse  and the lower inverse  are 

defined as follows : 

for any fuzzy set  in , , . 

Theorem 2.3 [18]. For a fuzzy mult ifunction , we have , for any fuzzy set  in . 

Definition 2.4 [10]. Let  be a fuzzy set in an fts . A collection U  of fuzzy sets in  is called a fuzzy cover of  if 

U  } = 1 for each . If, in addition, the members of U   are fuzzy open, then U   is called a 

fuzzy open cover of . In particular, if , we get the definition of fuzzy cover (resp., fuzzy open cover) of the 

fts . 

Definition 2.5 [14]. A fuzzy cover U  of a fuzzy set  in an fts  is said to have a finite subcover U  0 if U  0 is a 

fin ite subcollection of U   such that U  0 . Clearly, if , in particu lar, then the requirements on U  0 is  U  

0 . 

Definition 2.6 [10]. An fts  is said to be fuzzy compact if every fuzzy open cover of  has a finite subcover. 

Definition 2.7 [18]. A fuzzy multifunction    is said to be fuzzy upper (lower) semi-continuous if  

(resp., ) is open in  for every fuzzy open set  in . 

Definition 2.8 [8]. A fuzzy mult ifunction  is said to be fuzzy   

(i) upper -precontinuous (resp., upper quasi continuous) if for each  and each fuzzy open set  in  

with , there exists  (resp., ) such that , 

(ii) lower -precontinuous (resp., lower quasi continuous) if for each  and each fuzzy open set  in  

with , there exists  (resp., ) such that , fo r all , 
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(iii) upper (lower) -precontinuous (resp., upper (lower) quasi continuous) if it  has this property at each point of 

. 

Lemma 2.9 [3, 11]. Let  and  be subsets of a topological space . If  and , then 

. 

Lemma 2.10 [11]. Let ,  and , then . 

III FUZZY UPPER AND LOWER -CONTINUOUS MULTIFUNCTIONS : SOME 

CHARACTERIZATIONS 

Now we define fuzzy upper (lower)  -continuous multifunction and characterize these fuzzy multifunctions in 

several ways. 

Definition 3.1. A fuzzy mult ifunction  is said to be fuzzy  

(i) upper  -continuous at a point  if for each fuzzy open set  in  with , there exists 

 such that , 

(ii) lower  -continuous at a point  if fo r each fuzzy open set  of  with , there exists 

 such that , for all , 

(iii) upper (lower)  -continuous if  has this property at each point of . 

Theorem 3.2. For a fuzzy mult ifunction , the following are equivalent : 

(a)  is fuzzy upper  -continuous, 

(b)  for any fuzzy open set  of , 

(c)  is  -closed in  for any fuzzy closed set  of , 

(d) , for any , 

(e) for  each point  and each fuzzy nbd  of ,  is a  -nbd of , 

(f) for each point  and each fuzzy nbd  of , there exists a  -nbd  of  such that , 

(g) , for any , 

(h) , for any . 

Proof (a)   (b): Let  be a fuzzy open set of  and . Then by (a), there exists  such 

that . Therefore, we obtain   
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 and so we have   

. 

(b)  (c) : It fo llows from the fact that , for any . 

(c)   (d) : Let . Then  is fuzzy closed in  and so by (c),  is  -closed in  and so  

 . 

(d)  (c) : Let  be a fuzzy closed set of . Then  and so by (d), 

 is  -closed in . 

(b)  (e) : Let  and  be a fuzzy nbd of . Then there exists a fuzzy open set  of  such that 

  . Since  (by (b)),  is a     γ-nbd of . 

(e)   (f) : Let  and  be a fuzzy nbd of . Put . By (e),  is a  -nbd of  and .  

(f)  (a) : Let  and  be a fuzzy open set such that . Then  is a fuzzy nbd of . By (f), there 

exists a  -nbd  of  such that . Therefore, there exists  such that  and so 

. 

(c)   (g) : Let . Then  is fuzzy closed in  and so by (c),  is  -closed in 

 . 

(g)  (h) : Let . Then . By (g), 

 

 =  

 . 

(h)  (b) : Let  be a fuzzy open set of . By (h),  

 .  

Theorem 3.3. For a fuzzy mult ifunction , the following are equivalent : 
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(a)  is fuzzy lower  -continuous, 

(b) , for any fuzzy open set  of , 

(c)  is  -closed in  for any fuzzy closed set  of , 

(d) , for any , 

(e) , for any subset  of , 

(f) , fo r any , 

      (g ) , for any , 

      (h ) for each  and each fuzzy q-nbd  of ,  is a  -nbd of , 

      (i) for each  and each fuzzy q-nbd  of , there exists a  -nbd  of  such that   

         , for all . 

Proof  (a)  (b ): Let  be a fuzzy open set of  and . Then by (a), there exists  such that 

, for all . Therefore, we obtain 

  and so we have 

  . 

(b)  (c) : It fo llows from the fact that , for any . 

(c)   (d) : Let . Then  is fuzzy closed in . By (c),  is  -closed in   

. 

(d)  (c) : Let  be a fuzzy closed set of . Then . By (d), 

 is  -closed in . 

(c)   (e) : Let  be a subset of . Then  is fuzzy closed in . By (c),  is  -closed in   

    

. 
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(e)   (d) : Let . Then . By (e),   .   

(c)   (f) : Let . Then  is fuzzy closed in . By (c),  is  -closed in   

 

(f)  (g) : Let . Then . By (f), 

 

  = 

 . 

(g)  (b) : Let  be a fuzzy open set of . By (g),   

 .  

(b)  (h) : Let Let   and  be a fuzzy q-nbd of . Then there exists a fuzzy open set  of  such that 

  . Since  (by (b)),  is a γ-nbd of . 

(h)  (i) : Let  and  be a fuzzy q-nbd of . Put . By (h),  is a  -nbd of  and  for all 

.  

(i)  (a) : Let  and  be a fuzzy open set such that . Then  is a fuzzy q-nbd of . By (i), there 

exists a  -nbd  of  such that , for all   . Therefore, there exists  such that 

 and so , for all . 

Definition 3.4  [18]. For a fuzzy multifunction , the fuzzy graph multifunction  of  is 

defined as  = the fuzzy set  of , where  is the fuzzy set in , whose value is 1 at  and 0 

other points of . We shall write  for . 

Lemma 3.5 [6]. The following hold for a fuzzy mult ifunction : 

(a)  and  

(b)  for every subset  of and every fuzzy set  of . 

Theorem 3.6. A fuzzy mult ifunction  is fuzzy lower  -continuous iff  is so. 
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Proof. Let  be fuzzy lower  -continuous. Let  and  be any fuzzy open set of  such that  . 

Then there exists  such that . Then . Let 

. Then    so that  for some open set in  and 

some fuzzy open set  in  with . Now     . Since  is fuzzy 

lower  -continuous, there exists  such that , for all   . Then by Lemma 

2.5(b), . Moreover,  and hence the proof. 

Conversely, let  be fuzzy lower  -continuous. Let  and  be any fuzzy open set in  such that . Then 

there exists  such that . Now  is open in  such that 

 and so . Since  is fuzzy lower  -continuous, there exists 

 such that , for all . By Lemma 2.5(b), we obtain 

. Hence , for all    is fuzzy lower  -continuous. 

Theorem 3.7. Let  be an α-open cover of a topological space . A fuzzy multifunction  is 

fuzzy upper  -continuous iff the restrict ion  is fuzzy upper  -continuous. 

Proof. Let . Then there exists  such that . Let  be a fuzzy open set of  such that 

. Since  is fuzzy upper  -continuous, there exists  such that . Put 

. Then by Lemma 1.9,  and . Therefore,  is fuzzy upper  -

continuous. 

Conversely, let  and , a fuzzy open set of  such that . Since  is an α-open cover of , 

there exists  such that . Since  is fuzzy upper  -continuous and , there 

exists  such that . Then by Lemma 1.10 (as α-open sets are  -open), 

 and    is fuzzy upper  -continuous. 

Theorem 3.8. Let  be an α-open cover of a topological space . A fuzzy multifunction  is 

fuzzy lower  -continuous iff the restrict ion  is fuzzy lower  -continuous. 

Proof.  Let . Then there exists  such that . Let  be a fuzzy open set of  such that 

. Since  is fuzzy lower  -continuous, there exists  such that , for all 
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. Put . Then by Lemma 1.9,  and , for all . Therefore, 

 is fuzzy lower  -continuous. 

Conversely, let  and , a fuzzy open set of  such that . Since  is an α-open cover of , 

there exists  such that . Since  is fuzzy lower  -continuous and , there exists 

 such that , for all . Then by Lemma 1.10 (as α-open sets are -open), 

 and , for all    is fuzzy lower  -continuous. 

Definition 3.9. For a fuzzy multifunction , fuzzy mult ifunction , , 

,  [6], ,  [6],  [8] are defined by 

, , , , 

, , , fo r all . 

Lemma 3.10. Let  be a fuzzy multifunction. Then we have , for each fuzzy open 

set  of . 

Proof.  Let  be a fuzzy open set of . Let . Then    [Indeed, if ,  

then , for each     ) =  (since  is fuzzy  

open   is fuzzy  -open in )  , a contradiction.]  . 

Similarly we can prove that  

Lemma 3.11. Let  be a fuzzy mult ifunction. Then we have , , 

, , , , for each fuzzy open set 

 of .  

Theorem 3.12. For a fuzzy multifunction , the following are equivalent : 

(a)  is fuzzy lower  -continuous. 

(b)  is fuzzy lower  -continuous. 

(c)  is fuzzy lower  -continuous. 

(d)  is fuzzy lower  -continuous. 

(e)  is fuzzy lower  -continuous. 

(f)  is fuzzy lower  -continuous. 
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(g)  is fuzzy lower  -continuous. 

(h)  is fuzzy lower  -continuous. 

Proof. The proof follows from Lemma 2.10 and Lemma 2.11. 

IV SOME RELATIONSHIP 

In this section it has been shown that fuzzy upper (lower)  -continuous multifunction may not be fuzzy upper 

(lower) semi-continuous, fuzzy upper (lower) quasi continuous, fuzzy upper (lower) -precontinuous mult ifunctions. 

   We first recall some theorems for ready references. 

Theorem 4.1 [7]. A fuzzy mult ifunction  is fuzzy upper (lower) quasi continuous iff  (resp., 

) is semiopen in  for every fuzzy open set  of . 

Theorem 4.2 [18]. A fuzzy multifunction  is fuzzy upper (lower) semi-continuous iff  (resp., 

) is open in  for every fuzzy open set  of . 

Theorem 4.3 [8]. A fuzzy mult ifunction  is fuzzy upper (lower) -precontinuous iff  (resp., 

) is -preopen in  for every fuzzy open set  of . 

Remark 4.4. Since open set, semiopen set and -preopen set are  -open, it is clear from Theorem 3.1, Theorem 3.2 

and Theorem 3.3 that fuzzy upper (lower) quasi continuous, fuzzy upper (lower) semi -continuous and fuzzy upper 

(lower) -precontinuous multifunctions are fuzzy upper (lower)  -continuous. But the converses are not true, in 

general, as seen from the following examples. 

Example 4.5. fuzzy upper  -continuity  fuzzy upper semi-continuity 

Let , , ,  where , for all . Then 

 and ) are ordinary topological space and an fts respectively. Let  be a fuzzy 

multifunction defined by  where , for all . Now 

 and so  is not fuzzy upper semi-continuous. 

But        is  -open in .  

Again       is  -

open in  which shows that  is  -open in  for all fuzzy open set  of    is fuzzy upper  -continuous. 

Example 4.6. fuzzy lower  -continuity  fuzzy lower semi-continuity 
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Let , , ,  where , for all . Then 

 and ) are ordinary topological space and an fts respectively. Let  be a fuzzy 

multifunction defined by  where , for all . Now 

 and ,    is fuzzy lower  -continuous. But 

 and so  is not fuzzy lower semi-continuous. 

Example 4.7. fuzzy upper  -continuity  fuzzy upper quasi-continuity  

Consider Example 3.5. Here    is not fuzzy upper quasi-continuous, though  

is upper  -continuous. 

Example 4.8. fuzzy lower  -continuity  fuzzy lower quasi-continuity 

Consider Example 3.6. Here    is not semiopen in    is not fuzzy 

lower quasi-continuous, though it is fuzzy lower  -continuous. 

Example 4.9. fuzzy upper  -continuity  fuzzy upper -precontinuity 

Consider Example 3.5. Here . Now  and 

,    is not -p reopen in    is not fuzzy upper -precontinuous, 

though  is fuzzy upper  -continuous. 

Example 4.10. fuzzy lower  -continuity  fuzzy lower -precontinuity 

Consider Example 3.6. Here . Now      is fuzzy lower -

precontinuous, though  is fuzzy lower  -continuous. 

 V FUZZY UPPER (LOWER) -CONTINUOUS MULTIFUNCTION: SOME 

CHARACTERIZATIONS AND APPLICATIONS 

In this section fuzzy upper (lower)  -continuous mult ifunction is characterized by fuzzy upper (lower) nbd of a 

fuzzy set and also some applications of these fuzzy multifunctions have been given.  

Definition 5.1. A fuzzy set  in an fts  is said to be a fuzzy lower (upper) nbd of a fuzzy  set  in  if there exists a 

fuzzy open set  of  such that  (resp., ) and . 

Theorem 5.2. A fuzzy mult ifunction  is fuzzy upper  -continuous on  iff for each point  and each 

fuzzy upper nbd  of ,  is a  -nbd of . 
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Proof. Let  be fuzzy upper  -continuous. Then for any  and for any fuzzy upper nbd  of , there 

exists a fuzzy open set  of  such that  and   . Since  is fuzzy upper  -continuous, 

there exists  such that     . Therefore,  

  is a  -nbd of . 

Conversely, let for any  and any fuzzy open set  of  with , we have . Therefore,  is a 

fuzzy upper nbd of . Then by hypothesis,  is a  -nbd of . Then there exists  such that 

     is fuzzy upper  -continuous. 

Theorem 5.3. A fuzzy mult ifunction  is fuzzy lower  -continuous on  iff for each point  and each 

fuzzy lower nbd  of ,  is a  -nbd of .  

Proof. Let  be fuzzy lower  -continuous on . Then for any  and for any fuzzy lower nbd  of , there 

exists a fuzzy open set  of  such that  and   . Since  is fuzzy lower  -continuous, 

there exists  such that  . Therefore,    is a  -nbd of . 

Conversely, let for any  and any fuzzy open set  of  with , we have . Therefore,  is a 

fuzzy lower nbd of . Then by hypothesis,  is a  -nbd of . Then there exists  such that 

  is fuzzy lower  -continuous. 

Definition 5.4 [11]. A topological space  is said to be  -compact if for every covering of  by  -open sets in  

has a finite subcovering. 

Theorem 5.5. Let  be a fuzzy upper  -continuous surjective multifunction and  be a fuzzy compact 

set in  for each  If  is  -compact, then  is fuzzy compact.  

Proof. Let A  =  be a fuzzy open cover of . Now for each ,  is fuzzy compact in  and so 

there is a finite subset  of  such that . Let  . Then  

where  is a fuzzy open set of . Since  is fuzzy upper  -continuous, there exists  such that 

. Then U  = {  is a cover of  by  -open sets of . Since  is  -compact, there exists finitely 

many points  in  such that . As  is surjective, 

   is fuzzy compact. 

Definition 5.6 [17]. An fts  is said to be an -space if every fuzzy regular open cover of  has a finite 

subcover. 
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Remark 5.7. As every fuzzy regular open set is fuzzy open, we set the following theorem.  

Theorem 5.8. Let  be a fuzzy upper  -continuous surjective multifunction and  be a fuzzy compact 

set in  for each . If  is  -compact, then  is -space. 

Theorem 5.9. When  is product related to , a fuzzy multifunction  is fuzzy upper  -continuous if its 

fuzzy graph mult ifunction  is fuzzy upper  -continuous. 

Proof. Let  be fuzzy upper  -continuous. Let  and  be any fuzzy open set in  such that . Then 

 and  is easily seen to be open in . By hypothesis, there exists  such that 

. Now for any  and for any , , i.e., 

, for all   , for any      is fuzzy upper  -continuous. 

Definition 5.10 [2]. The  -frontier of a subset  of a topological space , denoted by , is defined by 

. 

Theorem 5.11. Let  be a fuzzy mult ifunction. Let :  is not fuzzy upper  -continuous at , 

 and  is fuzzy open in . Then . 

Proof. Let  be such that  is not fuzzy upper  -continuous at . Then there exists a fuzzy open set  of  with 

 such that , for all   

  , but . Therefore, 

 . 

 Conversely, let  and  be a fuzzy open set of  with  such that . If possible, let  

be fuzzy upper  -continuous at . Then there exists  such that  . Then 

    , a contradiction and hence  is not 

fuzzy upper  -continuous at . 

Theorem 5.12. Let  be a fuzzy mult ifunction. Let :  is not fuzzy lower  -continuous at , 

 and  is fuzzy open set of . Then . 

Proof. Let  be such that  is not fuzzy lower  -continuous at . Then there exists a fuzzy open set  of  with 

 such that  i.e ., , for all   

  , but . Therefore, 

 . 
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 Conversely, let  and  be a fuzzy open set of  with  such that . If possible, let  be 

fuzzy lower  -continuous at . Then there exists  such that  . Then 

    , a contradiction and hence  is not 

fuzzy lower  -continuous at . 
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