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ABSTRACT

This paper deals with a new type of fuzzy multifunction, viz., fuzzy upper (lower) j~continuous multifunction. Several

characterizations and properties of this newly defined multifunction have been studied here. Also the mutual
relationships of this fuzzy multifunction with fuzzy upper (lower) &precontinuous multifunctions [8] have been

established here.
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| INTRODUCTION

A fuzzy multifunction, introduced by Papageorgiou [21] in 1985 is a function from an ordinary topological space X
to a fuzzy topological space (fts, for short) ¥ in the sense of Chang [10]. In this paper we use the definition of upper
inverse of fuzzy multifunction given by Papageorgiou [21] and the lower inverse of fuzzy multifunction given by

Mukherjee and Malakar [18].

Throughout this paper, (X. 7} or simply & will stand for an ordinary topological space, while by (¥. 7.} orsimply by
¥ will always be denoted a fuzzy topological space. A fuzzy set 4 [26] in ¥ is a function from ¥ into the unit

interval { = [0.1] ie., 4 € I”. The support [26] of a fuzzy set 4 in ¥ will be denoted by suz»A and is defined by

suppA = [y € ¥V : Aly) = 0] The fuzzy point [22] with the singleton support € ¥ and the value t (0 < ¢ = 1) at
¥ will be denoted by ¥:. For a set 4 in & (resp., a fuzzy set4 in ¥), cld and intA will respectively stand for closure
and interior of 4 in X (resp., fuzzy closure and fuzzy interior of 4 in ¥ [10]). For a fuzzy set 4 in ¥, the complement
of 4 in ¥ will be denoted by 1.4 and is defined by (1;%4)(y) =1 — A(¥), foreach ¥ € ¥ [26]. 0+ and 1+ will

respectively stand for the constant fuzzy sets taking values 0 and 1 on ¥'. For two fuzzy sets 4, B in ¥, we write
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A= B [26] iff Aly) = B(y), for all ¥ €Y while Ag8 means 4 is quasi-coincident [22] (g-coincident, for short)
with B if there is some ¥ € ¥ such that A(y} + E(y} = 1. The negation of the last two statements are written as
A £ B and 455 respectively. A fuzzy set 4 in ¥ is called a fuzzy neighbourhood (fuzzy nbd, for short) [22] of a

fuzzy set B in ¥ ifthere is a fuzzy open set IV in ¥ such that B = I = A,

A subset 4 of X (resp., a fuzzy set 4 in ¥) is called semiopen[15], a-open [20], B-open [1], regular open [24],

preopen [16], y-open [11] (resp., fuzzy semiopen [4], fuzzy a-open [9], fuzzy B-open [12], fuzzy regular open [4],

. - " L X e e
fuzzy preopen [19], fuzzy y-open) respectively if AEri(intd), AC int{cllintAl),
ACcllint(clad), A=int(cld), ACSint(cld), Ac (ecllintd))u (int(clA))  (resp, A =cl(intd),

Vo imdiellimtANY A < elfint (el A = inffeldy A < infleld 4 = (mlline 2V V10 findl el A0 ivel
AR I.nl.l"ﬁl. VIMEA ) __I, A= G |\|.n|. LA __I, A= ;."'In.lklﬁ.-.l __I' A L."h.l‘__li-';.-.l__ly A= ,_‘|:Tl \intA ) J 1) |\.,“'|._ 1\|:h—,|____|) reSpeCt]Ve y

The complements of above mentioned sets in X (resp., in ¥) are called semiclosed [15], a-closed [20], B-closed [1],

preclosed [16], regular closed [24], y-closed [11] (resp., fuzzy semiclosed [4], fuzzy a-closed [9], fuzzy B-closed
[12], fuzzy regular closed [4], fuzzy preclosed [19], fuzzy y-closed ) respectively. The intersection of all semiclosed,
a-closed, B-closed, preclosed, y-closed sets in X (resp., fuzzy sets in ¥') containing < are called semiclosure [15], a-
closure [20], B-closure [1], preclosure [16], y-closure [11] (resp., fuzzy semiclosure [4], fuzzy a-closure [9], fuzzy B-
closure [12], fuzzy preclosure [19], fuzzy y-closure) respectively and are denoted by sciAd, acld, Scld | pold yeld
respectively. The §-interior [25] of a subset 2 of X is the union of all regular open sets of X' contained in A and is
denoted by SintA. A subset A4 of X is called S-open if 4 = dint4 [25]. The complement of a 8-open set in & is

T

called 5-closed. ForasetA in X, dcld = {x e X : An[intlelU)) 20,0 e 7.x € U1, A subset4 of X is called &

preopen [2] if 4 = int(Gcld]), A fuzzy set B is called a quasi-neighbourhood (g-nbd, for short) [21] of a fuzzy set 4
if there is a fuzzy open set I in ¥ such thatagll = Z If, in addition, & is fuzzy regular open, then & is called fuzzy
regular open g-nbd of 4. A fuzzy point x is said to be a fuzzy §-cluster point of a fuzzy set 4 in an fts ¥ if every
fuzzy regular open g-nbd I of x; is g-coincident with 4 [13]. The union of all fuzzy S-cluster points of 4 is called
the fuzzy §-closure of 4 and is denoted by dclA [13]. A fuzzy set A in an fts ¥ is called fuzzy §-preopen [5] if
A = int(Gcld]), The complement of a fuzzy S-preopen set is called fuzzy S-preclosed [5]. The intersection of all

fuzzy S-preclosed sets containing a fuzzy set in an fts ¥ is called fuzzy S-preclosure of 4 and is denoted by Spcla

[6]. A fuzzy set 4 in ¥ is S-preclosed iff 4 = docld [5].

The set of all semiopen, a-open, B-Open, preopen, y-open, -preopen sets in X are denoted by SO} aOLX),

BOCX) POX) yO(X) GPO(X) respectively. A semiopen (resp., a-open, B-Open, preopen, y-open, 3-preopen) set I/

-

in ¥ containing a point * € X will be denoted by U € S0(X, x)(resp., UV € a0(X . x) Ue FOX,x) UePOX x),
Uey0(X, x), Ue dPOX.x)). The union of all y-open sets contained in 4 is called y-interior of A [11], to be
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denoted by ¥inta. A subset U of a topological space X is called a y-nbd of a point x € X [11] if there exists

VeyO(X.x)suchthatV = IV,
11 SOME WELL KNOWN DEFINITIONS, THEOREM AND LEMMAS
In this section we recall, some definitions, lemmas and theorem for ready references.

Definition 2.1 [21]. Let {X.7} be an ordinary topological space and (¥. 7.} be an fts. We say that F : ¥ = V¥ isa

fuzzy multifunction if corresponding to each x & X, F(x} is a unique fuzzy setin V.

Henceforth by F : X — ¥ we shall mean a fuzzy multifunction in the above sense.

1r -

Definition 2.2 [21, 18]. For a fuzzy multifunction F : X' — ¥ the upper inverse F™ and the lower inverse F~ are

defined as follows :

- —fan R T
AW F lAl={xre X : Flx)gal

I

forany fuzzy set Ain ¥, F7(4) = {x £ ¥ : Fix)
Theorem 2.3 [18]. Fora fuzzy multifunction F : X — ¥, we have F~ (1,4} = X\F7(4) forany fuzzy set4 in V.

Definition 2.4 [10]. Let 4 be a fuzzy set in an fts ¥'. A collection ~of fuzzy sets in ¥ is called a fuzzy cover of 4 if
sup {U{x):U € »~} =1 for each x € suppA. If, in addition, the members of ~ are fuzzy open, then ~ is called a
fuzzy open cover of A. In particular, if A = 1+, we get the definition of fuzzy cover (resp., fuzzy open cover) of the

fts ¥,

Definition 2.5 [14]. A fuzzy cover 7~ of a fuzzy set 4 in an fts ¥ is said to have a finite subcover 7z if 7/ is a
finite subcollection of 7 such that U 2= A. Clearly, if A = 1, in particular, then the requirements on 7gis U 7

o= 1v.

Definition 2.6 [10]. An fts ¥ is said to be fuzzy compact if every fuzzy open cover of ¥ has a finite subcover.

R

Definition 2.7 [18]. A fuzzy multifunction F : ¥ —= ¥ s said to be fuzzy upper (lower) semi-continuous if £~ (V']

(resp., £~ (V1) is open in X forevery fuzzy opensetV in ¥
Definition 2.8 [8]. A fuzzy multifunction F : ¥ — ¥ is said to be fuzzy

(i) upper &-precontinuous (resp., upper quasi continuous) if for each * € X and each fuzzy open set ¥V in ¥’
with Flx) = V there exists U € 6PO (X, x) (resp., U € SO (X, x)) such that F (U} = ¥,
(ii) lower &-precontinuous (resp., lower quasi continuous) if for each * € X and each fuzzy open set V' in ¥

with F(x)gV | there exists U7 € 6P0 (X.x) (resp., U € 50 (X.x)) such thatF (u) gV forallu £ U,
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(iii) upper (lower) 3-precontinuous (resp., upper (lower) quasi continuous) if it has this property at each point of

P

Lemma 2.9 [3, 11]. Let A and X be subsets of a topological space (X. 7). If A € ¥O (X} and X; € a0(X]}, then

ANk, ey0ii;].
Lemma2.10[11]. LetA S X, S X X, e yO(X)and A € yO (X}, then A € ¥ (X},

11l FUZZY UPPER AND LOWER y-CONTINUOUS MULTIFUNCTIONS : SOME
CHARACTERIZATIONS

Now we define fuzzy upper (lower) y-continuous multifunction and characterize these fuzzy multifunctions in

several ways.

Definition 3.1. A fuzzy multifunction F : X — ¥ is said to be fuzzy

1

(i) upper y-continuous at a point x £ X if for each fuzzy open set V in ¥ with F{x} =V there exists
U e y00X, x) such that FIU) = 7,

(ii) lower y-continuous at a point x € X if for each fuzzy open set V' of ¥ with FlxlgV, there exists
U e y0X, x) such that F (ul gV, forall u & U,

(iii) upper (lower) y-continuous if F has this property at each point of X

1

Theorem 3.2. For a fuzzy multifunction ¥ : & — ¥ the following are equivalent :

(@) F is fuzzy upper y-continuous,

(b) F™(V) € ¥0(X) forany fuzzy open setV of ¥,

(¢) F~(V}isy-closed in ¥ forany fuzzy closed setV of ¥,
(d) vel(F~(B)) S F~(cIB), forany B 17,

(e) for each point x € X and each fuzzy nbd V' of Fx}, F7 (V) is ay-nbd of x,

(f) foreach point * € X and each fuzzy nbd V of F (x}, there exists ay-nbd I of x such that F (U7} = V',
(@) Cellint (F~(B))) n {:m: (ct(F-(8))) | € F~(cl®), forany B & 17,
(h) F*(intB) l::mr I::lsi '::F":E]::'il ] U (el I:::HE'Z:F":B‘:lzi":I I, forany B £ I7,

Proof (a) = (b): Let ¥ be a fuzzy open set of ¥ and ¥ € F* (V1. Then by (a), there exists I/ € 0 (X.x} such

that F(UY = V. Therefore, we obtain x € U € (el(intll) ) U (int(clU)) <
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|:r:|! Ir\ t(F*(¥)) :'] ] U (int IL.':.!{F ) :']I and so we have F* (1"} = .::.! ILLWL{F' V) :']] U (int Ir\r:n! 1-’:'}:]] =
F*(V) e vO(X).

(b) = () : It follows from the fact that F * (1,\B) = X\F~ (B} forany E  I".

()= (d) : Let B = I*. Then clB is fuzzy closed in ¥ and so by (c), F ~(cIE] is y-closed in X and so
vel(F~(clBY) € F~(elB)=ycl(F-(B)) € yel(F~(clB)) € F~ (cIB).

(d)= (c) : Let ¥V be afuzzy closed set of ¥'. Then I¥" =V and so by (d),

yel[F~(V) )2 F=(elV) = F~ (V) = F~ (V) is y-closed in X.

(b) = (e) : Let x £ X and V' be a fuzzy nbd of F(x}. Then there exists a fuzzy open set & of ¥ such that
.Fl_I’I‘:: G‘::rlrj.I'E.F G“:.F |"’IS|nce.F XGIE'I-’G' Arl(by(b))f‘_ |:r|r__llsa y-nbdof.l’,

(&)= (f): Letx € X and V beafuzzy nbd of F(x}.Put V' = F7(V}. By (e), IV isay-nbd of x and F (U} = V',

()= (@) : Let ¥ € X and V be a fuzzy open setsuch that F (x} = V¥, Then V' is a fuzzy nbd of F(x}. By (f), there
exists ay-nbd ' of x such that F{L'} = V" Therefore, there exists IV € ¥O(X) such thatx € I = IV and so

FW)y=F(In=vVv=FW) =V,
(€)= (9) : Let B & I”. Then clE is fuzzy closed in ¥ and so by (c), £~ (clE] is y-closed in

X=F=(c1B) 2 (et (ct(F~(et8)) )y n (et (e (F~ c8)) )y 2 (e (ct(F=(B)) )y n (et (ine (F-(B)) ).

(@ = (h):Let B €17 . Then 1,\E € I*. By (9),
F(el(1,\B)) 2 (el (et (F~(1,\B)))) n (et (et (F~(1,\B)))) = F~ A \intB) 2 (cl (e (\F*(B)) ) n
(et (et (0\F* (8)) ))

= 0\F* (ntB) 2 (xvine (l(F ) ) n (el (ine (F*(B))) ) = x \((ame (ct(F* ) )y v et (me(F+(B)) )0
= F*(intB) € (int (cl(F*(8)) ) U (el (int (F* B)))).

(h) = (b) : Let ¥ be a fuzzy open set of ¥'. By (h), F ™ (intV) = F* (V) & (int '[Ef @ |:'Ff 'r\ t(F+ () ”]
= F*(¥) e yO(X).

Theorem 3.3. For a fuzzy multifunction ¥ = X — ¥ the following are equivalent :
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(@) F is fuzzy lower y-continuous,

(b) F~ ("} & yO(X), forany fuzzy opensetV of ¥,

(c) F7 (¥} is y-closed in ¥ for any fuzzy closed setV of ¥,
(d) yel(FT(BN) © F™(clB), forany B e 17,

(e) Fiyvelal = clF (A}, for any subset A of X,

@ cllint (F*(BI))) n |::’:'nt (ct(F+(8))) | € F* (ciB), forany B IV,
(g) F~(ntE) :f:'nt {EE{F_':E‘I:"] ] U (el [:'ntl[F‘(B]}‘]j, forany 5 e I¥,

(h) for each x € X and each fuzzy g-nbd V' of F(x}, ¥~ (V1 is ay-nbd of x,
(i) for each x € X and each fuzzy g-nbd ¥ of F{x}, there exists ay-nbd IV of x such that

FlulgV forallu e U,
Proof (a) = (b): Let V" be a fuzzy open set of I and x € F~ (V). Then by (a), there exists I/ € 0 (X, x} such that
FlulgV forallu € U = U S F~(V). Therefore, we obtain
xe U (cl(mtU)) U (it (vl el (e (F ) | U @nt (c1(F~ (7)) ) and so we have

P

= |::’|:E (int (F~ (1))} U @t (ct(F- 7))y = F- 7y e v0(0).

(b) = (c) : It follows from the fact that ¥ (1,/\B) = X\F~ (B} forany B  I7.

(c)= (d) : Let B € I". Then clE is fuzzy closed in ¥'. By (c), F (¢l is y-closed in ¥ =
vel(F*(B)) S yel(F*(clB)) € F*(clB).

()= (c) : Let V be afuzzy closed set of ¥'. Then ¢V =V By (d),

yel[Fr (V) ) = yel (F*{clv)y e F*{clV) = F*(V) = F* (V) is y-closed in X.

(©) = (e) : Let 4 be asubset of ¥. Then clF (A} is fuzzy closed in ¥. By (c), F ™ (cIF (A)) is y-closed in ¥ =
vl (F*(clF(4) ) € F* (clF(4)) = F(ycl {F‘{.:EF'L—EI 1N = clF(A) =

clF (A) = Fyel (F*(FA)))) = Fiyeld),
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€)= (d): Let B = I¥. Then F* (B} S X. By (e), F{ycl(F*(B))) = clF(F*(B)) = clB = yel(FT(B)) S F* (clB).
()= (f): Let E = I¥. Then ¢lE is fuzzy closed in ¥'. By (c), F " (clE} is y-closed in ¥ =

—  rr T — |.-' i A T '\-"'."I |:' . o 7 p '\-"'.". —_ I . I o g™ h
F*(clB) 2 |int (cllFT(clB)) | | n{cl |int (F7(clB)) .I] 2 int{cl FT(B) 30 el{int | FTIBI)).

()= (g) : Let B £ I". Then 1.\ E = I¥. By (f),

F*(cl(1,\B)) 2 cl (int (F* (1,\B)) ) 1 int \ellF*(1,\B]) | = F*{1,\intB) 2 ¢l "-J'] t(X\F(8)) | n

:n:lﬁ"}’ """E‘I'I
¥ \F-GneB) = {wvine i.".‘:-n’g‘l"u"|. alwverline(F-(B) ".~'|- -
= A \E WINEE ) = s -._L.“h. '\,Cl W ey ! |t '._I:L I'~.L."'||...L. ol /) =

-y [ P T T . R —_ - T T _— L & O
XN\((int (ell FT(B)) ) U (el \int\F~(B)) |))=>F~ (intB) € (int |cl{F~(B)) |y U (cl|int (F~(B)) ).

i

(9) = (b) : Let ¥V be a fuzzy open set of ¥'. By (g), Fr{intV) =1

— i Y 1-".-'" |.-l
(V) (int (cllF-WH) hulel mr'. F~(1)) | ]

e -
= F~ V) ey0(X).

(b) = (h) : Let Let x € X and V" be a fuzzy g-nbd of F (). Then there exists a fuzzy open set & of I" such that

FlxlgG =V = x e F7(G) S F~(V).Since F~(G) € ¥O(X] (by (b)), F~ (V) is ay-nbd of x.

(h)= (i) : Let x £ X and V' be a fuzzy g-nbd of F{x). Put U = F~ (V). By (h), ¥ is ay-nbd of x and F () gV for all

;
b

im

U

()= (a) : Let x € X and V be a fuzzy open set such that F(x1gV". Then ¥ is a fuzzy g-nbd of F{x}. By (i), there

exists ay-nbd I of x such thatF (x1gV", forallu € U= ' € F~ (¥}, Therefore, there exists ¥ € ¥@ (X7 such that
reWelUandsoW = F (V) = F'\'.t',lq'r’,for allw e W,

Definition 3.4 [18]. For a fuzzy multifunction ¥ : X — ¥ the fuzzy graph multifunction &z = X — X = ¥ of F is
defined as Gz (¥} =the fuzzy set x; X Fix] of X ®x ¥ where x4 is the fuzzy set in X', whose value is 1at * £ X and 0

other points of X. We shall write {x} * F{x) for x, ® F{x],
Lemma 3.5 [6]. The following hold for a fuzzy multifunction ¥ : ¥ —= ¥

(@) (G)*(AxB)=AnF*(B)and

(b) (Gz)=(Ax B} = An F~(B) forevery subset4 of X and every fuzzy set 5 of .
Theorem 3.6. A fuzzy multifunction £ : X — ¥ is fuzzy lower y-continuous iff Gz : ¥ — X % ¥ is so.
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Proof. Let ¥ be fuzzy lower y-continuous. Let x € X and I be any fuzzy open set of X * ¥ such that &z (x1gil" |
Then there exists (x. v} € X % ¥ such that [Lx} = FCel]0e, v + W, v) = 1 Then [FUed J0v) + Wix, ) = 1. Let
.o’r'|'

Flad]) = e Then Wi, v) = 1 —a = (x,v) g sothatx, v)oq (I = V) = W for some open setin ¥ and

some fuzzy open set ¥ in ¥ with V. Now Viyl + & = 1 = Vi) + [Flx)](y) = 1 = VgF(x). Since F is fuzzy

im

lower y-continuous, there exists & € ¥0(X.x) such thatF (glgV forall g € & = & S F~ (V). Then by Lemma

im

2.5(b), VNG s UnF- (17 = (617U = V) (G )7 (W), Moreover, x € U 1 & £ ¥@{X} and hence the proof.

Conversely, let Gz be fuzzy lower y-continuous. Let x £ X and V' be any fuzzy open set in ¥ such that F (x}gV". Then
there exists ¥ € ¥ such that [F(x} () + ¥(3) = 1. Now 1 x ¥ is open in ¥ % ¥ such that

Lo FladiGoy) + (1, % V) x,v) = 1and so G- (x)g(1; % V). Since G= is fuzzy lower y-continuous, there exists
Uey00X ) such that Gz (u gLy = V7, forall w £ U7, By Lemma 2.5(b), we obtain

UG 1y x V)= 1, nF~ (") = F~ (V). Hence F(ul gV for allu & IV = F is fuzzy lower y-continuous.

Theorem3.7. Let {I/; = « € A} be an a-open cover of a topological space X. A fuzzy multifunction ¥ = X' — ¥ is

fuzzy upper y-continuous iff the restriction © /;; @ U, — ¥ is fuzzy upper y-continuous.

Proof. Let x £ X, Then there exists & € & such thatx € V. Let V' be a fuzzy open set of ¥ such that

| © /) () = Fx) = V. Since F is fuzzy upper y-continuous, there exists & & ¥0(¥.x) such thatF (G] = V. Put
U'=6nU, Thenby Lemma 1.9, UV € ¥ (U, x) and IL‘"..-"'U:: | () = F(U) = V. Therefore, * /1, is fuzzy upper y-
continuous.

-

Conversely, let € X and V', a fuzzy open set of ¥" such that F Lz} = V' Since {U; : @ € A} is an a-open cover of ¥,

. - T - . (E e Nen oo o
there exists & € A such thatx £ Uz, Since © | U, s fuzzy upper y-continuous and} * /17 ] lx} = F{x}) =V there

5
. o= -'Ig T . II-"FI__ ) I,r,r-| — TFITY o T
exists & & ¥U{lz. ¥} such that|® /77, | LU} = F(U} = V. Then by Lemma 1.10 (as a-open sets arey-open),
LS (=
Uey0(X x)and FIU) = (7 /7. WU =V = F is fuzzy upper y-continuous.

Theorem 3.8. Let [U; @ £ Al be an a-open cover of a topological space . A fuzzy multifunction 7 : ¥ — ¥ is

fuzzy lower y-continuous iff the restriction * /;7_ = Uz — ¥ is fuzzy lower y-continuous.

-

Proof. Let ¥ €X, Then there exists @« € such that x € Uz, Let V' be a fuzzy open set of ¥ such that

[ F 7 '|z-

[ {
) 1
\ / U: /

(x}) = F(x)gqV. Since ¥ is fuzzy lower y-continuous, there exists & € ¥U[X.x]} such that F{glgV", for all
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GEG Put V=0 nU; Then by Lemma 1.9, IV € @ (U, x) and '::F-":U,,‘] (u) = Flu)gV, forall u & U, Therefore,
F /s fuzzy lower y-continuous.

Conversely, let x € X and V', a fuzzy open set of ¥ such that F(x)gV". Since [, * & € A} is an a-open cover of X,

. _ — rr . E . . c. V.- e 3
there exists 5 £ & such thatx € U;. Since * /77, is fuzzy lower y-continuous and | * _-'Uﬁ] lx) = Fix1gV, there exists
=) w g

T e 10T 'f.""_.-' Vi) = Eartal u e Ir
U e yO(Ug. x) such that l,_x Uy, lul) = FlulgV, for all u € ', Then by Lemma 1.10 (as a-open sets are y-open),
Ir F i

C
T

= yO(X. x) and Flud = (7 /7 1(u)gV, forall w € U = F is fuzzy lower y-continuous.
=]

Definition 3.9. For a fuzzy multifunction F:X — ¥ fuzzy multifunction yclF : X =¥ FelF X -V

golF X =V sclF

, X =V 6], pelF 2 X =V, clF:X =V [6], dpclF : X =V [8] are defined by

(el EVwl = vl B (GelF iy = Fel \ (rclF Wyl = ol Era (zelF 1yl = selFrs
wyelF Mxd = yelF{x), WFelF lx) = BelF(x) weelF Wx) = aclF(x), WsolF Had = selF(x)

PRI b g I R .
(pelF Vix) = pelF (x), (elF Mx) = clF (x), WpclF Mx) = SpclF(x) forall x € X,

Lemma 3.10. Let F : X — ¥ be a fuzzy multifunction. Then we have (yclF)~ (G} = F~ (G}, for each fuzzy open

set of V.

Proof. Let G be a fuzzy open set of V. Let x € (yclF )™ (G). Then byelF 1(x) qG = F(x)gG [Indeed, if F(x)5 G,

then [FUI 100 + 6(3) =1, foreach y €V = F(x) = 1,\6 = yelF () = yel(1y \G) = 1,\6 (since G is fuzzy

open = G is fuzzy y-open in ¥) = vclF (x1§G, a contradiction.] = x € F~ (G,
Similarly we can prove that
Lemma3.11. Let F : ¥ — ¥ be a fuzzy multifunction. Then we have (FciF1=(G} = F~(G), (aclF1~(G) = F~(G),

(sclF)=(G) = F(G), (pelF )~ (G) = F~(G), (elF}~(G) = F~(G), (6pclF 1 (G) = F~(G), for each fuzzy open set

Gof?,
Theorem 3.12. For a fuzzy multifunction F : X —= ¥ the following are equivalent :

(@) ¥ is fuzzy lower y-continuous.

(b) ¥clF is fuzzy lower y-continuous.
(c) BclF is fuzzy lower y-continuous.
(d) =clF is fuzzy lower y-continuous.
(e) =clF is fuzzy lower y-continuous.

(f) pelF is fuzzy lower y-continuous.
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(@) clF is fuzzy lower y-continuous.

(h) SpclF is fuzzy lower y-continuous.
Proof. The proof follows from Lemma 2.10and Lemma 2.11.
IV SOME RELATIONSHIP

In this section it has been shown that fuzzy upper (lower) y-continuous multifunction may not be fuzzy upper

(lower) semi-continuous, fuzzy upper (lower) quasi continuous, fuzzy upper (lower) 3-precontinuous multifunctions.

We first recall some theorems for ready references.

Theorem 4.1 [7]. A fuzzy multifunction F : X — ¥ is fuzzy upper (lower) quasi continuous iff F7{&} (resp.,

F7(G))is semiopen in X for every fuzzy open set & of ¥,

Theorem 4.2 [18]. A fuzzy multifunction F : X — Y is fuzzy upper (lower) semi-continuous iff F7{G} (resp.,

F7(G})is openin X forevery fuzzy open set G of V',

Theorem 4.3 [8]. A fuzzy multifunction F:X — ¥ is fuzzy upper (lower) S-precontinuous iff F7 (&} (resp.,

FT(G))is §-preopen in X for every fuzzy open set & of ',

Remark 4.4. Since open set, semiopen set and &-preopen set are y-open, it is clear from Theorem 3.1, Theorem 3.2
and Theorem 3.3 that fuzzy upper (lower) quasi continuous, fuzzy upper (lower) semi-continuous and fuzzy upper

(lower) &-precontinuous multifunctions are fuzzy upper (lower) y-continuous. But the converses are not true, in

general, as seen from the following examples.

Example 4.5. fuzzy upper y-continuity = fuzzy upper semi-continuity

Let ¥ ={a.b.c), ¥ =[0.1], t = {0.X), 7 = {0,.1,, 4. B) where A(y) = 0.35.E(3) = 0.4 for all ¥ £ ¥. Then

(X7} and (¥.7;) are ordinary topological space and an fts respectively. Let F: (¥.7) — (V.7,) be a fuzzy

im

multifunction defined by Fla) =AFb) =B Flc)=C where C{yJ) =08 for all y€¥. Now

Fridl={xreX:Flx) = 4l = {a} € Tand soF is not fuzzy upper semi-continuous.

But F*{4) = {a) > intlel(fa})) = ¥ = {a} et (int({a})) J U (it (cltal) )y = F7(4) is y-openin X,

Again F*(B) = {a, b} S int(cl(a.b})) = X = {a, b}  (cllint ({a.b}]) Ju (int(clla.b}))) = F7(B) js y-
open in & which shows that ™V} is y-open in X for all fuzzy open set?V of ¥ = F is fuzzy upper y-continuous.

Example 4.6. fuzzy lower y-continuity = fuzzy lower semi-continuity
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Let ¥ ={a.b.c}, ¥ = [0,1], T = {G.X), 7» = {0v. 1, 4, B} where A(y) = 0,33, B(y) = 0.3, for all v £ V. Then

(%.7) and (¥.7,) are ordinary topological space and an fts respectively. Let F : (X.7} = (¥V.7,) be a fuzzy

¥, Now

im

multifunction defined by Fla) =AF) =B Flcl=C where C(y) =06, for all ¥

FrlAl={xeX FlxlgaAl = 0erand F (B) = [}, itlci({c})) =X = F is fuzzy lower y-continuous. But

F~(BE)} e tand soF is not fuzzy lower semi-continuous.
Example 4.7. fuzzy upper y-continuity = fuzzy upper quasi-continuity

Consider Example 3.5. Here F* (41 = {a} € ci{int({a})) = @ = F is not fuzzy upper quasi-continuous, though #

iS uppery-continuous.

Example 4.8. fuzzy lower y-continuity = fuzzy lower quasi-continuity

——
|

Consider Example 3.6. Here F~ (8} = {c} € cl(int({c})) = @ = F~(E) is not semiopen in ¥ = F is not fuzzy
lower quasi-continuous, though it is fuzzy lower y-continuous.

Example 4.9. fuzzy upper y-continuity = fuzzy upper d-precontinuity

Consider Example 3.5. Here F™(4l={a}. Now dciliall={xeX:{pln(ntlcll}=0UVET and
x e Ul ={a), int(Gcll{a}) = 0 2 [a} = {a] is not 5-preopen in ¥ = F is not fuzzy upper 8-precontinuous,

though £ is fuzzy upper y-continuous.
Example 4.10. fuzzy lower y-continuity = fuzzy lower 3-precontinuity

Consider Example 3.6. Here £~ (B} = {c}. Now del({c}) = [c} = mnt(6ci({c})) = @ 2 {c} = F is fuzzy lower -
precontinuous, though ¥ is fuzzy lower y-continuous.

V FUZZY UPPER (LOWER) y-CONTINUOUS MULTIFUNCTION: SOME
CHARACTERIZATIONS AND APPLICATIONS

In this section fuzzy upper (lower) y-continuous multifunction is characterized by fuzzy upper (lower) nbd of a

fuzzy set and also some applications of these fuzzy multifunctions have been given.

Definition 5.1. A fuzzy set 4 in an fts ¥ is said to be a fuzzy lower (upper) nbd of a fuzzy set B in ¥ if there exists a

fuzzy open setV of ¥ such that EqV (resp., B = Vyand Vg(1x\ 4},

Theorem5.2. A fuzzy multifunction £ : X — ¥ is fuzzy upper y-continuous on iff for each point * € X and each

fuzzy upper nbd M of F(x), F7 (M) is ay-nbd of »p.
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Proof. Let F be fuzzy upper y-continuous. Then for any x; € X and for any fuzzy upper nbd M of F(x;}, there
exists a fuzzy open set V' of ¥ such that F (x} = V and Vg (1M} = V' = M, Since F is fuzzy upper y-continuous,

there exists I/ £ ¥O (X, x;) such that U S F* (V') = FIl =V = M = U = FT (M) Therefore, xp € U S F* (M)

= F*(M} is ay-nbd of x .

Conversely, let forany x; € X and any fuzzy open set V" of ¥ with Fx 1 = ¥ we have Vg{1;1"}. Therefore, V' is a
fuzzy upper nbd of F (x;}. Then by hypothesis, F~ (V"] is a y-nbd of x;. Then there exists U € 0 (X, x] such that

T

v e TS FTIV) = F(U} = V= Fis fuzzy upper y-continuous.

Theorem5.3. A fuzzy multifunction & : X — ¥ is fuzzy lower y-continuous on X iff for each point x5 € X and each

fuzzy lower nbd M of F(xy), F~ (M) is ay-nbd of xp.

Proof. Let F be fuzzy lower y-continuous onX. Then for any x; € X and for any fuzzy lower nbd M of F{x ], there
exists a fuzzy open set V' of ¥ such that F{x;1gV and V{1, \ M} = V = M Since ¥ is fuzzy lower y-continuous,

T

there exists I/ € ¥0 (X.x; such that 7 € F~ (V) = F~ (M) Therefore, x; € U S F~ (M) = F~ (M} is ay-nbd of x ;.

Conversely, let for any x¢ £ X and any fuzzy open set V' of ¥ with F{x51gV, we have V(1411 Therefore, V is a
fuzzy lower nbd of F(x,). Then by hypothesis, F~ (V') is a y-nbd of x;. Then there exists U € 0 (X, x] such that

IT

e F7WWl= F is fuzzy lower y-continuous.

im

X

Definition 5.4 [11]. A topological space {-X. T} is said to be y-compact if for every covering of ¥ by y-open sets in ¥

has a finite subcovering.

Theorem 5.5. Let F : X — ¥ be a fuzzy upper y-continuous surjective multifunction and F (x} be a fuzzy compact

setin ¥ foreach x € X. If ¥ is y-compact, then ¥ is fuzzy compact.

Proof. Let .~/={A; * &« £ A} be a fuzzy open cover of ¥'. Now for each x £ X, F(x} is fuzzy compact in ¥ and so
there is a finite subset & of & such that Flx) =U{A, : @ €A,} Let A, = U4y @ € A, Then F(x) = A,
where 4; is a fuzzy open set of ¥'. Since F is fuzzy upper y-continuous, there exists I, € ¥O(X.x} such that

Uy 2 F7{4,). Then »={U, : x € X} is a cover of X by y-open sets of X, Since ¥ is y-compact, there exists finitely

many  points Ty Xpn. Xy in X such that X =UL,U.. As F is  surjective,
Ly =FU) =FIUL Uy )= Vi FOU ) = Ul dy, = Ul Usen, 4o = Vs fuzzy compact.

Definition 5.6 [17]. An fts (¥. 7] is said to be an FIVC-space if every fuzzy regular open cover of ¥’ has a finite

subcover.
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Remark 5.7. As every fuzzy regular open set is fuzzy open, we set the following theorem.

Theorem 5.8. Let F : X — ¥ be a fuzzy upper y-continuous surjective multifunction and F(x} be a fuzzy compact

setin ¥ foreach x & X, If X is y-compact, then ¥ is FN{-space.

Theorem 5.9. When X is product related to ¥, a fuzzy multifunction ¥ : X — ¥ is fuzzy upper y-continuous if its

fuzzy graph multifunction Gz : ¥ — X = ¥V is fuzzy upper y-continuous.

-

Proof. Let G- be fuzzy upper y-continuous. Let = X and V' be any fuzzy open set in ¥ such that F(x} = V. Then

Gl =X =V and X x V' is easily seen to be open in ¥ x ¥, By hypothesis, there exists I/ £ ¥0 (. x] such that

G- (U) = X

Fou

% V. Now for any z € I and for any v € ¥, [Flz)](y) = [G: ()] (z. y) = (X x VIz.p) = V(), e,

- T T

FlzMy) = Vv forallye ¥ = Fiz) = V foranyz € U = F(U) = V = F s fuzzy upper y-continuous.

s

Definition 5.10 [2]. The y-frontier of a subset 4 of a topological space X, denoted by yFri4}, is defined by

=T " R T P 1
yFridl = yeld nyellXhA) = yeld )\ yintd |

Theorem 5.11. Let F : ¥ — ¥ pe a fuzzy multifunction. Let A = {x € X : F is not fuzzy upper y-continuous at =},

B =u{yFr(F (V) ):F(x) = V and V is fuzzy open in ¥'}. Then 4 = B.

Proof. Let x £ X be such that F is not fuzzy upper y-continuous atx. Then there exists a fuzzy open set ¥ of ¥’ with

Flx) =V such that U< F (¥}, for all DeyolX,x}) =Un(X\FTWV))=20 =
S I A | - — . S — S e

eyl XOVFTV ) = Xyt FY (V) = xeyimtFT(V),  but x € FTWW) Sycl(FTV)).  Therefore,

x € yel(Fr(VI W\ yint(FT (V) = yFriF* (V).

. T
. ke

Conversely, let x £ X and V' be a fuzzy open set of ¥ with F(x} = ¥ such that x € ¥Fr(F7 (V1. If possible, let F

be fuzzy upper y-continuous at x. Then there exists U E¥0(X.x) such that S F7IV) | Then
xe U= yintl C yint(FTV)) = xeyint(FTV)) = x&vFr(F7(I)), a contradiction and hence ¥ is not

fuzzy upper y-continuous at .

Theorem 5.12. Let F X — ¥ be a fuzzy multifunction. Let A = {x €X' : F is not fuzzy lower y-continuous at x?,

B =U{yFr(F~ (V) ):F(x)gV and V is fuzzy open set of 1. Then 4 = B,

Proof. Let * € X be such that F is not fuzzy lower y-continuous at. Then there exists a fuzzy open set ¥ of ¥ with

— S T . - Fery b L — Fr N

FlxigV  such that UVEF (V) e, Unlx -0j=0, for al Uey0lXx) =
e e ey o I _ _— o — Pem— T

eyl XOVFTV)) =X \wwintF~ (V) = xeyitF (V) put xeF W) Syel(F- V). Therefore,

e },cl;,: F_'ili'rj :'I". }’I?‘lfli."‘__':rl'::l :| = ].’.""_‘."'l:.""__':]-‘r:l :|_
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Conversely, let x € X and V' be a fuzzy open set of ¥’ with F(x1gV" such thatx € ¥Fr{F~ (V1. If possible, let F be
fuzzy lower y-continuous at x. Then there exists LU ey0(X.x) such that U S F (¥} . Then

U= yintl < yint(F-(V1) = xeyint(F- V1 = x e yFr(F~ ("1}, a contradiction and hence F is not

iTi

X

fuzzy lower y-continuous at x.
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